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EXTRACT FROM THE PREFACE TO THE 

FIRST EDITION - 


HTHIS book has been designed primarily for the use of first 
year students at the Universities whose abilities reach or 
approach something like what is usually described as ‘ scholarship 
standard I hope that it may be useful to other classes of 
readers, but it is this class whose wants I have considered first. 
It is in any case a book for mathematicians: I have nowhere 
made any attempt to meet the needs of students of engineering 
or indeed any class of students whose interests are not primarily 
mathematical. 


I regard the book as being really elementary. There are 
plenty of hard examples (mainly at the ends of the chapters): to 
these I have added, wherever space permitted, an outline of the 
solution. But I have done my best to avoid the inclusion of 
anything that involves really difficult ideas. For instance, I make 
no use of the ‘principle of convergence’: uniform convergence, 
double series, infinite products, are never alluded to: and I prove 
no general theorems whatever concerning the inversion of limit- 

In the last two 


operations —I never even define and s—- 

rlrdy dijdx 


chapters I have occasion once or twice to integrate a power-series, 
but. I have confined myself to the very simplest cases and given 
a special discussion in each instance. Anyone who has read this 
book will be in a position to read with profit Dr Bromwich’s 
Infinite Senes, where a full and adequate discussion of all these 
points will be found. 
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CHAPTER I 


REAL VARIABLES 


1. Rational numbers. A fraction r = p/g, where p and g x ., A 
are positive or negative integers , is called a rational number. We 
can suppose (i) that p and q have no common factor, as if they — 


y-t ^ 

i >i *•- 


Fk.-~t 


I \ / - i * -, . . | 

have a common factor we can divide each of them by it, ancle., 
(ii) that q is positive, since 

— pl(- q ) = (- p)/q, (-/>)/(- V) = Pfa- 

To the rational numbers thus defined we may add the rational 

number 0 obtained by taking p — 0. . 

We assume that the reader is familiar with the ordinary 
arithmetical rules for the manipulation of rational numbers. The 
examples which follow demand no knowledge beyond this. 

Examples I. 1. If r ami * are rational numbers, then r + -s r-* y 3 ami 
r p ar c rational numbers, unless in the last case * = 0 (when rjs is of course 

meaningless). 

2 If X, m, and n are positive rational numbers, and »> > «, then 
It (*•-»•). 2X«n, and X(m* + n‘) are positive retional numters Hencoah 
how to determine any ii.in.Un- of rjahtmngjed tnangtotho lengths of all 
whose sides are rati>»nal . 

3. Any terminated decimal represents a rational nnmW whose denomi¬ 
nator contains n o factor s~otlicr than 2 or 5. Conversely, any such rational 
number can lie expressed, and in one way only, »» a terminated decimal. 

[Tl. 04 sc 1 .eral theory of decimals will considered in Ch. l\ .] 

4. The positive rational numbersjuay nrrangc^jn^theh'mM ^a j 

series au follows: ——- ' —r-rrT i. . \ *.♦«,-’* 

}, r» S. h A» 1’ 5* 

Show that p/, in the [J (p + 7 - D (/’ + </-*) + '/l th **"" " f ““ 

* M . rill 


Tin this series every rational number is .^u^ted indefinitely. Thus 1 

/ rr x - - ^ *==. ^.~ ^ 

•I..V f 4/y, * 11 6 5. •• •• *1 + -***. - 

H. ' _ TK,.. 


**•< c - 


0 J ‘♦'i 'x 


2 REAL VARIABLES t 1 

which has already occurred in a simpler form, but then the problem of deter¬ 
mining the precise position of pjq becomes more complicated.] 

2. The representation of rational numbers by points 
on a line. It is convenient, in many branches of mathematical 
analysis, to make a good deal of use of g eometrical illustratio ns. 

The use of geometrical illustrations in this way does not, of 
course, imply that analysis has any sort of dependence upon 
geometry: they are illustrations and nothing more, and are em¬ 
ployed merely for the sake of clearness of exposition. This being 
so, it is not necessary that we should attempt any l ogica l analysis 
of the ordinary notions of elem entary geometry; we maybe content 
to suppose, however far it may be from the truth, that we know 
what they mean. 

Assuming, then, that we know what is meant by a straight 
line, a segment of a line, and the length of a segment, let us take 
a straight line A, produced indefinitely in both directions, and a 
segment A 0 Ai of any length. We call A 0 the oingin, or the point 
0, and A, the point 1, and we regard these points as representing 
the numbers 0 and 1. 

In order to obtain a point which shall r epresent a positive 
r ational numb er r =p/(], we choose the point A r such that 

A„A r > A 0 A, — r, 

A 0 A r being a stretch of the line extending in the same direction 
along the line as A 0 A,, a direction which we shall suppose to be 
from left to right when, as in Fig. 1, the line is drawn horizontally 
across the paper. In order to obtain a point to represent a 


A-. 


A_ 




A. 


Fig. 1. 


ne gative rational number ?•= -.v, it is natural to regard length as 
a magnitude capable of sign, positive if the length is measured in 
one direction (that of A 0 A,), and negative if measured in the 

other, so that AH = — JJA ; and to take as the point representing 
r the point A_ s such that 

A,, A == — A _ 4 .. 1 0 = — A o A t . 


REAL VARIABLES 


3 


REAL VAKlABliW 

We thus obtain a point A r on the line corresponding to every 
rational value of r, positive or negative, and such that 

A 0 A r = r. A 0 Ai ; 

and if, as is natural, we take A 0 A, as our unit of length, and write 
A * A i = 1, then we have 

A„A r =r. 

We shall call the points A r the rational points ot the line. 

3 Irrational numbers. If the reader will mark off on the 
line all the points corresponding to the rational numbers whose 
denominators are 1, 2, 3, ... in succession, he wil read, v eonvm e 
himself that he can cover the line with rational pom s as ^ T 

as he likes. We can state this more precisely ilsfoll °' S ;', 
take any segment BC on A, we can find cwwonjLJ ^"^ l’"‘^ ^ 

we please on BC . , c 

Suppose, for example, that BC falls within the>gment A x A a . 

It is evident that if we choose a positive integer k so that 

* r k.BC> 1 . (1) * 


^ r 4 ^ 

•®an<Hlvid?A,A': into k equal parts, then at least one of the p/,.its 
of division (say P) must fall inside BC, without conical in/with 
mther T or a For^if this were not so, BC would be entirely 

included in one of the k parts into J"* ^ 

which contradicts the supposition ( )• - 

sponds to a rational ^niber whose denmn.na or ,s Thu. dl 

least one ra tional po int P lies betwee^Band C l . h w 
can findTinothcr such point Q between^Bjnul J a a a, haw c ^ 

B and Q, and so on indefinitely; as we asserted above we can 
find as inany""as~we please. We may express this by saying that 
BC includes infinitely many rational^ points. 

The meaning of such 

<»uch BcntcncoH »i» ‘ lit ^ “ rc are an infinity of positive 

an infinity of rational point^n iy Thc assertion ‘there arc 

integerswill be conaiderraKinoie c «»■ --integer » however 4 

an infinity of positive i^em" means ‘'„c 

large, we can find diore than a fs.sit.ve integers . I 

• The assumption that .hi. is possible is equivalent to .ho assumption ot what 
J IB Itnnwn RH the ^.x iom of Archimed es. ^_ o 
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whatever n may be, e.g. for n= 100,000 or 100,000,000. The assertion means 
exactly the same as ‘ we can find as many positive integers as icc please ’. 

The reader will easily convince himself of the truth of the following 
assertion, which is substantially equivalent to what was proved in the second 
paragraph of this section : given any rational number r, and any positive 
integer a, we can find a nother rational nnml>e r lying on either side of r and 
differing from r by less than 1 jn. It is merely to express this differently to 
say that we can find a rational numl>er lying on either side of r and differing 
from /• bit ns tittle as ire please. Again, given any two rational numbers 
r and we enV?'’i nterpolate l>etween them a chain of nitional numl»ers in 
which any t wo consecutive terms differ by as little as we please, that is to 
say by less than 1/w, where n is any positive integer assigned beforehand. 

From these considerations the reader might be tempted to 
infer that a n adequate vie w of the nature of the line could be 
obtained by imagining it to be formed simply b}' the rational 
points which lie on it. And it is certainly the case that if we 
imagine the line to be made up solely of the rational points, 
and all other points (if there are any such) to be eliminated, 
the figure which remained would possess most of the properties 
which common sense attributes to the straight line, and would, 
to put the matter roughly, look and behave very much like 
a line. 


A little further consideration, however, shows that this view 
would involve us in s erious di fficult ies. 

Let us look at the matter for a moment with the eye of 
comm on sense, and consider some of thp-^j^perties which we may 
reasonably expect a straight line to possess if it is to satisfy the 
idea which we have formed of it i n elementary geometr y. 

The straight line must be composed of points, and any segment 
of it by all the points which lie between its end points. With 
any such segment must be associated a certain entity called its 
le ngth , which must be a guantitg capable of numerical measure¬ 
ment in terms of any standard or unit length, and these lengths 
must be capable of combination with one another, according to 
the or dinary ru les of algeb ra, by means of addition or multipli¬ 
cation/"^ Again, it must be possible to construct a line whose 
length is the s um o r product of any two given lengths. If the 
length 1*Q, along a given line, is a, and the length QR, along 
the same straight line, is h, the length PR must be a + b. 
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Moreover, if the lengths OP, OQ, along one straight line, are 
1 and a, and the length OR along another straight line is b, 
and if we determine the length OS by E,.olid's construction (Ene 
vi 12) for a fourth proportional to the lines 01 , OQ, 0 , - 

length must be a*, the algebraical fourth proportional to l, a,b. 
And it is hardly necessaiy to remark that the sums and produc s 
thus defined must obey the ordinary * laws of algebra ; viz. 

a\ h = b + a, t a+_{ b + c)= (« + b) + c. 

Qb = ba, «(b + c) = «b + ac. 

The lengths of our lines must ajso obey a number of obvious 
laws concerning inequalities as well as equalities: thus it 
A, B, a are three points lying along A from left to ng i , ■ 

have AB< AC, and so onH Moreover it must be poss.l.le, >m 

fundamental line A, to find a point P such that 
anv segment whatever taken along A or along any othe, st a.ght 
line. All these prop ert ie s of a line, and more, are mvolved m the 
presuppositions of our elementary geometry. 

Now it is very easy to see that the idea of a straight line as 

composed of a series "of points each correspond,ng to a ratmna 
number cannot possibly satisfy all these requ.rement. he'e ue 
various elementary geometrical constructions, for example, 

^construct ajengtli . .uehthat For instance, we 




A 1 M . 

Fig. 2. (•« 

may construct an isosceles right-angled triangle A BC ««*. that 
AB-AC-1. Then if BC—. * = 2- Or we may ctumm 
the length * by means of Euclid’s construct,on (Euc. t >. Id) to 
a mean proportional to l and 2, as indicated ,n the «g«~ On 
requirements therefore involve the existence of a length mcasme 
by a number x, and a point P on A such that 

/ A 0 P = *. x 1 = 2. 
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But it is easy to see that there is no rational number such that 
its square is 2. In fact we may go further and say that there T 
is no rational number whose square is m/n, where m/n is any 
positive fraction i n its lowest term s, unless m and n are both 
perfect squares. 

For suppose, if possible, that 

p*/q- = m/n, 

p having no factor in common with q, and m no factor in common 
with n. Then up- = nnp c Every factor of q 1 must divide np-, and 
as p and q have ho'common factor, every factor of q 7 must divide 
n. Hence n = \q-, where \ is an integer. But this involves 
m = \p-: and as ni and n have no common factor, \ must be unity. 
Thus m = p 7 , n = q-, as was to be proved. In particular it follows, 
by taking n = 1, that an integer cannot be the square of a rational 
number, unless that rational number is itself integral. 


It appears then that our requirements involve the existence of 
a number x and a point P, not one of the rational points already 
constructed, such that A 0 P — .v, a? = 2; and (as the reader will 
remember from elementary algebra) we write x = \/2. 


TIi* following alternative proof t hat no rational nuinl>cr can have it* 
square equal to 2 is i nteresting . 

Suppose, if possible, that piq is a positive traction, in its lowest terms, 
. such, that </>- = - or jr = It is easy to see that this involves 

1 ['2(j — /•;- =z (f— 7 J ; and so ('2q — p;/{p — q) is another fraction having the 
same property. But clearly q<p<'2q, and so p — </<</. Hence there is 
another fraction equal to p 7 and having a smaller denominator, which 
contradicts the assumption that p 7 is in its lowest terms. 


Examples II. 1. Show that no rational imml>er can have its cube equal 

to 2. 


• ;» 

* • *1 1 »A 


t i y -/ - * ■ ti .: f ^ 

-• l’ri.ve generally that a rational fraction p >j in its lowest terms cannot 
l>e the euU; of a rational mmdicr unless /> anil 7 are Loth perfect cubes. 

w 3. A inoro general p reposition. which is .hie to (iauss and includes those 
which precede as particular cases, is the following : if 

.<"* +Pi->" ~ 1 + p-.x- />„ = 0 

m an algebraical rty nation with integral .y.-rfi,■{, „ (.<. it cannot have a rational 
hut not i/tta/fiil roo f. ~~ “ 

[For suppose that the equation has a root where a and b arc integers i 
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without a common factor, and 6 is positive. Writing a/6 for a-, and multiply- 
ing by 6 n " 1 , we obtain 

— —=zp l a n ~ l +p*a n ~ +pnb n S 
b r 

a f,-action in its lowest terms equal to an integer, which is absurd. Thus b- 1, 
and the root is «. It is evident that « must be a divisor '»f/>-] 

4. Show4hat if Pn = 1 and neither of 

1 +/>i+/>s+/ ) 3+— . 1 -Pi+Pi-fr + ~ 

is zero, then the equation cannot have a rational root. 

5 . Find the r ational ro<>ts (if any) <»t 

. t 4_4 C 3_Rr2+13.r+l>* = 0. 

[The roots can only l>c integral, and so ±1, ±2, ± r *> * J.? 

4. Irrational numbers ( continued ). The result ol our 

geometrical representation of the rational nu,n ls f “* b ■ 

suggest the desirability of enlarging our conception 
by the introduction of further numbers of a new kind. 

The same conclusion might have been reached jitho^t the >me 
of geometri cal language. One of the central problems of algcbia 
is that of the solution of equations, such as 

The fitat Citation has tlJtwo— roots 1 and - 1. ^ Bn, 

isjtx U r : io :: h - r = v : 

lncse metis i j _y iml i(i nrove to be possible, 

our idea of number desirable, it it should pic i 

Let ns consider more closely the equation 

We have a.*en that b. ..„ . 

“r^rrpatar tha,\ we « ^^ * 

rational numb e r s into those whose squares 

whose squares are attention to the positive 

are greater than 2. thcse two classes the class L, or 

rational numbers, and we ‘ ' . class R or the upper 

i the lower class, orjhe leJUand class, and the class K, n 
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class, or the right-hand class. It is obvious that every member of 
Ji is greater than all the members of L. Moreover it is easy to ^ 
convince ourselves that we can find a member of the class L whose 
square, though less than 2, differs from 2 by as little as we please, 
and a member of R whose square, though greater than 2, also 
differs from 2 by as little as we please. In fact, if we carry out 
the ordinary arithmetical process for the extraction of the square 
root of 2, we obtain a series of rational numbers, viz. 

1, 1-4, 1*41, 1*414, 1*4142,... 

whose squares 

1, 106, 1 0881, 1*999396, 190996164,... 

are all less than 2, but approach nearer and nearer to it; and by 
taking a sufficient number of the figures given by the process we 
can obtain as close an approximation as we want. And if we 
increase the last figure, in each of the approximations given above, 
by unity, we obtain a series of rational numbers 

2, 1*5, 1*42, 1*415, 1-4143,... 

whose squares 


4, 2-25, 2*0164, 2002225, 200024440,... 

are all greater than 2 but approximate to 2 as closely as we please. 

The reasoning which precedes, although it will probably convince the 
■ ■ , ( t precise character required by modern mathematics. 

We can supply a lonual proof as follows. In the tirst place, we can find 
a member L and a mcml>er of It, differing by as little jis we please. For 
\\e saw in £ 3 that, given any two rational nuinlters a and b , we can construct 
a chain of rational nundiers, of which a and b are the first and last, and in 
which any two consecutive nun.hers differ by as little os we please. Let us 
then take a member ./• of L and a mendier y of It, and interpolate between 
them a chain ..f rational nui.i 1 .ers of which a- is the first and y the last, and 
in which any two consecutive ihuiiUm* differ by less than 8 , 8 ticing any 
positive rational numl>or as small as we please, such jus 01 or -0001 or -000001 
In this chain there must he a last which Vdongs to L and a first which belongs! 
to It, and these two numbers differ hv less than 8. 

Wo can now prove that an can he found in L and a y in It inch that 

' r '‘ /feat. shy loss than 8 . Substituting 18 
f..r o in the argument which precedes, wc see tliat we can choose .r and y so 

t iat y j ^ 8 . Simc ^ 2, .'•<2 ; and we may suppose y not greater than 2, 
smee if y wore pouter than 2 we could use 2 in the place of y. Thus 

.V + .r<4, >r - a * = (y - x) (y + .,•)< 4 (y - . 7 -) < 8 ; 
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and since **<2 and 2 it follows a fortiori that 2-»* and y'-- 2 are each 
less than 5. 

It follows also that there can be no largest member of L or 
smallest member of R. For if * is any member of L, then a? < - 
Suppose that a* = 2 - 8. Then we can find a member .r. ot L 
such that A’, 2 differs from 2 by less than B, and so xy > or or ./, a 
Thus there are larger members of L than x; an< as .r »•=> 
member of L, it follows that no member of L can be aige« t - 
all the rest. Hence L has no largest member, and similar K R li¬ 
no smallest. 

5. Irrational numbers (continued). \\ e have thus di\i«lol 
the positive rational numbers into two classes, L and sueh 1 Uu 

([) every member of R is greater than every member ot L. ( 11 ) 

17nJ a member of £ am. a member of « whose > - 

small as we please. (Hi) L has no greatest and It no ; 

Our common-sense notion of the attributes of a 
requirements of our elementary geometry and on. elemental J 
algebra, alike dmnandj'i* existence of a number , grea ter than _a U 

comZpondto 7nembers of L from those which correspond to members 

of R. 


L 

+ 


A„ 



Fi«. 3- 


Let us suppose for a moment that * * >hf 

and that operatedji^on. nui^^coj^ thc Ui^ - 

algebra, so that, for example, « lias a detente meanu g- Then - 
be either less than or greater_thar, 2 Fo. su . 
example, thaH^is than 2. Then ,t follows "" " 
cedes that we can find a positive rational number f such that f 
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between and 2. That is to say, we can find a member of L 
greater than x ; and this contradicts the supposition that x divides 
the members of L from those of R. Thus Je* cannot be less than 
2, and similarly it cannot be greater than 2. We are therefore 
driven to the conclusion that = 2, and that jt' is the number 
which in algebra we denote by \/2. And of course this number 
\/2 is not rational, for no rational number has its square equal to 
2. It is the simplest example of what is called an irrational 
number. 

But the preceding argument may be applied to equations 
other than x 1 = 2, almost word for word ; for example to x * = N, 
where iV is any integer which is not a perfect square, or to 

•r* = 3, ar*= 7, j; 1 = 23, 

or, as we shall sec later on, to x* = S x -f - 8. We are thus led to 
believe in the existence of irrational numbers x and points P on 
A such that x = A 0 P satisfies equations such as these, even when 
these lengths cannot (as V2 can) be constructed by means of 
elementary geometrical methods. 

Tho reader will no doubt remember that in treatises on elementary algebra 
the root of such an equation as .r*=n is denoted by or /i*and that a 
meaning is attached to such symbols os 

/i - **'* 

by means of the equations 

„ v = ( H i n v i n - v it = i _ 

And he will remember how, in virtue of these definitions, the * laws of indices’ 
such as 

(/<»)*=«« 

arc extended so as to cover the case in which r and s are any rational numbers 
whatever. 

1 ho reader may now follow one or other of two alternative 
courses. He may, if he pleases, be content to assume that 
irrational nu mber s * such as \/2, \ 3, ... exist and are a menable to 
t he algeb ra ical laws with which he is familiar*. If he does this 
he will be able to avoid the more abstract discussions of the next 
few sections, and may pass on at. once toj§ 13 ct seq. 

It, on the other hand, he is not disposed to adopt so naive an 
* This is the point of view which was adopted in the first edition of this book. 
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attitude he will be well advised to pay careful attention to the 
% which follow, in which these questions receive fuller 

consideration *. 

Examples III. 1- Find the difference between 2 and the s,uarcs of the 
decimals given in § 4 as approximates to . 2. 

*- r ^-pr^ ihc d iff erencC }j between 2 and the squares of 

3. Show that if min is a good 

is a betterone, and that the ei rors in approximations in the last 

Apply this result to 

example. (^2.-.- / - 1 + *')'“ '** 

.• f-2 l»v defeet and hv excess respee- 

4 If .r and y are approximations to N , . 

lively, and 2 —fr-'cS, y- —2<S, then y~.v<8. 

.,w^». The equation .r* = 4 is satisfie .1 hy 4 tr 2 

ment of the preceding sections appl.e t\ \ tllov d « not J ud«de all 

— • - - - -- 

less than or greater than 4.] 

. irrational numbers (contused). In § 4 wc dlscu ^ 
a special mode of «Kv»ion of *£ C meX'm of'lme etas and 

^Ttr the others. Sncha 

section of the numbers in M'"; s ^ ^ number8 of the two 

equally well construct a sec 10 1 • ^ am ] > 2, or 

classes were characterised by the ineqi ■ principles 

«*<7 and *->7. Let us now 

Of the eonstruetion of_ J uuh^sectipns of t. I 

numbers in_a»ta general U- nna . ' “ 

a that P and Q stand .for ' two_jrrppdrties which at 

Suppose that l anti v ^ raugt bc posse ssed by every 

inutually.eASlHSlp and °£f ... • oppose that every sueK 

posi tive rationa l—nuqjjje . (nny 8UC h migi ber which 

nu mber whic h poss . cs scs — — . . x -> < o ’ and Q the 

posses^ rh»« P m.g t ;■ ^ nuiiiUe J which possess P the 

ZZ Jr left-hand class L and those which possess <2 the upper or 

J Infinite Series . 
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right-hand class R. In general both classes will exist; but it may 
happen in special cases that one is non-existen t and that every ^ 
number belongs to the other. This would obviously happen, tor 
example, if P (or Q) were the property of being rational, or of 
being positive. For the present, however, we shall confine 
ourselves to cases in which both classes do exist; and then it 
• follows, as in § 4, that we can find a member of L and a member 
of R whose difference is as small as we please. 

v «'«'•' In the particular case which we considered in § 4, L had no 
greatest member and R no least. This question of the existence 
of groat>;sf. or least member s of the classes is of the utmost im-.-" 
portance. We observe first that it is impossible in an} r case that 
L should have a greatest member and R a least. For if l' were 
the greatest member of L, and r the least of R, so that f'< then 
A(/ + r) would be a positive rational number lying between l and 
r, and so could belong neither_to_X nor To R; and this contradicts 
our assumption that-twery such number belongs to one class or to 
t he.other. ~ This being so, there are but t lnve possibilities , which 
1 J^Ly siVe - Either (j) L has a greatest member l, or 
1 (li) R has a least member r.oV^iTili has no greatest member and 

* • 

1 lie section «»t 4 gives an exam ply of the last, possibility. An example 
of tlie tirst U obtained by taking /*’to l*e ‘.r- ^ 1’ and Q to bo ‘.^>1’; 
hero /-I. If* P is ‘.r-* < 1 ’ and y > 1/ we have an example of the 

second possibility, with r=\. It should be observed that we do not obtain 
a section at all by taking /* to Ik- ‘.r-<l ’ and <? to be ‘.r->l for the special 
number 1 escapes classification (cf. Ex. iii. ~t). 

7. Irrational numbers (continued). In the first two cases 
wo say that the section corresponds to a positive rational number 

ls 1 m t,u * and r in the other. Conversely, ix is- .. 

cloar that to_any such number </ corres ponds - a section which 

wo shall denote by a*. For we might take P and Q to be the 
properties expressed by 

x S a, x > a 

respectively, or by *• < er and .r £ a. In the first case a would be 
tho greatest member of L, and in the second case the least member 

• It «ill he convenient to denote a section, corresponding to a rational number 
denoted by an English letter, by U^F^ndin* Greek l^rT , 
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of R. There are in fact j ust tw o sections, c orrespondmg to an y_ 
positive rational number . In order to avoid ambiguity we select 
one of them ; let us select t hat in which, thejmmber itself belongs 
to the upper class. In other words, let us agree that we will consider 
only sections in which the lower class ZJws nojggnt cst n u mb er. 

There being this correspondence between the positive rational 
numbers and the sections defined by means of them, it would be 
perfectly legitimate, for mathematical purposes, to replace the 
numbers by the sections, and to regard the symbols which occur 
in our formulae as standing for the sections instead of lor the 
numbers. Thus, for example, a > a' would mean the same as 
a > a, if a and '/ are the sections which correspond to a and a . 

But when we have in this way substituted sections of rational 
numbers for the rational numbers themselves, we are almost- tmced 
to a generalisation of ou r number system, For there are sections 
(such as that of § 4) which do not correspond to any rational 
number. The aggregat e of sections is a largei j.igg.vga,,- than that 
of the positive rational numbers; it includes sections conesp.m g 
to all these numbers, and more besides. It ,s tins' lac, which we 
make the basis of our generalisation of the ,don wknmnbe, \ 
accordingly frame the following definitions, which will lmacy. I 
modified in the next lec'tmn.'Hifd must therefore be regarded as 

temporary and provisional^_ 

eJ ZljhXtd chi»r /mVirn V*!‘. « " :,led “ 

posiiive^real number. ... ;» 0 

*• •* » . ... A 


A^oSkle VJfZunCr'M does ^correspond to a positive 
rational n^nter is called a positive irrational number. 



Irame our nnai uenmw«»", — — . ,1 .sst-s 

little . We shall consider sections, or divisions ^ j 

not^merely of the positive rat.. m.mhe.s, but of dL rat 

numbers, including zero. We may then repeat «1 hat 
said .bourdons of the positive rational mm.be,s m *»• 
merely omitting the wold positive occasionally. 
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Definitions. A section of the rational numbers, in which both » 
classes exist and the lower class has no greatest member, is called ^ 
a reafvi^mlier, or simply a number. / 

A lealrthunber ivhich does not correspond to a rational number • 
is called an irrational 

If the real number does correspond rational number, we* 

shall use the term ‘ rational ’ as applying to the real number also. 

'flic term ‘ rational mnnlmr ’ will, as a result of our definitions, be 
ambiguous ; it may mean the rational number of ^ 1, or the corresponding 
real YnmiTs-r. If we say that 1 we may be asserting cither of two different 
propositions, one a proposition of elementary arithmetic, the othera proposition 
concerning sections of the rational numbers. Ambiguities of this kind are 
common in mathematics, and are pe rfectly harmle ss, since the relations 
between different propositions are e xactly the sam e whi chever interpreta tion 
is attached to the propositions themselves. From A > A and J>.j we can 
infer A >| ; the inference is in no way affected by any doubt as to whether 

A, and .} are arithmetical fractions or rcal’huiuliers. Sometimes, of course, 
the context in which (*;.</.) ‘A* occurs is sufficient to fix its interpretation. 

{? When we say (see £ 9) that A < N -'(A,), we must mean by ‘A’ the re;if number A. 

The reader should observe, moreover, that no particular logical importance * 
is to be attached to the precise form of definition of a ‘real number* that we 
have adopted. We defined a ‘real numWr’ as being a section, i.n. a pair of 
1 classes. We might equally well have defined it as being the lower, or the 
upper, class ; indeed it would lie easy to define an infinity of classes of 
entities each of which would jmjsscss the proj>erties of the class of real 
n tun tiers. What is essential in mathematics is that its symbols should be 
capable of some interpretation; generally they are capable of many, and 
then, so far as mathematics is concerned, it does not matter which we adopt. 

Mr r.crtra n d Russel l has said that ‘mathematics is the science in which 
we do not know what we are talking about, and do not wire whether what 
we say about it is true,’ a remark which is expressed in the form of a 
par adox but which in reality asserts t wo Xiighly important truth s5'^The^finst U * jC 
is that the symbols of mathematics are capable of va rying i nter pretations, 
and that we are in general at liberty to adopt whichever we prefer.C'T’he 
second is that mathematics is concerned with implications, with questions as 
to wh ether hypot heses in vol ve conclus ions, and not with questions as to 
whether the hypotheses or the conclusions are themselves true or false. 

s ~ - — 

There are now three eases to distinguish. ^It may happen that 
all negative rational numbers belong to the lower class and zero 
ami all positive rational numbers to the upper. We describe 
this section as the real number zero/" 1 Or again it may happen 
that the lower class includes some positive numbers. Such a section 
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we describe as a positive real number.^’Vinally it may happen 
^ that some negative numbers belong to the upper cla-s. .Such 
a section we describe as a negative real number . 

The difference Between our present definition »»f •* positive ival number <« 
and that of ^ 7 amounts to the addition to tlie lower class «.f zero and all the 
negative rational nurnWs. An example of a negative real number i> given 
by taking the property P of * 0 to he x+\<0 and V t" ' + 1 ^ °’ 

This section plainly corresponds to the negative nitional_ '""'.her - 1. It «e 
took P to he .r'< -2 and <J to he - 2, we shonkl obtain a negative real 

nmnl»er which is nut nition.il . 

9. Relations of magnitude between real numbers. It 

is plain that, now that wo have extended our conception of 
number, we are bound to make corresponding extension* ot our 
conceptions of equality, inequality, addition, multiplication, and 
on. We have to show that these ideas can be applied t«* the new 
numbers, and that, when this extension of thorn is made, all the 
ord inary laws of alg ebra retain their validity, ><> that we can 
operate with real numbers in general in exactly the same way 
as with the rational numbers of § 1. To do all this systematically 
would occupy a considerable space, and we shall be content to 
indicate summarily how a more systematic discussion would 

proceed. 

We denote a real number by a Greek letter such as a, /S.y, ... : 
the rational numbers of its lower and upper Gasses by the corre¬ 
sponding English letters A ; b, B ; _c. C; .... The clas ses them- 
selves we denote by (u),(A) . 

If a and £ are two real numbers, there are three possibilities : ^ 

(i) every a is a b and every A a B ; in this ease (a) is identical 
with (b) and (A) with ( B ); 

* There arc uIbo sections in which every number belongs to the lower or to 

the upper class. The reader may l>e tempted to ask why we do not regard these 

sections also as defining numbers, which we might call the »«<'< >•••»• I '1 

and nrnative infinity. , , , . ... , ■ 

There is no logica l objection to such a procedure; it is mdeed that which "...iM 

be simplest and most natural for an advancod studenj prinnmly mtevsted in the 

logical development of the idea of number. But. for a beginner, the chief d.l u i.lt> 

in the elements of analysis is that of learning to attach precise seises to phrases 

continuing the word 'infinity'; and experience hwiiih to t>l»o\\ t uil i« m 1 ' > 

^ be coufuHed by any addition to their number. 
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(ii) every a is a 6, but not all is are B’s; in this case (a) is 
a proper part of ( b)*, and ( B ) a proper part of (4); 

(iii) every A is a B, but not all as are b’ s. 

These three cases may be indicated graphically as in Fig. 4. 

In case (i) we write a=/3, in case (ii) a < fi, and in case 
(iii) a > /3. It is clear that, when 

a and /S are both rational, these -?-(') 

defi nitions agree wit h the ideas of ^ 

equality and inequality between -+- 1 -(“1 

ration al numb ers which we began 

by taking for granted ; and that - 1 -+-(“') 

any positive number is greater Fig. 4. 

than any negative number. 

It will be convenient to define at this stage the ne gative — a 
of a positive number a. If (a), (d) are the classes which consti- 
t ute * a* we'can "c left no’ *ano t h e r section of the rational numbers by 
‘putting all numbers — A in the lower class and all numbers — a 
in the upper. The real number thus defined, which is clearly '* 

negative, we denote by — a. Similarly we can define — a when a 
is negative ur Mum; if a is negative, — a is positive. It is plain 
also that — (— a) = a. Of the two numbers a and — a one is always 
ijositive (unlo ss -q — ())« The one which is positive we denote by 

, .. , J. . c.—-Kc'l CK 

a ana call the moaulus or a. & «.(■*), »*> 


Fig. 4. 


ana can me muquuus or a. «. e.•. 

Examples IV, 1. Prove that 0= —0. •< « «. 

;» r. k. u.uou CL. 

2. Prove that ,3 = a, £<«, or /3>« according as » = d, a>/3, or a<{i. 


3. 

If « =fi and {i = y, 

then «i = y. 




4. 

if a s /3, /d<y, or 

«<3> 3 = y, 

then 

a<y. 


h. 

Prove that — ,3 = 

— a, - - 

a, or 

-J> -a, 

according as 

or n > 

3- 





<5. 

Prove that «>0 it 

‘ u is positive 

c, and 

a<0 if a 

is negative. 


Prove that « « 

1 • 





A, ^. r Prove that 1 < N '2< v '3<2. 

0. Prove that, if a and £ are two different real numbers, we can always 
find an infinity of rational numbers lying between « and ji. 

[All these results are immediate consequences of our definitions.] 

* I.e. is included in hut not identical with (b). 
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10. Algebraical operations with real numbers. W e now r ' -f 

.. proceed to define the meaning of the elementary algebraical opera¬ 
tions such as addition, as applied to real numbers in general. 

(i) Addition. In order to define the sum of two numbers 
a and £, we consider the following two classes: (i) the class (c) 
formed by all sums c = a + 6, <ii> the class <(') formed by all -urn- 
C = A+B. Plainly c < C in all cases. 

Again there cannot be more than one rational nuniher which 
does not belong cither to (c) or to l£l_ For suppose there were fc. 
two. say r and «, and let * be the greater. Then both r and . 
must be greater than every c and less than every t : and so c 

cannot be less than * — >'• But 

C — c = {A -a) + {B - h): 

and we can choose «, b. A, It so that both A - a and 11 - b 
are as small as we like; and this plainly contradicts our 

hypothesis. 

Tf every ra t.ioiRiLmi n.be.- be longs to(c) or to (C). the classes (c). 
(V) form a section of the rational numbers, that is to say, a number 
7 If there is one which does not, we add it to (C). W e have 
now a section or real number 7 . which must clearly be rational, 
since it corresponds to the least metnhei of (C ). /" "" / 

we cull 7 the sum of o- and nnd write 

y = & + ft. 

If Path . and t arc mtjnua), they am the least n.emhers of die upper 
.Inland iot la tfifS it is clear .hat .+, is the - 
»(((?), m that oar definition agrees with oar prevents ideas of add.!., a. 

(ii) Subtraction. We define a - S by the equation 

a — /3 = a + (— /d). 

The idea of subtraction accordingly presents no fresh difficulties. 

Examples V. l. Prove that « + ( -<«.) = 0. 

2. Prove that a + 0 = 0 + « = u- 

3. Prove that a + 0-P + O. [This follows a. once from the fact that .he 
chesses <«, + /,, and (/, + «), or (A+tt, ami lll+A), are the same, saa, 

a + b*=b+a when o and b are rational.) 

^ 4. Prove that a + (ft + y) = (a + + V- o 


II. 
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-5. Prove that a — a =0. 

6. Prove that a — /9 = — (/3 — a). i 

7. From the definition of subtraction, and Exs. 4, 1, and 2 above, it 
follows that 

(a-£)+/3={a + (-/3)}+/3=a + {(-/3)+/3} = a + ° = a. 

We might t herefore define the difference a—y3 = y by the equation y+£ = «. 

8. Prove that a-09-y) = a- £ + y. 

9. Give a definition of subtraction which does not depend upon a previous 
definition of addition. [To define y = « — /3, form the classes (c), ( C ) for which 
c = a-/i, C=J -6. It is easy to show that this definition is equivalent to 
that which we adopted in the text.] 

10. Prove that 

||uH0ll^!a±/3|^M+l0|. 

11. Algebraical operations with real numbers ( con¬ 
tinued ). (iii) Multiplication. When we come to multiplication, 
it is most convenient to confine ourselves to positive numbers 
(among which we may include 0) in the first instance, and to go 
back for a moment to the sections of positive rational numbers 
only which we considered in §§ 4—f . We may then follow practi¬ 
cally the same road as in'the case of addition taking (c) to be ( ab) 
and (C) to be {AB). The argument is the same, except when we 
are proving that all rational numbers with at most one exce ption 
must belo ng to (cl or (G) . This depends, as in the case of addi¬ 
tion. on showing that we can choose a, A, b, and 13 so that C — c is 
as small as we please. Here we use the identity 

C - c = A 13 - ab = (A - a) B + a (B - b). 

Finally we i nclude negative n umbers within the scope of our 
definition by agreeing that, if a and A are positive, then 

(-*) @ = -af 3 , a (— £) = — aft, (- a) (- @) = a@. - - --. 

- v. • 0f ji-K ? 

(iv) Division. In order to defi ne, division, wo begin by de¬ 
fining tHe recip roca l 1/a of a number a (other than zero). Con¬ 
fining ourselves in the first instance to positive numbers and 
sections of positive rational numbers, we define the reciprocal of a 
positive number a by means of the lowe r cla ss (1 j A ) and t he upper 
class ( 1 /a). We then define the reciprocal of a neg ative n umber 
— a by the equation l/(— a) = — ( 1/a). Finall y we define a/ft by 
the equation 


a lfi = « x (1//3). 


10-13] 
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We are then in a position to apply to all real numbers, rational 
or irrational, the whole of the ideas and methods of elementary 
' algebra. Naturally we do not propose to carry out this task in 
detail. It will be m ore profita ble and more interesting to turn 
our attention to some special , but particularly important, classes. 

o f irrational numbers. 

Examples VI. Prove the theo rems expressed by die followsmg 
i0 formulae: • *«.<>= o. ^v\x\ < a. 

i=ixa»«. a/->->• 

4. «£ = £«. 5. 6 ‘ «((* + y)= a * +a y- 

7. (a + fi)y = ay + ,iy. 8 - I "01 ■ I« 1101 • 

12 The number J<2. Let us now return for a moment to 
the particular irrational number which we discussed m ^ 4-o. 
We there constructed a section by means o, the .ueq.ml.tK. 
z* < 2 O? > 2. This was a section of the positive rational mini a.is 

only; but we replace it (as was explained in § 8 ) by a sect,on ot_ 
all th e ra tional numbers. We denote the sect.on or number thus 

defined by the symbol %/-• 

The classes by means of which the product of V2 by itself ,s 
defined are (i) (aa), where « and a are pos^^ t.on.^ nu m be rs 

whose squares are less than 2 , (“> U * " 1 . ' , .y| 

positive rational numbers whose squares aregreate, than.. h- 
classes exhaust all positive rational numbers save one, vhu h can 

only be 2 itself. Thus 

(V*2) a =V 2V2 = 2. 

AgainC ;rv2> : =7-V2)V- V2) = V2 V2 = <V2>- = 2. 

Thus (Ue a*-2 ^ the" 

we could discuss the equations a. -A, u_ 
sponding irrational numbers V*b “ ^ 

13. Quadratic surds. A number ot the Inin, * 7".’ '' t!h!-r 
a is a positive rational number which is.not the sspune . 
rational number, is called a pure ,p,u,trade surd. 
the form « ± Vfc where « is rational and y/b » « 1— 
surd, is ySc s called a mixyd quadrat,c surd. 

4 ~ w 


X*' . - 

•A . 


* < * 

t. * 

A 
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The two numbers a ± % fb are the roots o f the quadratic equation 

.r 2 —2 gw- pa 3 —6 = 0. * 

Conversely , the equation x 2 + 2px + q=0, where p and q are rational, and 
p- — q>0, has as its roots the two quadratic surds —/>± \^(p'~q)‘ 

The only kind of irrational numbers whose existence was 
suggested by the geometrical considerations of § 3 are these 
quadratic surds, pure and mixed, and the more complicated 
irrationals which may be expressed in a form involving the 
repeated extraction of square roots, such as 

S ': “ >2 + a/(2 + V2) + V{2 + V(2 + V2». 

' It is easy to construct geometrically a line whose length is 
equal to any number of this form, as the reader will easily see for 
himself. That irrational numbers of these kinds only can be con¬ 
structed by Euclidean methods (i.e. by geometrical constructions 
with ruler and compasses) is a point the proof of which must 
be deferred for the present*. This property of quadratic surds 
makes them especially interesting. 

% 

Examples VII. 1. Give geometrical constructions for 

\-t \'(2 + n ' 2 ), N /{2 + N /(2 + ^/ 2 )}. 

2. The quadratic equation ax 2 + '2b.v + c = 0 1ms two real roots + if 

6 2 — «c>0. Suppose «, /«, c rational. Nothing is lost by taking all thre e 

m 

to be integers, for we can multiply the equation by the least common 
multiple of their denominators. 

The reader will remember that the roots are {—b± s f(lr — ac)}/a. It is 
easy to construct these lengths g eometrically , first constructing *J(b' 2 — ac). 
A much m ore eleg ant, though less straightforward, construction is the 
followi ng. 


* See Ch. II, Misc. Exs. 22. 

t 1. 1 . there are two values of x for which ax- + 2bx + c = 0. If b 2 -ac<0 there 
are no such values of x. The reader will remember that in books on elementary 
algebra the equation is said to have two ‘complex’ roots. The meaning to bo 
attached to this statement will be explained in Ch. III. 

When b 2 = ac the equation lias only one root. For the sake of uniformity 
it is generally said in this case to have ‘ two equal ’ roots, but this is a mere 
convention. " ~ 


I , 


Cc . 
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Drawn circle of unit radius, a diameter P<j, and the tangents at the end ■ 

of the diameters. f*'>- t**- 'PM “ #c * $ H '■ ^ 

•4 • 





Take />/»'=- 2« h and <<></= -C/2&, haring regard to sign*. Join P V . 
««//,«« Me circle in M and X. Draw PM and PX, cutting W .« -V «!««/ > • 
77<e/i C^A' f///c/ V }' «/-e Me roof* of the equation with their proper signs t. 


• / 




* 5 


Another, perhaps even simpler, construction » me — ■ 

Ali of unit length. Draw BC = ~2b/a perpendicular to Ml, and CD-c 
perpendicular to DC and in the same direction as BA. On A D as ' A »'-ix l 

describe a circle cutting BC in A and Y. Then BX and BY are the mots. .ft.,* 

3. If «e is positive BP- and W will he drawn in the same direction. 

Verify that P Q' will not meet the circle if *<ae t while if lM*ac_H will b 
a tangent. Verify also that if lfi = ac the circle in the second construction 

will touch BC. 


4. 


• &■-- 


Prove that ., 

J(pq ) = \'p x v r, /> n'( P’H ) = P <'!• 

14. Some theorems concerning quadratic surds. 1 w.. n, 

pure quadratic surds are said to be similar if they can be ex¬ 
pressed as rational multiples of the same surd, and otherwise to be 

dissimilar. Thus ._ 

V«=2V2, V¥=2V 2 ' 

and so,/* VW an* similar surds. On the other hand if r "'~- 

are integers which have no common factor, and neither nt which 
is a perfect square, JM and JN arc dissimilar surds. For suppose, 

if possible, . 

where all the letters denote integers. 

• The figure in drawn to Biiit the case in which >> and c ha\e the same a 

the opposite sign. The reader should draw figures f ,,r «t i< i ca „mstions dr 

t I have taken this construction from Klein’s Lri;onssur ' 

4 gtometrU tUmentaire (French translation by J. lines*. Paris. 
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Then fMN is evidently rational, and therefore (Ex. II. 3) 
integral. Thus MN = P 2 3 , where P is an integer. Let a, b, c, ...** 
be the prime factors of P, so that 

MN = a 1 b~cr ... . 


Then MN is divisible by a 2 , and therefore either (1) M is 
divisible by or (2) N is divisible by a-, or (3) M and N are 
both divisible by a. The last case may be ruled out, since M 
and N have no common factor. This argument may be applied 
to each of the factors a 2 , b\ c 2 , .... Ultimately we see that M 
must be divisible by some of these factors and N by the rest. 
Thus 

M = \Pr, N = AP,% 


where P, 2 denotes the product of some of the factors a 2 , b 2 , c 2 , ... 
and P 2 - the product of the rest. Since M and N have no 
common factor we must have \=1, M = Pf, iV r = P c 2 ; i.e. M and 
N are both perfect squares, which is contrary to our hypothesis. 


Theorem. If A, B, C, D are rational and 

A + \JB = C + \JD, 

then either (i) A = C, B = D or (ii) B and D are both squares of 
rational numbers. 


For B — D is rational, and so is 

\/P - \'D = C— A. 

If B is not equal to D (in which case it is obvious that A is also 
equal * o (J), it follows that 

s tB + \/P = (B - D)f(\/B - S /D) 

■ also rational. Hence \IB and D are rational. 


Corollary. If A + \/B — C + \/I), then A — \/B — C — */D 

(unless \/B and *JD are both rational). 


Examples VIII. 1. Prove ah initio that N /2 and are not similar 
surds. 

2. Prove that s 'o and \V1 /a), where a is rational, are similar surds 
(unless Loth are rational). 

3. Tf a and b are rational, then K fa + Jb cannot he rational unless K /a and 
\ f b are rational. The same is true of s ta — s fb, unless a = b. 


14 , 15 ] 
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4 . If JA+JB=yfC+s' A 

'4 then either (a) A =C.and /?= A or (6) 3 = and or (c) % 'A, s' A s'< • 

JD are all rational or all similar surds. [Square the given equation and 

apply the theorem above.] 

5. Neither (a + Jl>f nor (a - Jh)* can be rational unless N '/» is rational. 

6 . Prove that if .»• = /> + >/?, where /> and y are rational, then ^ where 
is any integer, can be expressed in the lWm_ Wt "here / and Q 

are rational. For example, 

(p + N /y) 2 = P 1 + q + ip s'y, (p + Jq) 3 = Z* 3 + 9 P9 + bV + V n' 7- 
Deduce that any polynomial in .r with rational coefficients (A. any expression 
of the form . 

where ... are rational numbers) can be expressed in the form /* + VsV 
q 7 If u + N '/>, where i is not a perfect square, is the root of an algebraical 
equation with rational coefficients, then u-Jb is another root «t the same 

equation. % 

8 . Express 1 Hp + Jq) U ' rm V™*riU*\ in Ex- <*• [Mult.ply 

numerator and denominator by p - 

o Deduce from Exs. 6 and 8 that any expression of the form O’U) " 
where <J(x) and IIU) are polynomials in .r with national coefficients, can 
expressed in the form P + V^'q, where P and are rational. 

10. If p, y, and r-q arc positive, we can express in the form 

where W(/ y->-y)}, 

U Determine the conditions that it may ho possible to express Wjf’* 
where *p Ind i are rational, in the form N 'a where , and , are rational- 

12. If «-•-/> is positive, the necessary and sufficient conditions that 

+ s 'b) +• J(" - s ,,} ) 

.1 * - / .....1 4 ««+ should both be squares 

should be rational are that a■ - b and * . « + •* 

of rational numbers. 

15 The continuum. The aggregate* ot — " ‘ - l l V' 1 "' 1 ''' 
r ational an.l irrationa l, is calk, I the arithmetical cont.nuum. 

It is convenient [to suppose that the straight line A vt 
is composed of points corresponding to all c • nu" 

arithmetical continunm, and of no others*. 1 ho pmnts ul 

• Tliis supposition is 

purposes ot our geometry nud (u) heeuuso i Pj cco „„,rieol languoge only (or 
illuBtrationH of analytical processes. As . t ^...lv the foundations 

p^7 of illustration, it is not „«rt of our business to stud, 

• of geometry. 



24 


REAL VARIABLES 


[I 


line, the aggregate of which may be said to constitute the linear 
continuum, then supply us with a conv enient image of the*, 
arithmetical continuum. 


We have considered in some detail the chief properties of a 
few classes of real numbers, such, for example, as rat ional num bers 
or qua dratic su rds. We add a few further examples to show how 
very special t hese particular class es of numbers are, and how, to 
put it roughly, they comprise only a minute fraction of the infinite 
variety of numbers which constitute the continuum. 


(i) Let us consider a more comp licated surd expre ssion such as 

2 = #(4 + 5) + </(4 - s 'l 5). 

Our argument for supposing that the expression for 2 has a meaning might be 
as follows. Wo first show, as in §12, that there is a numlicr y = x /15 such that 
y 2 = 15, and we can then , as in § 10, define the numbers 4 + N H5, 4 — ^15. 
Now consider the equation in z lt 

• M 3 = 4 -f s^la. 

The right-liand side of this equation is not rational: but exactly the same 
reasoning which leads us to suppose that there is a rea l number a? such that 
.v 3 ='2 (or any other rational numlicr) also leads us to the conclusion that there 
is a nu mber z , such that *i 3 =4 + s / 15. We thus define 2 l = 4 , (4-f-\ / L ! >), and 
similarly we can define z,= v'(4 — s 'lf>) ; and then, as in § 10, we define 2 = 2 i-f- 2 2 . 

Now .It is easy to verify that x J - *7* >/«£* * ■ * 

z 3 = 3c + 8. 


And we might have given a direct proof <>f the existence of a unique uumber 
£ such t hat 2 s = 32+ 8 . It is easy to see that there cannot l>e two such 
numbers. For if ; 1 ;t = 3c i + 8 and = 3:-_. + 8, we find on subtracting and 
dividing by 2 , — z-> that 2|'-+r t 3 2 + * 2 < =3. Hut if 2 , and 2 2 are positive 2 , 3 > 8, 

> 8 and therefore 2 , >2, r 2 > 2, 2 ,-’ + 2 , 2 .,+ 2 3 * > 12, and so the equation 
just found is impossible. And it is easy to sec that neither 2 , nor 2 „ can 
be negative. For if r t is negative and equal to — £, £ is positive and 
C 1 ~ *«■ 8 = 0, or 3 - £ - = 8 £. Hence 3 — £ 3 >0, and so £ < 2. But then 

8/f >-h and so 8 £ cannot be equal to 3- £-, which is less than 3. 

1 fence there i* at most one 2 such that z 3 = 3: + 8. And it cannot be 
iyitjimal. For any rational root of this equation must be integral and a 
factor of 8 (Ex. 11 . 3), and it is easy to verify that no one of 1, 2, 4, 8 is a root. 

Iliu.s 2 3 =32+b has at most one root and that root, if it exists, is positive 
and not rational. We can now divide the positive rational numbers .r into 
twoclajiigs L, R according as .<' 3 <3 l ±*ov j 3 > 3 r + 8. It is easy to see that 
if a- 3 > 3-c + 8 and y is any number greater than .r,~then also ;/ 3 > 3i/ + 8. For 
supin>se if possibly 3 <3y +8. Then since .r 3 >*7+8 we obtain on sub¬ 
tracting y 3 -.r«<3(y-.r), or y-' + .ry-f .e 2 < 3, which is impossible, since y is ^ 
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positive and x>2 (since ^ >8). Similarly we can show that it .-< 3.- +- 
^ and v < x then also ?/* < 3y + H. 

(<*) Finally, it is evident that th e classes L and ll both cxistj and th»*\ 

a section of the positive rational nun,hers or positive real nmn\*r : wl.u-h 
satisfies the equation r‘ = 3: + 8. The reader who knows how to solve cubic 
expiations by Cardan’s method will be able to obtain the explicit expression ot 

z directly from tlie equation. 

(ii) The direct argument applied above to tlu* e-|uatn.n 
u? = Sx + 8 could be applied (though the application would be 
a little more difficult) to the equation 


X* = X 


It). 


and would lead us to the conclusion that a unique ival 

number exists which satisfies this equation. In tins ease, how¬ 
ever, it is not possible to obtain a simple explicit cxiav^j. 
for X composed of any combination of surds. It can m •« 
be proved (though the proof is difficult) that it is .orerro /.y 
impossible to find such an expression tor the root ot an • 
of higher degree than 4. Thus, besides .rranmu il l uu ulM> ' 
can be expressed as pure or mixed quad,at.c or other surds « 
combinations of such surds, there are others which .lie or ^ 
algebraical equations but cannot, he so exppsed. - 

very special cases that such expressions can be found. 

(ill) But even when we have added to our list of irrational 

numbers roots of equations (such as -w+10) w ] e ' 

explicitly expressed as surds, we have not exhausted the d.lh u 
kffiit ofirrltional ..hers contained in the cutUnuum. Le, us 

draw a circle whose diameter is equal to A„A, <■<.. . ; 

natural to suppose that the cue-—— { h is llsUa |lv 

length capable of numerical incasuiemo . .. 

denote d by w“ And it has been shown t (though he po. 
fortunately long and difficult) that tins munbe, * * •» 

root of any algebraical equation with ilitigm c >< 

for example, as 

7T : ’ = 7T + H » 


7r- = II, 


7T 3 == W. 


i 


• A proof will be found in Ch. VII. ~ *-'■ ' " ( , hume writer s 

t See Hobson’s Trigonometry edit, on). PI>- M* 

Squaring the Circle (Cambridge, 1913). 
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where n is an integer. In this way it is possible to define a 
number which is not rational nor yet belongs to any of the classes ** 
of irrational numbers which we have so far considered. And this 
number 7r is no isolated or exceptional case. Any number of other 
examples can be constructed. In fact it is.o nly special classe s of 
irrational numbers which are roots of equations of this kind, just 
as it is only a still smaller clas s which can be e xpres sed by means 
of surds. 


16. The continuous real variable. The ‘real numbers’ 
may be regarded from two points of view. We may think of 
them''as an aggregate, the ‘arithmetical continuum ’ defined in 
the preceding section, or '^individually. And when we think of 
them individually, we may thin£ either of a particular specified 
number (such as 1 , — i, a/2, or it ) or 'w^ may think of any number, 
an unspecified number, the number x. This last is our point of 
view when we make such assertions as l x is a number,’ ‘ x is the 
measure of a length,’ ‘a? may be rational or irrational.’ The x 
which occurs in propositions such as these is called the continuous 
real variable: and the individual numbers are called the values of 
the variable. 

A ‘ variable,’ however, need not necessarily be continuous. 
Instead of considering the aggregate of all real numbers, we 
might consider some partial aggregate contained in the former 
aggregate, such as the aggregate of rational numbers, or the 
aggregate, of positive integers. Let us take the hist case. Then 
in statements about any positive integer, or an unspecified positi ve 
integer , such as ‘n is either odd or even,’ n is called the variable, 
a positive integral variable, and the individual positive integers 
are its values. 

Naturally ‘.r’ and ‘ // ’ are only examples of variables, the 

variable whose ‘ field of variation ’ is firmed by all the real 

• - 

numbers , and that whose field is formed by t he positive integers , 
iliese are the m ost im portant examp les, but we have often to 
consider otht- r cases. In the theory of decimal s, lor instance, we 
may denote by x any figure in the expression of any number as a 
decimal. Then x is a variable, but a variable which has only te n 
difieront. vajues, viz. 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. The reader should 
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think of other examples of variables with different fields of vana- 
tion. He will find interesting examples in ordinary life: policeman 
(c } the driver of cab a*, the year .r, the *th day of the week. 1 he 
values of these variables are naturally not numb ers. 


17. Sections of the real numbers. In §§ 4—7 we con¬ 
sidered ‘sections* of the rational numbers, «>. modes of division oi 
the rational numbers (or of the positive rational number, only) 
into two classes L and R possessing the blowing eha,acter,st.c 

properties: 

(i) that ever}' number of the type considered belongs to one 
and only one of the two classes, 

(ii) that both classes exist; 

(iii) that any member of L is less than any member ot H. 

It is plainly possible to apply tlVe’s^e idea to the aggivgate 
of all real numbers, and the process is, as the rt.w < » ' 
later chapters, of very great importance. 

Let us then suppose* that P and Q*n re two properties which 

‘are mutually exclusive, and one of wh.ch ,s P~ * ^ 

real number. Further let us suppose that an> » he 

possesses P is less than any which possesses Q. ^ > 

numbers which possess P the lower or 

those which possess Q the upper or right-hand class . 

Thus P might be x £ J2 *«‘ d Q 1,0 J ' > U ‘ S -/."t!«.,!V.fdu' rational 
that a pair of properties which nxxthvo This is so, for 

numbers may not suffice to define oik > ^ ^ ( . f we eonl i Il0 ourselves 

example, with the pair a, “ ' . Kvorv rational number 

to positive num»>crs) with ‘ r- < g a n. j ' ; Ilun ,L or , since in 

possesses one or other of the properties, but not 
either case J2 e scapes c lassification. 

There are now 

member l, or R has a least member r. 

. «* 4* W 11 


• r 


* \\ T t‘ 

The discussion which follows ism many " a >*of a •section.’ 

have not attempted to avoid a certain amount o r* \ .^^.t sirh>i l ^ lt 

first brought into prominence in by every reader 

irrationale Zahltn , in one which can, ft»« in LCi . discussion of the 

of this book, even if he be one of those w».o prefer^ to 

notion of an irrational number contained in $$ •» 
t There were three in 1 ^ 0. 
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cannot occur. For it* L had a greatest member /, and R a least 
member r, the number £(/ + r) would be greater than all members^ 
of L and less than all members of R, and so could not belong to 
either class. On the other hand one e vent must occur*. 

For let A, and R x denote the classes formed from L and R by 
takin g only the rational members of L and R. Then the classes 
L x and R x form a section of the rational numbers. There are now 
two cases to distinguish. 

O t It. may happen that L x has a great est member a. In this case 
a must be also the gr eatest member of L . For if not, we could find 
a greater, say ft. There are rational numbers lying between a and 
and these, being less than /3, belong to L. and therefore to L x \ 
and tliis is plainly a contradiction. Hence a is the greatest 
member of I.. 


00 On the other hand it may happen that L x has no greates t 
membe r. In this case the section of the rational numbers formed 
by /., and R x is a real number a. This number a must belong 
to Ij or to R. If it belongs to L we can shew, precisely as before, 
that it is the g rea test me mber of L : and similarly, if it belongs 
to R, it is the least member of R. 

Thus in any case either L has a greatest member or R a 
least. Any section of the real numbers therefore ‘corresponds’ to 
a real number in the sense in which a section of the rational 
numbers sometimes, but not always, corresponds to a rational 
number. This conclusion is of very great importan ce; for it shows 
that the consideration of sections of all the real numbers does no t 
lead to any fu rthe r geii eralisat i o n of ou r idea of number . Starting 
b'om the rational numbers, we found that the idea of a section of 
the rational numbers led us to a new conception of a number, that 
of a real number, more general than that of a rational number; 
and it might have been expected that the idea of a section of the 
leal numbers would have led us to a conception more general still. 
I he discussion which precedes shows that this is not the case, and 
that the aggregate of real numbers, or the continuum, has a kind 
of completeness which the aggregate of the rational numbers 
lacked, a completeness which is expressed in technical language 
by saying that t he continuum is closed. 

+ r,., 

. ^ * llls u,iS |! °t the ease in § 6. 

( T** . „ G..II 9 ) 
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The result which we have just proved may be stated astollows: 

4 Dedekind’s Theorem. If the real numbers are divided into 

two classes L and R in such a way that 

(i) every number belongs to one or other of the two classes , 

(ii) each class contains at least one number, ..... 

(iii) any member of L is less than any member of R. 

then there is a number a, which has the property that all the numbers 
less than it belong to L and all the numbers greater than it to R. 
The number a_ itself may belong to either class . 

In applications we have often to consider potions n ot of oil numbers hut 
of all those contained in ... ASOtH to say of all numbers 

* such that /3-.r=ly. A ‘ section * of such numbers is of course a division of 

then, into two classes possessing the proiK.rt.es (.), (n), and <>'■>■ ■ ‘ 

a section may be converted into a section of all numbers by adding to L all 
numbers less than ft and to II all nun,hers greater than y. it c Ic«r « ,at 

the conclusion stated in Djalckindts. Theorem s.dUmlds , we subs ... to he 

real numbers of the interval (A yV for ‘the real numbers , and that the 
number a in this case satisfies the inequalities ^ = " = V- 

"‘■* C lV' VoVnU of^ndViiitioS: * System of real nun.bcrs, or w 
of the points on a straight line corresponding to them, defined m 
any way whatever, is called an aggregate or set of numbers o, 
points. The set might consist, for example, ol all the positive 
integers, or of all the rational points. 

It is most convenient here to use the language of geometry *. 
Suppose then that we lire given a set of points, which "e 
denote by S. Take any point f, which may or may not belong o . . 
Then there are two possibilities. Either (i) it is 
a positive number s so that thej^-lw i dl£^S,_£yi) does no to 
tain any point of S, other than f itself t. or (ii) this is not possible. 

Suppose, for example, that A’ consist., of the points corrcymling b; ;-U 
the positive integers . Iff!, itself a l-i'ivc integer, we can tube Sob- »«> 
number less than 1, and & will 1.0 iruyi -r .1 f •» ” , |lo 

positive integers, we can take fi to Be any num »oi , ‘ in j 0 () f p 

hand, if * consistw of all the mtional !*»». then, whutc-. tlu -j' >< . 

(ii} is true; for any interval whatever contains tui »'ihmty of >■> 


. itol. 


will hardly require to be reminded ; ; 

* C f (•-'iA»va r • m r ' . I. ? 

of linguistic convenience. * «*/'- •> f ^ 4 

___if f does not itself belong to • > 


* The reader 

solely for reasons oi iinguiHiic uuii»cuiv.*w. • - /" » * 

+ This clause is of course unnecessary if £ docs not itself * 






<_»• 
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Let us suppose that (ii) is true. Then any interval (£-3, f+8), 
however small its length, contains at least one point which.* 
belongs to S and does not coincide with f; and this whether £ 
itself be a member of £ or not. In this case we shall say that £ is 
a point of c on de n sation of S. It is easy to see that the interval 
(£_S ( £ + 8) must contain, not merely one, but infinitely many 
po ints of S. For, when we have determined &, we can ta ^ e an 
T^mterval (£ — 8„ £ + 8.) surrounding £ but not reaching as far as 
But this interval also must contain a point, say £., which is a 
, member of £ and does not coincide with £. Obviously we may 
repeat this argument, with & in the place of f,; and so on 
indefinitely. In this way we can determine as many points 


l?3> ••• 

as we please, all belonging to S, and all lying inside the interval 

(£-«.* + «)■ 

A point of oondensatrien of S may or may not be itself a point 
of $. The examples which follow illustrate the various possibilities. 


Examples IX. 1. If 6’ consists of the points corresponding to the 
positive integers, or all the integers , there are no points of condensation. 

■2. If .V consists <>f all the rational points , every point of the line is a 
point ot condensation. 

3 . If ,s consists of the points 1, A, I,. .., there is one point of condensa¬ 
tion, viz. the origin. 

4. It .V consists of all the positive ration al point s, the points of conden¬ 
sation are the origin and all positive points of the line. 

., l? 19. Weierstrass’s Theorem. The general theory of sets 
of points is of the utmost interest and importance in the higher 
branches of analysis; but it is for the most part too difficult to be 
included in a book such as this. There is however one funda¬ 
mental theorem which is easily deduced from Dedekind's Theorem 
and which we shall require later. 


TiiKOltEM. If a set S contains infinitely many points, and is 
entirety situated in an interv al (a, f3), then at least one point of the 
intercat is a point of condensation of S. 

We divide the points of the line A into two classes in the 
following manner. The point U belongs to L if there are an 
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i nfinity of point s of S to th e rig ht and to R in the contrary 

case. Then it is evident that conditions (i) and (iii) of Dedekind s 
* Theorem are satisfied; and since a belongs to L and /3 to R, 
condition (ii) is satisfied also. 

Henc^tliere is a point f such that, however small be h, % 
belongs to L and if+5 to R, so tlmtjifie‘'interval <f-S, £ + S) 
contains an infinity of points of S. Hence £ is a point ot con¬ 
densation of S. 

This point may of course coincide with a or us for instance when a = 0. 
0=1, and S consists of tiie points 1, A, ^,.... In this case 0 is the sole 
point of condensation. 


MISCELLANEOUS EXAMPLES ON CHAPTER 1. 

cl. • C- r w ' O 

1. What are the conditions that <ix + by+cz = 0, (I for all values ..1 

x, y , (2) for all values of or, y, z subject to a.v + >1y + yz = O; (31 tor all 

values of x , y , z subject to both ax +ffy + yz = 0 and .l.r+ Dy + < - = ° ■ 

2. Anv positive rational ^number can be expressed in one and only one 

. - ■%- * A' . y , 

orm — .. fc. •*- *- **-* * 7 


A. way in the form 


= «,+ 


+ a ~- 4- + ••• 

1+ 1 . 2 + 1 . 2 . 3 t 


"i- 

1.2.3... /•’ 


where a x , « 2 , .... «* are integers, and 

0 < «,, 0 ^ a., <2, 0 ^ « 3 < 3, ... 0 < ai < k. 

11 , 1 a 3. Any positive rational number can be expressed in one and one wav 
only a* a si mple continued fract ion 

11 1 

U} ^ Ui'i + «3 + ... + a n * 

where a,, a*, ...are positive integers, of which the first only may be zero. 

[Accounts of the theory of such continued fractions will found in text¬ 
books of algebra. For further information as to modes of representation of 
rational and irrational numbers, sec Hobson, Theory of him (ton* of a 
Variable, pp. 45—49.] ^ ^ t >) 

4. Find the rational roots (if any”) of 'Ax' - Or* + L>.r - B^-O. 

5. A line A B is divide*! at C in a urea sectionc (Euc. n. 11) so that 

AD. AC— DC 2 . Show that the ratio A C/A D is irrational. A 

[A direct geometrical proof will l>c found in Bromwich’s Infinite Sene*: 

- • 


: < 


6. A in irrational. In what circumstances can c ,| NN * icrc a > 


are rational, be rational ? 


3 
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Some elementary inequalities. In what follows 02 , ... de¬ 
note positive numbers (including zero) and p g, 

Ui p _ «./* and - a 2 ^ have the same sign, we have («i p - <H P ) («i ' «2 ) =°> or 

ai r + '/4-a,» , + « g£a l * , a 2 ( *+a l ®a 2 r . 


an inequality which may also be written in the form 

gi P*gq.a a P + « > ^ a, 1 * + q 2 r ^ + .(2). 


By repeated application of this formula we obtain 

aj p+ «•*-*• + — + a. i p * Q * r * > / <t| p 4- ^i g + ^*r + q 2 r ^ 

rt t P + «2 P 


...(3), 


ami in particular 


(^) 


(4). 


When /? = ^=1 in (1), or />=2 in (4), the inequalities are merely different 
forms of the inequality a 1 2 +«a 2 ^2a 1 a 3 , which expresses the fact that the 
arithmetic mean of two positive numbers is not less than their geometric 
mean. 


8. Generalisations for n numbers. If we write down the \n(n- 1) 
inequalities of the type (1) which can be formed with n numbers a„ a^...,a n . 


and ;idd the results, we obtain the inequality 

n 2a p + « >2u*» 2a«.( 5 )> 

or (2«**♦«)/« ^ {(2c<«)/«}.(«)• 

Hence we can deduce an obvious extension of (3) which the reader may 
formulate for himself, and in particular the inequality 

(2«p)/« >{(2c/)/»}".("). 


.,, ir^ <•' r ' general form of the theorem concerning the arithmetic and 

geometric means. An inequality of a slightly different character is 
that which asserts that the arithmetic mean of ««»•••» a n not less 
than tlicir geometric mean. Suppose that a r and < 1 , are the greatest and 
least of the «’s (if there are several greatest or least a 's we may choose any 
of them indifferently), and let G be their geometric mean. We may suppose 
G > 0, as the truth of the proposition is obvious when G = 0. If now .wo replaco 
a r and u„ by 

«/ = G, a,'= a r a,!G, 


we do not alter the value of the geometric mean ; and, since 

«r'+<L'-«r-«*=(«r- G) (««— G)/G ^0, 

we certainly do not increase the arithmetic mean. 

% 

It. is clear that wc may rejicat this argument until we have replaced each 
of a,, 02 , .... <r» by O ; at most a repetitions will be necessary. As the final 
value of the arithmetic mean is G, the initial value cannot have been less. 
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10. Sfiliwarz’s inequality. Suppose that a ly a>, ..., a n and 6j, & 2 > ..., i n 
are any two sets of numbers positive or negative. It is easy to verify the 

H identity ermM Ji ^ ^ . ***•.*■* 

(2a r b r )*=2a*2a?-2 («A-«A) 2 . 

where r and s assume the values 1, 2, ..., «. It follows that *--*<. i? Q- ’v 

(2 ar b r )**2a*2b* t 

an inequality usually known as Schwarz's. 

/h 

Arl. If a,, « 2 , ..., a„ are all positive, and .<„ = «,+ « 2 +...+ </ n , then 

(1 + <q) (1 +a a )... (1 + <0^1 +<« + ^ + — + ;S• 

(Math. Trip. 1909.) 

If a lf <* 2 » •••> “n aiul 6,, & 2 , •••> &« are two sets of positive numbers* 
arranged in descending order of magnitude, then 

(tf| +Cf 2 + ... + <* n ) (^1 + 62+...+^,,)^ /< +^2^2 + ••• d" a n^f»)« 

u# 

-43. If tz, 6, c y ... /* and -1, /?, C, ... A' are two sets of numbers, and all of 
the first set are positive, then 

a A + 6//+... + /’A 

</ + A -p ... + X* 

lies between the algebraically least and greatest of J, /i, ..., A'. 

11. if Jp, s '<j are dissimilar surds, and a + b s f p + c s 'y+d = 0, 

where a, 6, c, t/ are rational, then « = 0, 6 = 0, c = 0, <6 = 0 

[Express Jp in the form M+ N N /</, where .1/ and iV are rational, and apply 
the theorem of § 14.] 

6- 

15. Show that if a J2 + 6 s /3 + c Jb = Q, where «, 6, c are rational numbers, 
then a = 0, 6 = 0, c=0. 

l3. Any polynomial in ,Jp and K lq, with rational coefficients (be. any 
sum of a finite number of terms of the form A (\ f p) ,n where m and n 

are integers, and A rational), can be expressed in the form 

a + 6 s fp + c + d s fptj, 

where a, 6, c, d are rational. 

17. Express U - r - — , where </, 6, etc. are rational, in the form 

d + e s lp ¥) K t<l 

A + B s'p + C s 'i/ + L) %'pj, 

where A, B, C, D are rational. 

[Evidently 

a + b Jp + c Jq (a 4 -6 Jp + c s fg) (d + c Jp-/\'</) _ <‘ + tf \'/> + y J‘J + b \P' / 
d+c -Jp+fJq {d+cjpf-f-q ’ < + (s'P 

where a, (j, etc. arc rational numbers which can easily lx; found. The required 

* II. 3 
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reduction may now be easily completed by multiplication of numerator and 
denominator by e — C»Jp- For example, prove that 

1 11 #^ 1 //. -1 
1+ n '2 + v / 3 = 2 + 4 ^“ _ 4 x ^ 


Li 


inini1>er8. 

A L_ 


18. If a, b , x, y are rational numbers such that 

{ay - bx)- + 4 (a - x) {b-y) = 0, 

then either (i) .r=a, y = b, or (ii) l-«6 and l-xy are squares of rational 

{Math. Trip. 1903.) 

19. If all the values of x and y given by 

ax 2 + 2 hxy + by- = 1, «'x 2 4- -Ih'.vy + b'y- = 1 

(whore a, ft, b, a\ h\ b' are rational) arc rational, then 

{h-//)*-{« -a'){b -b'), {ah' -a b)~ + l {ah'-a’h) {bh' — b'h) 
jure both squares of rational numbers. {Math. Trip. 1899.) 

20. Show that N '2 and s '3 are cubic functions of s '2 + s '3, with rational 

coefficients, and that N '2- s 'G + 3 is the ratio of two linear functions of 
s /2 + s /3. {Math. Trip. 1905.) 

U CU ^‘ 

21. The cxpressioi \ 

s /{a + 2/a N '(a - /»-)} + N '{« - 2m J{a - m 2 )} 
is equal to 2m if 2m- > a > »«-, and to 2 X '(« - m 2 ) if a > 2m 2 . 

22. Show that any polynomial in ^'2, with rational coefficients, can be 
expressed in the form 

« + 6 */2 + c */4, 

where a , b, c are rational. 

More generally, if p is any rational number, any polynomial in s 'p with 
rational coefficients can l>c expressed in the form 

«„ + c/ 1 a + o._,a'“+ ... 

where a 0 , a 1 ,... arc rational and <« = "2jp. For any such polynomial is of the 
form 

K + t’l 11 + b-ju'- + ... + b k a k , 

where the b’s are rational. If m — 1 , this is already of the form required. If 
k>m — 1, let « r be any power of n higher than the (771 — 1 )tli. Then r = Xm + i, 

where X is an integer and 0<*<77< — 1 : and a =a A,,>+,< = p K a“. Hence we can 
get rid of all powers of n higher than the {vi — l)th. 

23. Express (^/2 - l) 6 and (^'2 — l)/(4'2 + 1) in the form a 4-6 *'2 4- c ^'4, 
where a, h , c are rational. [Multiply numerator and denominator of the 
second expression by £JA - v'2 + 1] 

2 1. If a + b ^'2 4 <* 4/4 = 0, 

where </, c are rational, then a =0, ft = 0, c = 0. 
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[Let y = Z! 2. Then ^ = 2 and 

cy 2 + by + a = 0. 

Hence 2cy 2 + 2by+ay 3 = Q or 

ay 2 + icy + 26 = 0. 

Multiplying these two quadratic equations by »' and c and subtracting, 
we obtain («6-2c s )y+« 2 -26c = 0, or y= -(a--2br) („b-2c 2 >, a rational 
number, which is impossible. The only alternative is that „b-2<-~ 0, 
a 2 - 2 be = 0. 

Hence ab= 2c 2 , «< = 46V. If neither a nor b is zero, we can divide the 
second equation by the first, which gives a 2 = 2b* : and this is impossible, 
since 4/2 cannot be equal to the rational number « b. Hence ah- 0, c-0, 
and it follows from the original equation that «, /», and e are all zero. 

As a corollary, if a + b^ 2 +ci'i = d + e^2+/^4, then a=</, b = e, c=f. 

It may be proved, more generally, that if 

1/m , . (i/i -1 /'«_ a 

a 0 + tt| p ’ 

not being a perfect with power, then « 0 =«, = i = °; 1,ut ,he l ,r ° o1 ,s 

less simple.] 

2%. If A + i/D= 6'+4//>, then either .! = (', B= D, or // and are both 
cubes of rational numbers. 

2?i If v 1 + 4 /Z/ + 4'b'=0, then either one of A, //, C is zero, and the other 
two equal and opposite, or #A, i'U, i'C are rational multiple, of the same 

surd 4/A'. 

27. Find rational numbers «, ,3 such that 

4/(7 + 5x/2) = « + 0n'2. 

£A. if (a-6 3 )6>0, then 

is rational. [Each of the numbers under a cube root isof the 

r //« —P \| s 1 » | - ~ v, l i 


{“+^\/( a 36 )} 


where « and 0 arc rational.] 

» 


29. If <i = Vp, any polynomial in 
with rational coefficients. 

[We can express the polynomial (x say) m the form 

x=ti + wii*i +... + r i«' > 
where r«,, ... are rational, as in Ex. 22. 


a is the root of an equation of degree n 


3—2 
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Similarly 


X* — l-> 4" Til 2 a + ... + f2° 


(n— l) 


Hence 


x n = l n + m n a+ ... + r n a' n 1) . 
L\X 4- L-pc 1 4-... 4~ L n x* =A, 


where A is the determinant 


l-i ntj ... r, 

/o in-t ... r*» 


I >n n ••• r n ' 

and Z,, Z 2 , ... the minors of f 2 , ....] 

3<J. Apply this process to x=p + J<], and deduce the theorem of § 14. 

31. Show that y = a 4- bp l/3 + cp v9 satisfies the equation 

y 3 — 3ny 2 +3y (a- — hep) — a 3 — f/ 3 /? — e 3 /) 2 4- Zabcp = 0. 

jc, 

32. Algebraical numbers. We have seen that some irrational numbers 
(such as n / 2) are roots <>f euuation.s of the type 

«o-r" 4- a,.r n _ 1 4- ... 4- «„ = 0, 

c4 ) i*. 

where a 0 , a ,, .... a n are int egers . Such i rrationa l numbers are called alge¬ 
braical numbers: all other irrational numbers, such as n 15), are called 
transcendental numV*ers. Show that if .r is an algebraical number, then so are 

where l: is any rational number, and .r”' "» where m and n are any integers. 

33 ? . If x and y arc algebraical numbers, then so are .r + y,x —y,.ri/ and .r/y. 

[We have equations a w r m + 1 +... +a m = 0, 

4- ft,y n_I 4- ... +/»„= 0, 

where the a s and 5’s are\ integers. Write x+y = z, i/ = z — x in the second, 
and eliminate x. We thus ^et an equation of similar form 

'W P + <V v ~ 1 + • •. + Cp = 0, 

satisfied by c. Similarly for. the other cases.] 


h cl — 34. If 


a„r" + a,.r"" 1 4 ...+a„ = 0, 


where <i (J , <xj, ..., «„ are any algebraical numbers, then x is an algebraical 
number. [Wo have n 4-1 equations of the type 


in - l 


«i..r“r r + a l.r fr 4- ... 4-‘L« r , r = 0, (l*=0, 1, ..., «), 

in which the coefficients »/ 0 . r « a i. r> ••• are integers Eliminate <i 0 , a,, ..., a, 
between these and the origiual equation for x.\ 

T- f * k- «*.. .a-]’- 

3o. Apply this process to the expiation .r 2 — 2.c v '2 4 - N /3 = 0. 

[The result is .v 8 - 16.r° 4- 58a- 4 — 48a* 2 + 9=0.] 
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36. Find equations, with rational coefficients, satisfied by 

1 + ,/2+,/S, ,/{,/3 + ,/2)+,/{,/3-,/2}, ihi + il3. 

§7. If x 3 =x+l, then x 3n =a n x+b n +cjx t where 

a n + 1 = a n + 6„, fr n + l = «ri + ^n+ c n) C n +1 = a n + < V 

38. If afi+x c ‘- < lx*-v i + x i + 1=0 and y = .i- 4 -.c 2 +.f-1, then y satisfies 
a quadratic equation with rational coefficients. (J lath. Trip. 1903.) 

[It will be found that y 2 +y + l =0.) 


.% .Aoi* «u»> 

P*V<c» r /«*u^~_ >iu« 

taj 
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20. The idea of a function. Suppose that x and y are 
two continuous real variables, which we may suppose to be repre¬ 
sented geometrically by distances A 0 P = x, B 0 Q = y measured 
from fixed points A 0 , B„ along two straight lines A, M. And 
let us suppose that the positions of the points P and Q are not 
independent, but connected by a relation which we can imagine 
to be expressed as a relation between x and y: so that, when 
P and x are known, Q and y are also known. We might, 
for example, suppose that y = x, or y = 2.r, or hx, or a? 4- 1. In 
all of these cases the value of x determines that of y. Or 
again, we might suppose that the relation between x and y is 
given, nut by means of an explicit formula for y in terms of x, 
biit. by means of a geo met rical const ru ction which enables us to 
determine Q when P is known. 

In these circumstances y is said to be a function of x. This 
notion of functional dependence of one variable upon another is 
perhaps the most important in the whole range of higher mathe¬ 
matics. In order to enable the reader to be certain that he 
understands it clearly, we shall, in this chapter, illustrate it by 
means of a large number of examples. 

But before we proceed to do this, we must point out that 
the simple examples of functions mentioned above possess t hree 
characteristics which are by no means in volve d in the general 
idea of a function, viz.: 

(1) y is determinedybr every value of x] 

(-) to each value of for which y is given corresponds one 
ami only one value <>f y', 


(3) the relation between x and y is expressed by means of 
an analytical formula, from which the value of y corresponding to 
a given value of x can be calculated by direct substitution of the 
latter. 


V 
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It is indeed the case that these particular characteristics are 
* possessed by many of the most important functions. But the con¬ 
sideration of the following examples will make it clear that they 
are by no means essential to a function. All that is essential is 
that there should be some re j ation between a: and y such that to 
some values of a: at any rate correspond values ot y. 

Examples X. 1- Let.y=.r or 2x o,• 1, or *+!. Nothing further need 
be said at present about cases such as these. 

2. Let v = 0 whatever be the value of *. Then y is a function of * for we • 
can give * any value, and the corresponding value of y (viz. 0) is know n, 
this case the functional relation makes the same value of y condom ^ 
values of *. The same would be true were y equal to 1 or - \ or v /~ te 
of 0. Such a function of is called « constant. 

•j t et , /2 _ r Then if .r is positive this equation defines /jwyalu^of y 
net y .c. n - 1 - . , [f r==0 ,, = 0. Hence to the 

corresponding to each value of a, viz. ±y*. ■' ia 

particular value 0 of x corresponds one and only one valu </■ ‘ - 

noeativo there is ncvaln. of ,, which satisfies the 

thcfunction ,j is not defined for negative values of X Tins function 

possesses the eharacteristie (S), but neither (1. nor (2). 

4 Consider a volume of gas .tamed at a constant temperature aud 

contained in ajylf.«ler closed by a sliding piston*. 

Let A be the area of the cross section of tile piston and » its ■ 

The gas, held in a state of compression by the piston, exerts a cel un p 
~ “ pc B r unit of aiea on the piston, which balances ,i,c weight it, so that 

Let tic the volume of the gas when the system n* ‘j,"awards. 

If additional weight is place,I upon ' m < , whi eh it exerts 

The volume («) of the ^.d.Uii.i^^^i^J,^, Uw „«rt, that 

upon unit urea of the piston mucus . —1-- correspondence which, it 

the product of P and o is very nearly const.u t, ^ res, 

exact, would be represented by an equation oi the t>i>c 

pc=a ./r.'...r.;?.Tr..9), 

where a is a nn.alicr which can l>c determined approximately by experiment. 

Boyle’s law, however, only gives.^niuch^ Whurr’isd^i^^! 011 ' 1 ' 1 P 
provided the gJin is not compressed > . them is no longer 

increased beyond a certain point, the relation lictwccn ' ” £ . 

expressed with telerahle exactness by tl.e eipiatmi, (l). It 

. from Prof H. S. Carslaw'B Introduction 
* I borrow thin instructive example from l roi. 

m the Calculus. 




r* 
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much better approximation to the true relation can then be found by means 
of what is known as ‘ van der Waal s’ la w,’ expressed by the equation 

(p-+ j) 0’ ~ PY= y .^- .v. rf.y..(ii), 

where a, (3, y are numbers which can also be determined approximately by 
experiment. 

Of course the two equations, even taken together , do not give anything 
like a complete account of the relation between p and v. This relation is no 
doubt in reality much more comjilicated, and its form changes, as v varies, 
from a form nearly equivalent to (i) to a form nearly equivalent to (ii). But, 
from a mathematical point of view, there is nothing to prevent us from con¬ 
templating an ideal state of things in which, for all values of v not less than 
a certain value F, (i) would bo exactly true, and (ii) exactly true for all 
values of v less than I’. And then we might regard the two equations as 
together defining p as a function of p. It is an example of a function which 
for some values of v is defined by one formula and for other values of v is 
defined by another. 

This function possesses the characteristic (2): to any value of v only one 
value of p corresponds: but it does not possess (1). For p is not defined as 
a function of v for negative values of v; a ‘ negative volume ’ means 
nothing, and so negative values of v do not present themselves for considera¬ 
tion at all. 


< r >. Supjio.se that a perfectly elastic ball is dropped (without rotation) 
front a height \gf* ou to a fixed horizontal plane, and rebounds continually. 

The ordinary formulae of elementary dynamics, with which the reader is 
probably familiar, show thatA=i^ if 0*t < T , /i = hg(2r-t)* if r^*^3r, and 
generally 

h = lg(2nr -*)-* 

^ y~. H ~ 1 - T = 1 =(-' 1 + 1) r > ^ being the depth of the ball, at time t, below its 
original position. Obviously h is a function of t which is only defined for 
positive values of t. 


<!. SupjH.se that y is defined as being the. largest prime factor of x. This 

is an instance of a definition which only applies to a particular class of values 

of .c, viz. integral values. ‘The largest prime factor of or of v /2 or of jr ’ 

means nothing, and so our defining relation fails to define for such values of x 

as these. 'I hus this function does not jh.sscss the characteristic (1). It does 

possess <2), but not (3), as there is no simple formula which expresses y in 
terms of j\ ' * 


>. Let y be defined as the denominator of x when x is expressed in its 
lowest tt*rms. This is an example of a function which is defined if and only 
it x is rational. Thus y = 7 if .r= - 1 1/7 : but y is uot defined for a;= v / 2Ftho 
denominator of % t 2’ being a meaningless expression) 


V 
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20, 21] vjr x\li/.-w-- » 

fc Let y be defined as Me height in incites of policeman Cj% in the 
4 Metropolitan Police , 5.30/».«. on 8 Aug. 1907. Then y is defined for a 

certain number of integral values of .r, viz. 1, 2, ..., where .1 is the total 
number of policemen in division C at that particular moment of time. 

2 i The graphical representation of functions. Sup¬ 
pose that the variable y is a function of the variable .r. It will 
generally be open to us also to regard x as a function of y, m virt ue 
of the functional relation between x and y. But for the present we 
shall look at this relation from the first point of view. W e shall 
then call a: the independent variable and y the dependent variable: 
and, when the particular form of the functional relation is not 
specified, we shall express it by tire general form ot equation 

y =/(*) 

(or F(x), cf>(x), yfr(x) .as the case may be). 

The nature of particular functions may, in very many eases, be 
illustrated and made easily intelligible as follows. Draw two lines 
OX, 0 Y at right angles to one another 
and produced indefinitely in both direc¬ 
tions. We can represent values ot x 
and y by distances measured from 0 
along the lines OX, 01 respectively, 
regard being paid, of course, to sign, 
and the positive directions of measure¬ 
ment being those indicated by arrows 
in Fig. 6 . 

Let a be any value of x for which 
y is defined and has (let us suppose) 

_ the single value b. Take OA = a, 

OB = b, and complete the rectangle 
OAPB. Imagine the point l> marked on the .hngram. 1 ... 
marking of the point P may be regarded as showing tli.i 

value of y for x = a is b. 

If to the value a of * correspond several values of // (sa > 
b, b', b"), we have, instead of the single point 1 . a nun. .. . 

points P, P\ P". . 

We shall call P the point (a, b); a and b the coordinates of 
referred to the axes OX, OF; a the abscissa, b the ordinate of , 
4 OX and OF the axis of x and the axis of y, or togethei 


1 

Y 

p' 

B 

n 


■ 

p 

B 


■ 

b 



o 

a 

A 

B' 


9" 


Fig. 0. 
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axes of coordinates, and 0 the origin of coordinates, or simply 
the origin. 


Let us now suppose that for all values a of a: for which y is 
defined, the value b (or values b, b ', b", ...) of y, and the corre¬ 
sponding point P (or points P, P', P", ...), have been determined. 
We call the aggregate of all these points the graph of the 
function y. 


To take a very simple example, suppose that y is defined as 
a function of x by the equation 

Ax 4- By + C = 0.(1), 

where A, B, C are any fixed numbers*. Then y is a function of x 
which possesses all the characteristics (1), (2), (3) of § 20. It is 
easy to show that the graph of y is a straight line. The reader is 
in all probability familiar with one or other of the various proofs 
of this proposition which are given in text-books of Analytical 
Geometry. 

[We shall sometimes use another mode of expression^ —We 
shall say that (when x and y vary in such a way that equation (1) 
is always tvudMhe locus of the point (;r, y) is a straight line, and 
we shall call (1) the equation of the locus, and say that the equation 
represents the locus. jThis use of the terms ‘ locus,’ ‘equation of 
the locus’ is quite general, and may be applied whenever the 
relation between x and y is capable of being represented by an 
analytical formula/} 


The equation Ax + By + C = 0 is the general equation of the first 
degree, for Ax -f- By + C is the most general polynomial in x and y 
which does not involve any terms of degree higher than the first 
in x and y. Hence the general equation of the first degree repre¬ 
sents a straight line. It is equally easy to prove the converse 
proposition that the equation of any straight line is of the first 
degree. 


We may mention a few further examples of interesting geo¬ 
metrical loci defined by equations. An equation of the form 

(x - ay- + (y - BY = p\ 

If II —0, y does not occur in the equation. Wo must then regard y as a 
function of j- defined for one value only of x, viz. x= - C/A, and then having all 
values. 
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or & + y- + 2 Gx + 2 Fy + C = 0, 

4 where G*+F*-C > 0, represents a circle. The equation 

Ax t + 2Hxy + By* + 2Gx+2Fy + C = 0 
(the general equation of the second degree) represents, assuming 
that the coefficients satisfy certain inequalities, a conic section 
i.e. an ellipse, parabola, or hyperbola. For further discussion ot 
these loci we must refer to books on Analytical Geometry. 

22. Polar coordinates. In what precedes we have determined 
the position of P by the lengths of its coordinates OM-x, 11 U- 

If OP — r and MOP = 0, 0 being an 

angle between 0 and 2 t r (measured in 
the positive direction), it is evident that 

. x — r cos 0 , y — r s * n 

r = »/(a? + /), cos 0 : sin 0:1 : >J ’ 1% > 

and that the position of P is equally well 
determined by a knowledge of r and 0. ° 

We call r and 0 the polar coordinates nositive*.*'- - ^ 

of P. The former , it should be observed, is esse n > 1 —- 

If P moves on a curve there will be some relation between r 

and" say-/W or , - /'(-)■ This wo the ^ ^ 

of the locus. The polar equation .nay be .Icluce.! iron, the (a, y> 
equation (or vice versa ) by means ot the tnimu a 

Thus the polar equation of a straight line is of the form 

r cos(# —2) = p, 

where p and a are constants. The equation of 

• a circle passing through the oiigm, - b 

a circle is of the form 

,.2 + Qi _ 2rc cos (0 — a) = 

where A, c, and a are constants. 

* Polar coordinates are sometimes defined so that r ««'“> to tlio 

In this case two pairs of coordinates— e.y. (b °> a ”‘ Y e illustrated by means 

same point. The distinction between the two sy^ * T' -ording to our definitions r 
of the equation I/r = 1 - * cos tf, where ’• reprcM . D ta olio branch only 

must be positive and therefore cos l/f- the equ ^ ^ CQ8 0 With the system 

of a hyperbola, the other having the equation ~ J r ~ ' ■ r * c . pr csent» the whole 
of coordinates which admits negative ' allies « r, 

* hyperbola. 
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23. Further examples of functions and their graphical 
representation. The examples which follow will give the* 
reader a better notion of the iufinite variety of possible types of 
functions. 


A. 

form 


Polynomials. A polynomial in a? is a function of the 


a 0 x m + a , x m ~ 1 + ... -f- a m , 


where a 0 , a lt .... a m are constants. The simplest polynomials are 

the simple powers y = x , x 2 , x ?,..., x m , _ The graph of the function 

x m is of two distinct t 3 r pes, according as m is even or odd. 


First let m = 2. Then three points on the graph are (0, 0), 
(1,1), (-1,1). Any number of additional points on the graph , 
may be found by assigning other special values to x : thus the 
values 

* = 4, 2, 3, - 4, - 2, 3 
g ive y = i, 4, 9, 4, 4, 9. 

It the reader will plot off a fair number of points on the graph, he 
will be led to conjecture that the 
form of the graph is something 
like that shown in Fig. 8. If 
he draws a curve through the 
special points which he has proved 
to lie on the graph and then tests 
its accuracy by giving x new 
values, and calculating the cor¬ 
responding values of y, he will 

find that they lie as near to the curve as it is reasonable to expect, 
when the inevitable inaccuracies of drawing are considered. The 
curve is of course a parabola. 







Lhere is, however, one f undamenta l question which we cannot 
answer adequately at present. The reader has no doubt some 
notions as to what is meant by a continuous curve, a curve without 
breaks or jumps—such a curve, in fact., as is roughly represented 
1,1 Fig 8. The question is whether the graph of* the function 
y — ./ is in fact such a curve. This cannot be proved by merely ^ 
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constructing any number of isolated points on the curve, although 
4 the more such points we construct the more probable it will 

appear. 

This question cannot be discussed properly until Ch. V. In 
that chapter we shall consider in detail what our common sense 
idea of continuity really means, and how we can prove that such 
graphs as the one now considered, and others which we shall 
consider later on in this chapter, are really continuous curves. 

For the present the reader may be content to draw his curves as 

common sense dictates. 

It is easy to see that the curveis everywhere convex to the ; ixi * ot ^ A 
Let P 0 , Pi (Fig. 8) he the points (•*«, *„*), (*,, V)- Tlicn 7'. ~ v-; ■ 

' v ‘ ; . . ''" 

End, if P„ is kept fixed, this increases as increases— i.e. the slope of l‘J\ 

^becomes steeper and steej>er. 

The curve y = uA is similar to y = in genei.il appeal aiicc\ 
flatter near 0, and steeper beyond the points A, s ( >g- 

and y = x m , where m is even and greater than 4, is sti m» n 
As m gets larger and larger the flatness and steepness h 1 "" 
more and more pronounced, until the curve is pmctica_ \ 
tinguishable from the thick line in the liguie. 


* ' / ' ' 
A ^ > 

:.v f 

( - w* < •* 


1; — c 





= .r 


The reader should next consider the curves g*' ( 11 
when m is odd. The fu ndamental ditfere ncc b«-t\\<cn * ^ ^ ^ 
cases is that whereas when m is even (— x)'“ = ■• > ,,, 

curve is sy mmetrical about OY , when in is odd (— x) — 
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that y is negative when x is negative. Fig. 10 shows the curves 
y = x, y = a?, and the form to which y — x m approximates for^ 
larger odd values of m. 

It is now easy to see how (theoretically at any rate) the graph 
of any polynomial may be constructed. In the first place, from 
the graph of y = x m we can at once derive that of Cx m , where C is 
a constant, by multiplying the ordinate of every point of the 
curve by C. And if we know the graphs of f(x ) and F (x), we 
can find that of f(x) + F(x) by taking the ordinate of every point 
to be the sum of the ordinate s of the corresponding points on the 
two original curves. 

The drawing of graphs of polynomials is however so much 
facilitated by the use of more advanced methods, which will be 
explained later on, that we shall not pursue the subject further 
here. 

Examples XI. 1. Trace the curves y = 7 < r l , y = 3a- 5 , y = a- 10 . 

[The reader should draw the curves carefully, and all three should be 
drawn in one figure*. He will then realise how rapidly the higher jKnvers 
of .r increase, as x gets larger and larger, and will see that, in such a 
polynomial as 

.r 10 + 3.V 5 + 7-r' 

(or even .r 10 4- 30-r 6 4- 700x 1 ), it is the first term which is of really preponderant 
importance when x is fairly large. Thus even when x=4, .r 10 > 1,000,000, 
while 30 j/’< 35,000 and 700.r*< 180,000; while if .r=10 the preponderance 
of the first term is still more marked.] 

2. Compare the r elative magnitudes of a 02 , 1,000,000.^, 1,000,000,000,000a- 
when .r=l, 10, 100, etc. 

[The reader should make up a number of examples of this type for himself. 
This idea of the relative rate of growth of different functions of x is one with 
which we shall often be concerned in the following chapters.] 




3. Draw the graph of aa^+2bjv + c. 

[Here y — |(ac- b’)/a} =a {.r + (£>/«)}-’. If we take now axes parallel to the (f 
old and passing through the point .r= —l>/a f y = (ac — b-)/a, the new equation 
is y = a.v" 2 -. The curve is a parabola.] |l 

4. 1 race the curve.-Ty = - 3.r + l, y—x 1 (a- 1), y = x (x - 1 ) 2 . 


•». j > •) ^ , r 4» : - UM. -tj t " 1 J j | 

* It will Le found convenient to take the scale of measurement along tb£ axis' " 
! of y a good deal smaller than that nloug the axis of x, in order to prevent the 
figure becoming of an awkward size. ’ j 
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24. B. Rational Functions. The class of functions which 
ranks next to that of polynomials in simplicity and importance 
*is that of rational functions. A rational function is the quotient 
of one polynomial bv another : thus if P (x), Q (x) are polynomials, 
we may denote the general rational function by 

In the particular case when Q (x) reduces to unity or any other 
constant (i.e. does not involve *), R(x) reduces to a polynomial : 
thus the class of rational functions includes that of polynomials 
as a sub-class. The following points concerning the definition 

should be noticed. 

(1) We usually suppose that P(x) and Q (x) have no common fact,, ,- .> +a 
or x’‘ + ax»-'+bz »-*ah such factors being removed by dmsion. 

(2) It should however be observed that this removal^of common facto rs 

does as a rule change the fgncLiuu. Consider for ex,un,de the ‘unctna^ 
which is a rational function. On removing the common actor , ' 

1/1 = 1. Hut the original function is not always equal to 1 : it is equal 
only so long as x*0. If .r = 0 it takes the form 0/0 which ,s n^unngkss 
Thus the function xjr is equal to 1 if -r + 0 and is undefined when .« -0. 
therefore differs from the function I, which is always equal to 1. 

(3) Such a function as 

may reduced, by the ordinary rule., of algebra, to the form 

y- (x - 2) 

which is a rational function of the at.lard form But ‘■^/^""uouVatoM.o 

noticed that the reduction is not always legitimate. In 
value of a funct. for a given value of , we urns ™ 

in the function in the form in which it <* given. . a ».> the 

the values *- -1, b 0, 2 all lead to a ^ of ’ t 'ho r ,,luecd 

function is not defined for these values. I he s in • , r = 2 , ive 

form, so far as the values - 1 and 1 are concerned. 
the value 0. Thus once more the two functions are not the same 

(4) But, as appears from the particular c^niple Vfi"i. of the 

even when the function has l>een i«*due • values of r for 

standard form there will generally lie a certain nm" wliiedi the 

which it is not defined. These are the values of r (if a , 
denominator vanishes. Thus (*- 7 ,/fc*.» not defined 
„ or 2. 
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(5) Generally we agree, in dealing with expressions such as those con¬ 
sidered in (2) and (3), to disreg ard t he exception al values of x for which such 
processes of simplification as were used there are illegitimate, and to reduce* 
our function to the standard form of rational function. The reader will 
easily verify that (on this understanding) the sum, product, or quotient of 
two rational functions may themselves be reduced to rational functions of 
the standard type. And generally a rational function of a rational function 
is itself a rational function : i.e. if in 2 = P (y)IQ (y), where P and Q are 
polynomials, we substitute y = (*)/<?,(*), we obtain on simplification an 

equation of the form z= P 2 (J-0/^2 (•**)• 

(<j) It is in no way presupposed in the definition of a rational function j 
that the constants which occur as coefficients should be rational numbers. \ 
The word rational has reference solely to the way in which the variable x 
appears in the function. Thus 

.c 2 + x + n /3 • y 

X %'2-it 

is a rational function. » y 

The use of the word rational arises as follows. The rational function 
P(x)lQ{x) may l>e generated from .r by a finite number of operations upon 
.r, including only multiplication of .r by itself or a constant, addition of terms 
thus obtained, and division of one function, obtained by such multiplications 
and additions, by another. In so far as the variable x is concerned, this pro- ^ 
cedure is very much like that by which all rational numbers can be obtained 
from unity, a procedure exemplified in the equation 

5 _ l +1 +1+1 +_1 
3 1 + 1 + l 

Again, any function which can be deduced from .r by the elementary 
operations mentioned above, using at each stage of the process functions 
which have already been obtained from x in the same way, can bo reduced to 
the standard type of rational'function. The most general kind of function 
which can be obtained in this way is sufficiently illustrated by the example 


x 


x- +1 


-r= + 


2x+7 

11 


TZT7* ) ( , 7 + 5 >)’ 

9.1 + 1 '■ 


which can obviously be reduced to the standard type of rational function. 

25. The dr awing of gr aph**- of rational functions, even more 
than that of polynomials,4* -immensely-facilitated by-tlie- u se- o f 
methods depending-upon* the differential calculus. We shall 
therefore content ourselves at present with a very few examples. 


Examples XII. 1. Draw the graphs of y — l/x, y = l/x 3 , y= 1/x 3 , — 
[The figures show the graphs of the first two curves. It should bo 
observed that, since 1/0, I/O-, ... are meaningless expressions, these functions 
are not defined for x = 0.] 


24-26] 
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2. Ti-acey y = x + (1 /.r), x - (1 /.r)> + ( 1 /.r 2 ), ^ - (1 /.e 2 ) and' 

taking various values, positive and negAtiw, for a and b. 


«x- + ( 6 />), 


3. Trace 



x+l ~Wx+l\ 3 \ 

*-7=u 


V - 1 r ’ X- - 1 




X - 


4. Trace y = l/(.r — a) (x — b), 1 /(x—a) (x - b) (x — c), where a<h<c. 

5. Sketch the general form assumed by the curves y=\ r r' n as ^ m 
becomes larger aud huger, considering separately the cases in which m is 
odd or even. 




Fig. 11. ri «- 12 * 


26. C. Explicit Algebraical Functions. The next im¬ 
portant class of functions is that of explicit algebraical functions. 
These are functions which can be generated from x by a finite 
number of operations such as those used in generating rational 
functions, together with a finite number of operations of root 
extraction. Thus 

V(1 4- x) - { /_(1 -_?) v /. ( - + s / {x + s/x), 

V (1 + *) + ^(1 -*) 

'a? + a;+ \/3\S 


+ vd\ 
V x\'2 — 7r ) 


are explicit algebraical functions, and so is x ,n/n (i.e. %x"'), vlieie /// 
and n are any integers. 

It should be noticed that there is an ambiguity of notation 
involved in such an equation jus y = s/x. We have, up t<» the 
present, regarded ( e.y.) *J'l as denoting the positive square root 
of 2, and it would be natural to denote by y/x, where a- is any 
II. 


4 
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positive number, the positive square root of x , in which case 
y — ^jx would be a one-valued function of x. It is however 
often more convenient to regard y/x as standing for the two-valued- 
function whose two values are the positive and negative square 
roots of x. 

The reader will observe that, when this course is adopted, the 
function V x differs fundamentally from rational functions in two 
respects. In the first place a rational function is always defined 
for all values of x with a certain number of isolated exceptions. 
But >Jx is undefined for a whole range of values of x (i.e. all 
negative values). Secondly the function, when x has a value 
for which it is defined, has generally two values of opposite signs. 

The function \/x, on the other hand, is one-valued and defined 
for all values of x. 

Examples XIII. 1. ^{(x-a) (6-.r)}, where a<b, is defined only for 
a *< x < b. If a<x<b it has two values : if x=a or b only one, viz. 0. 


i; 


< *T 


1 / 




2. Consider similarly 

- a) (x - 6) (x - c)} ( a<b<c ), 

L -r- va+xwa-g f 

3. Trace the curves y-=x, y 3 =x, .»/ 2 =x 3 . 

4. Draw the graphs of the functions y = N /(a‘ J - .r 2 ), y = b N /{1 - 

c 27. D. (implicityAlgebraical Functions. It is easy to 



verify that if 


VP +*?)-W-g) ^ “ j7f_ A 


y = 


V(l+x) + 4/(l-x)’ 



then 




I -V 


l+y\*_ (l+x)\ 
l-yj (1 - xf ’ 

v / 

or^if *'-* y = *Jx + V(a* + 

then y* — (4y* + 4y + 1 )x = 0. 

Each of these equations may be expressed in the form 




^X./%v/>C ‘K K 


= o.(l), 

where I 2 lt -R., ..., R,„ are rational functions of x: and the reader 
will easily verify that, if y is any one of the functions considered 
in the last set of examples, y satisfies an equation of this form. 
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It is naturally suggested that the same is true of any explicit 
algebraic function. And this is in fact true, and indeed uot ^ 
^ difficult to prove, though we shall not delay to write out a formal 
proof here. An example should make clear to the reader the lines 
on which such a proo f would proceed. Let 

_ x + \]x + -J\x 4- *Jx\ 4- \ (1 4- x) 
y X — fx + \/ {.r + y/x] — \/( 1 + x) 

Then we have the equations 


y = 


x -f a + v + w 
x — ll + I) — w 


u~ = x, v 1 = x + u, w 3 = 1 + x, 

and we have only to eliminate «, v, w between these equations in 
order to obtain an equation of the form desired. 

We are therefore led to give the following definition : a function 
y=f(x) will be said to be an algebraical function of x^if it is ihe 
roo^j^an^^uationf^jich as (1), i.e. the root of an equation of the 
m th degree in whose coefficients are rational functions of x. ihere 
is plainly no loss of generality in supposing the first coefficient to 
be unity. 

This class of functions includes all t he explicit algebraical 
functions considered in § 26. But it also i ncludes other functio ns 
Avhich cannot be expressed as explicit algebraical functions. I 4 or 
it is known that in general such an equation as (1) cannot be 
solved explicitly for y in terms of x, w hen ni is greater than 4, 
though such a solution is always possible if nt = 1, 2, 3, or 4 and 
in special cases for higher values of m. 

The definition of an algebraical function should be compared 
with that of an afgenraicai nuniber given in the last chaptei 

(Misc. Exs. 32). 

Examples XIV. 1. If m = 1, y iw a rational function. *~-r' 

2. If mss 2, the equation in y 2 + /ti>/ + /t-i = 0, 80 that 

*{-/<■ ±V(/'i*- 4/ 4)b 

This function is defined for all values of x for which It has two 

values if and one if = 

If m = ‘i or 4. we can use the methods explained in treatises mi Algehia for 
the solution of cubic and biquadratic equations. Hut as a rule the process is 
■complicated and the results inconvenient in form, and we cun stu<1 ' 

the properties of the function better by means of the oriKinaLilTU^tjoii. 
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3. Consider the functions defined by the equations 

y-'- 2 y-.r 2 = 0 , .v-- 2 y + A -2 = 0 , y‘- 2 y 2 + -r 2 = 0 , 

in each case obtaining y as an explicit function oT x, and stating for what v 
values of x it is defined. 

t _ r—f!.•«:*. 4 . Find algebraical equations, with coefficients rational in x, satisfied by 
each of the functions y 0 »- 

N / .r + \ / (l/.i - ), y*+^(l/x) f n , (a’+v , 4 \ / {.r+v'(x+s/*)}. 

uV“ - r o 9 {Y** m r o 6 

5. Consider the equation y* = .v-. 

[Here ?/- = ±.r. If a: is positive, y=\/x: if negative, i/ = V( —^?)- Thus the 
function has two values for all values of x save xc=0, when it has the one 
value 0.] 

q. jc 31 ’ (;. An algebraical function of an algebraical function of x is itself an 
algebraical function of x. 

[For we have 

(0 y* -' + ■-+ * « («) = 0 , 

where c" + S\ {•>') z" ~ 1 +... + *$’„ (.r) = 0 . 

Eliminat ing s we find an equation of the form 

y + 7\ (xj y-i + ...+ T p (x) = 0. 

Here all the capital letters denote rational functions.] 

7. An example should perhaps be given of an algebraical function which 
cannot, lx; e xpre ssed in an explicit algebraical form. Such an example is the 
function y defined by the equation 

y :, -y-x=0*. 

But the proof that we cannot find an explicit algebraical expression for y in 
:*-■< -Aums «.f x is dilfieult, and cannot be attempted here. 

28. Transcendental functions. All functions of x which 

are not rational or even algebraical are called transcendental 
functions This class of functions, being defined in so purely 
negative a manner, naturally includes an infinite variety of whole 
kinds of functions of varying degrees of simplicity and importance. 
Among these we can at present distinguish two kinds which are 
particularly interesting. 

E. The direct and inverse trigonometrical or circular 

functions. These are the sine and cosine functions of elementary 

trigonometry, and their inverses, and the functions derived from 

them. We may assume that the reader is familiar with their 

most important properties.* 

■» 

* A proof of the existence of a function defined by tliis equation will be given 

i in Ch. V. TW—» *• 

'— ♦!••*-« •• •• 

■ l ~ * * — j f.j* yW »{* ^ 




; 
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; Examples XV. 1. Draw the graphs of cos.r. sin.r. and a cos .r-f- L .sin .r. 

[Since a cos x + 6 sin: v=$ cos(x — a), where (i = x ^a 2 4- 6 -j, and a is an angle 
whoso cosine and sine are aj\t(«- + !>-) and + b?) y the graphs of these 

three functions are similar in character.] 

2. Draw the graphs of cos- x, sin-a:, a cos- x + b sin 2 x. » *4^ ^ 

(Si ^ 

3. Suppose the graphs of /(.r) and /*(.«,•) drawn. Then tTie grapJTof 

/ (jc) cos 2 .r + (x) si n 2 a: 

is a wavy curve which oscillates between the curves y=f'\X), y = F(Jc). Di\iw 
the graph when f(x) = x\ F(x)=x*. ' 

* 2 - x ^ | # 

4., Show that the graph of cos /xr + cos r/r ties between those of t 
>s 5 ( 7 /— 7 ) a* and — 2 cos A (/>-f 7 ) .r ? touching each in turn. Sketch the 
graph when (p — q)l(v+Q) is small. M {Math. Trip. 1908.) 

5. Draw the graphs of .r + sin x, , (i/x) + sin .r, .r.sin.r, (sin x)jx. 

6 . Draw the graph of sin (l/-i). 

[If y = sin (l/x), then y = 0 when x = l/mrr, where m isany integer. Similarly 
y= 1 when x — l/(2m+A) n and y= — 1 when x=\l(2>n - A) rr. The curve is 
entirely comprised between the lines y= — 1 andy=l (Fig. 13). It oscillates 
up and down, the rapidity of the oscillations becoming greater and greater as 
x approaches 0. For .r = 0 the function is undefined. When x is large y is 
small*. The negative half of the curve is similar in character to the positive 
half.] 

t i .* 

7. Draw the graph ofyrsin (llx). 

[This curve is comprised between the lines y= - x and y=x just as the 
last curve is comprised between the lines y= — 1 and y= 1 (big. 1-1) ] 
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8. Draw the graphs of or 2 sin (l/o;), (1/or) sin (l/o.*), sin 2 (1/a;), {arsin (1/x)} 2 ^ 
a cos 3 (1 lx) + 6 sin 3 (1 /x\ sin x +sin (1 /a;), sin a; sin (1/a;). 

9. Draw the graphs of co&x 1 , sino; 2 , a cos a^ + b sin a.-. 

10. Draw the graphs of arc cos .r and arc sin a;. 

[If y = arc cos .r, .r = cos y. This enables us to draw the graph of x, con¬ 
sidered as a fuuction of y, and the same curve shows y as a function of x. 
It is clear that y is only defined for -l<a-«l, and is infinitely many- 
valued for these values of .r. As the reader no doubt remembers, there is, 
when - l<.i*<l, a value of y between 0 and rr, say a, and the other values 
of y are given by the formula 2 «jr±n, where n is any integer, positive or 
negative.) 

11. Draw the graphs of 

tan .r, cot a;, sec .r, cosec a;, tan 2 a-, cot 2 a-, sec 2 a-, cosec 2 a;. 

1*2. Draw the graphs of arc tan a;, arc cot .r, arc sec .r, arc cosec x. Give 
formulae (as in Ex. 10) expressing all the values of each of these functions 
in terms of any particular value. } 

13. Draw the graphs of tan (1/x), cot(l/.r), sec(l/o;), cosec (1 lx). 

14. Show that cos x and sin.r are not rational functions of .r. 

[A function is said to be periodic, with period </, if f (x)=/(x + a) for all 
values of x for which /(.»*) is defined. Thus cos.r and sin a; have the period 
2 tt. It is easy to see that no periodic function can be a rational function, 
unless it is a constant. For suppose that 

f(x) = P(x)/Q(x) t 

where /' and (J are polynomials, and that -f(x) = f (a* + a), each of these equations 
holding for all values of .r. Let f(0) = k. Then the equation P (x) — kQ (x) = 0 
is satisfied by an infinite number of values of .r, viz. a* = 0, a , 2 «t, etc., and 
therefore for all values of a\ Thus f{x)=k for all values of .r, i.e. f (x) is a 
constant.) 

15. Show, more generally, that no function with a period can be an 
algebraical function of x. 

[Let the equation which defines the algebraical function be 

>/"' + /f,y" -» + ... + n m =n.(i), 

where Ii it ... are rational functions of x. This may be put in the form 

\2\y n + P l y m - 1 + ... + I , m ^0 t 

where ... are polynomials in .r. Arguing as above, we see that 

P 0 / + P x k m -> + ... + P m = 0 
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for all values of x. Hence y = k satisfies the equation (1) for all values of x, 
*,ind one set of values of our algebraical function reduces to a constant. 

Now divide (1) by y — k and repeat the argument m times. Our final 
conclusion is that our algebraical function has, for any value of x, the same 
m values X-, k', ... ; i.e. it is composed of m constants.] 


16. The inverse sine and inverse cosine are not rational or algebraical 
functions. [This follows from the fact that, for any value of or between - 1 
and + 1, arc sin-c and arc cos x have infinitely many values.] 


29. F. Other classes of transcendental functions. Next 
in importance to the t rigonometrica l functions come the expo¬ 
nential. and l ogarithmic functions, which will be discussed in 
Chs. IX and X. But these functions are beyond our range at 
present. And most of the other classes of transcendental func¬ 
tions whose properties have been studied, such as the e lliptic 
functions, Bessel’ s and Legendre’s functions, Gamine-functions, 
and so forth, lie altogether bevond the scope of this book. 
There are however some elementary types of functions which, 
though of much less importance theoretically than the rational, 
algebraical, or trigonometrical functions, are particularly instruc¬ 
tive as illustrations of the possible var ieties of the functional 
relation . 

Examples XVI. 1. bet y = [. r], where [x] denotes the greatest integer 

not greater than x. The graph is shown in Hg. !•></. 10 L mm 

points of the thick lines, but not the right-hand ones, belong to the gnip *■ 


F-/ 


2 . }j =* x - [x\ (Fig. 15 h .) 




Fig. 15 a. 


Fig. 15 5. 
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3. y=*/{r-[.*?]}. (Fig. 15 c.) 4. y=|>] W{* “!>]}• 

5. y={x- [x]) 2 , [x] + (x - [x]) 2 . 

6 . y = [Jx), [x 2 ], s /.r - [ v /.r], .r 2 - [x 2 ], [1-x 2 ]. 


(Fig. 15 d.) 



Fig. 15 c. 



7. Let y be defined as the largest prime factor of x (cf. Exs. X. 6). 
Then y is defined only for integral values of .r. If 

x=l, 2, 3, 4, 5, G, 7, 8, 9, 10, 11, 12, 13, ..., 

♦■hen y-1, 2, 3, 2, 5, 3, 7, 2, 3, 5,11, 3,13,.... 

The graph consists of a number of isolated itoiuts. 


8 . Let y be the denominator of .»• (Exs. x. 7). In this case y is defined 
only for rational values of .r. We can mark oft' as inauy points on the graph 
as we please, but the result is not in any ordinary sense of the word a curve, 
and there are no i>oints corresponding to any irrational values of x. 

Draw the straight lino joining the points (X- 1, N), (X, X). Show that 
the number of points of the locus which lie on this line is equal to the number 
of numWrs less than and prime to X. 


9. Let y —0 when x is an integer, y=.r when x is not an integer. The 
graph is derived from the straight line y = .r by taking out the points 

... (- 1, - I), (0,0), (1,1), (2,2),..., 

and adding the points (- 1, 0). (0, 0), (1, 0), ... on the nxis of x. 

The reader may l*ossibly regard this as an unreasonable function. IFAy, 
he may ask, \i y is equal to x for all values of x save integral values, should it 
not be equal to x for integral values too i The answer is simply, uhy should 
K i The function y does in point of fact answer to the definition of a 
function: there is a relation between x and y such that when x is known y is 
known. Wo are perfectly at liberty to take this relation to be what we please, 
however arbitrary and apparently futile. This function y is, of course, a quite 
ditleront function from that one which is always equal to x, whatever value, 
integral or otherwise, x may have. * ^ 
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10. Let y = 1 when x is rational, but y =0 when x is irrational. The graph 
l consists of two series of points arranged upon the lines y= 1 and y = 0. To 
the eye it is not distinguishable from two continuous straight lines, but in 
reality an infinite number of points are missing from each line. 


11. Let y=x when x is irrational and y = «/{(! +P 2 )l( l + 7 2 )} "hen .r is a 
rational fraction p/q. 





The irrational value., of £ contribute to the graph a curve in 
continuous, but apparently not to be distinguished from the straight 

Now consider the rational .value, of a-. First let poa^ Then 

a/(0 +p>m + «*)} «■>»«* be equal to pjq “ nlci4s Pj »■ j. * 

tho points which correspond to rational \ alues o 

the Ze point 0. 1). Again, if ,C. Vld Fr)l > Ph ■ <>> »• 

V((l +p‘)l(1 + »’)! < Pit- Thus the points lie idjuic the ll "e !/ • 
belowifr> 1. If > and o are large, s /((l + P W +'/» '» nearly equidto^i7; 
IWany value ofT^tn find any number of rational fractions t h . ge 
numerate™ and denominators. Hence the graph conta>«.» a la ge - 
points which crowd round the line y — x. Its gcncia i\\>yoa a ^ which 

values of x) is that of a line surrounded by Hjjwartjj.of iso u *■*« 
gets dcnftjf u pd den scr-as the points approach the hue. 

The part of the graph which corresponds to '’If^Vl 'thele 

of the rest of the discontinuous line together wit > t ic , 

isolated points in the axis of y. Thus to the left of the >f ^ 

of points is not round y = x but round y = " llc 1 

graph. Soo Fig. 16. 


< T 
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30. Graphical solution of equations containing a single 
unknown number. Many equations can be expressed in the 
form 

f(x) = <f> (x) .( 1 ), 

where f{x) and (f> (x) are functions whose graphs are easy to draw. 
And if the curves 


y = /(•*)> y = <t> (a-*) 

intersect in a point P whose abscissa is £, then £ is a root of the 
equation (1). 

Examples XVII. 1. The quadratic equation ax? + 2bx+c=0. This 
may be solved graphically in a variety of ways. For instance we may draw 
the graphs of 

y = ax + 26, y=- c /x, 

whose intersections, if any, give the roots. Or we may take 

y = .r 2 , y = - (2 bx+ c)/a. 

But the most elementary method is probably to draw the circle 

a (.r 2 +y-) + 2bx + c= 0 , 

whose centre is (- b/a, 0) and radius W(b--ac)}/a. The abscissae of its 
intersections with the axis of xnre the roots of the equation. 


2. Solve by any of these methods 

a - + 2.r — 3 = 0, .r 2 —7.r+4 = 0, 3 j- 2 + 2a- - 2 = 0. 

•}. The equation a m +a.r + 6=0. This may bo solved by constructing 

the curves y = x m t y= -cuv-b. Verify the following table for the number of 
routs «»f 

x m + ax + b = 0 : 

i ... o o* 

0 positive, ttco or none, 4 — 

l,co < O L 

(b) m odd [ a l >ositivc > one * *~ 

l " negative, three or one. 

Construct numerical examples to illustrate all possible cases. 

4. Show that the cquatiufi Ian x=ax+b has always an infinite number 
ot roots. 


/ v f l> positive, 

i (f) m eren < 1 

[ b negative, 


u. I tetcrriiine the number of roots of 

sin x=x y sin.r=a 7 3, sin *=.*/$, mnx=x/l2Q. 

0. Show that if « is small and positive (e.y. «=01), the equation 

« = A 7T sin 2 a* 

, lhr “ roo ‘ s - C ™ 1,idOT *‘ lso th« CMC in which a « small and negative. 
Lxplnin how the number of roots varies as a varies. 
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31 Functions of two variables and their graphical 
representation. In § 20 we considered two variables connected 
by a relation. We may similarly consider three variables (x, y, 
and z) connected by a relation such that when the values of * and 
y are both given, the value or values of 2 are known. In this case 
we call 2 a function of the two variables x and y\ x and y \e 
independent variables, x the dependent variable ; and we express 
this dependence of 2 upon a; and y by writing 

2 =.fi x > y)- 

The remarks of § 20 may all be applied, mutatis mutandis , to this 
more complicated case. 

The method of representing such functions of two variables 
graphically is exactly the same in principle as in the case ot 
functions of a single variable. We must take three 
OZ in space of three dimensions, each axis being p P 
to the other two. The point (a, b, c) is the point whose d stances 
from the planes YOZ, ZOX. XOY, measured parallel to 0A M , 

07 are a b and c. Regard must of course be paid to sign 
U/j, aic a , o, anu o. h beiim regarded 

lengths measured in the directions OX, II1 . OZ bung g 

as positive. The definitions of coordinate,, axes, o, tgm 
same as before. 

Now let z =f(x, y)- 

As ,r and y vary, the point («. .-/, *> *•>' *^ (>r th ” 

- r -~- . - 

It is easy to show, for example, that the equation 

(th e general equation of the 
that the equation of any jilane 1. 

(x- ar+(y-0r+( z -tf~P' 

or a n +y + ^ + 2Fx+2Gy + 2Hz + C = 0, 

, _i_ /jaA/e C > 0 represents a sphere', and so on. 

where F 2 + Q* + H- - b > u, icpi i text-books of 

r proofs of these propositions we must ag. 

Analytical Geometry. 
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32. Curves in a plane. We have hitherto used the notation 

v =/0).(l) 

to express functional dependence of y upon x. It is evident that 
this notation is most appropriate in the case in which y is ex¬ 
pressed explicitly in terms of x by means of a formula, as when 
for example 

y = .r 2 , sin x, a cos 2 x + b sin 2 x. 

We have however very often to deal with functional relations 

which it is impossible or inconvenient to express in this form. 

If, for example, y >- y - x = 0 or *» + y*-ay = 0, it is known 

to be impossible to express y explicitly as an algebraical function 
of x. If 

.T 2 + if + 2 Gx + 2 Fy +(7 = 0, 
y can indeed be so expressed, viz. by the formula 

y = -F+ y/{F s - a? - 2Gx - C); 

but. the functional dependence of y upon x is better and more 
simply expressed by the original equation. 

[It will be observed that] B^lhese two-cases the functional 
'r.+vti^i_ is JidJxiexiirc^sed by equating a function of the two 

U to 2ero> *•* h y ,neans of an equation 

/(•«•. y) = o.( 2 ). 

We shall adopt this equation as the standard method 0 f 
expressing the functional relation. It includes the equation (1) 
as a special case, since y-f(x) is a special form of a function of * 
and //. W e can then speak of the locus of the point (x, y) subject 
toy (a?, y) — 0, the graph of the function y defined by f(x, y) = 0 
Hu* curve or locus /(.r, y) = 0, and the equation of 'this curve or 

I I'lf* IIO 






locus. 

rhere 19 another method of representing curves which is often 
useful Suppose that .<• and ,j are both functions of a third 
variable t, which is to be regarded as essentially auxiliary and 
devoid of any part.cular geometrical significance. We may write 

a-=/((), y = F{t) .( 3 ). 

II a particular value is assigned to t, the corresponding values of 
• r an,! nf “ re Each pair of such values defines a point 
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(x, y ). If we construct all the points which correspond in this 
way to different values of t. we obtain the graph of the locus 
* defined by the equations (3). Suppose for example 

x = a cost, y = asmt. 

Let t vary from 0 to 2 tt. Then it is easy to see that the p<*int 
(pc, y) describes the circle whose centre is the origin and whose 
radius is a. If t varies beyond these limits, (x, y) describes the 
circle over and over again. We can in this case at once obtain 
a direct relation between x and y bv squaring and adding. 
find that x- + y‘ l = a-, t being now eliminated. 

Examples XVIII. 1. The points of intersection of the two curve* " 1,,,se 
equations are f(x,y) = 0, <f> (x, y) = 0, where f and </> are polynomials, can l-e 
determined if these equations can be solved as a pair of simultaneous equation* 
in x and y. The solution generally consists of a finite number of p *ns of 
values of a; and y. The two equations therefore generally represent a finite 

number of isolate*! points. 

2. Trace thfe curves (jr+y)* = b b 1. 

3. The curve f(x,y) + \<t>(r,y) = 0 represents a curve through 

the points of intersection of /’=0 and 0 = 0. 

4. What loci are represented by 

(a) x = at + b, y = ct + d , (0) .r/« = '2t < 1 + ), ‘/ *= 1 ' 1 + '' ' 

when t varies through all real values 1 

33. Loci in space. In space of three dimensions there are 
two fundamentally different kinds of l"ci, <d which the *>i"pl« ’ 
examples are the plane and the straight line. 

A particle which moves along a straight line has ""!> ° IU 
degree of freedom. Its direction of motion is fixed , its l , " sin n 
can be completely fixed by one measurement «»t position, <. ;/■ > 

its distance from a fixed point on the line. If w ‘‘ * u 111 

our fundamental line A of Chap. I, the position of any l,> I 1 " 111 ' 
is determined by a single coordinate x. A particle w in > 
in a plane, on the other hand, has two degrees of freedom ; » s 
position can only be fixed by the determination «>1 two ‘"" l< m i 

A locus represented by a single equation 

^ =/(*> !/) . 
plainly belongs to the second of these two classes of 
called a surface. It may or may not (in the obvious simp « 
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i t—wi ll ) satisfy our common-sense notion of what a surface 
should be. 

The considerations of § 31 may evidently be generalised so 
as to give definitions of a function f (x, y, z) of three variables (or 
of functions of any number of variables). And as in § 32 we 
agreed to adopt f (x, y) = 0 as the standard form of the equation 
of a plane curve, so now we shall agree to adopt 

f(x, y, z) = 0 

as the standard form of equation of a surface. 

The locus represented by two equations of the form s =/(x, y) 
or f{x, y, z) — 0 belongs to the first class of loci, and is called 
a curve. Thus a straight line may be represented by two equations 
of the type Ax + By + Cz + D = 0. A circle in space may be 
regarded as the intersection of a sphere and a plane; it may 
therefore be represented by two equations of the forms 

(x- af + (y - /3Y + (z- = p\ Ax + By + Cz + D = 0. 

Examples XIX. 1. \V hat is represented by three equations of the type 

/ (•«-, .</, z) = 0 ? 

2. Three linear equations in general represent a single point. What are 
the exceptional cases? 

3. What are the equations of a plane curve f{x, y)=0 in the plane XOY, 
when regarded as a curve in space ? [f(x, y)=0, 2 = 0.] 

•1. Cylinders. What is the meaning of a single equation f(.r,y) = 0, 
considered as a locus in space of three dimensions ? 

(All points on the surface satisfy f(x,y) = 0, whatever be the value of 2 . The 
curve /(./•, y) = 0, 2=0 is the curve in which the locus cuts the plane XOY. 
The locus is the surface formed by drawing Hues parallel to OZ through all 
points of this curve. Such a surface is called a cylinder.] 

5. Graphical representation of a surface on a plane. Contour Maps. 

It might seem to be impossible to represent a surface adequately by a 

drawing on a plane; and so indeed it is: but a very fair notion of the 

nature of the surface may often be obtained as follows. * Let the equation of 
the surface be z = f {x, y). 

If we give r a particular value a, we have an equation f{x, y) = a, which 
wo may regard as determining a plane curve on the paper. We trace this 
curve and mark it (a). Actually the curve (a) is the projection on tho plane 
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XOT of the section of the surface by the plane z—a. We do this for all 
values of a (practically, of course, for a selection of values of a). "NA e obtain 
« some such figure as is shown in Fig. 17. It will at once suggest a contoured 
Ordnance Survey map: and in fact this is the principle on which such maps 
are constructed. The contour line 1000 is the projection, on the plane of the 
sea level, of the section of the surfiice of the land by the plane parallel to the 
plane of the sea level and 1000 ft. above it*. 



6. Draw a series of contour lines to illustrate the form of the surface 
2 2 = 3.r y. 


7. Right "circular cones. Take the origin tof coordinates at the 
vertex of the cone and the axis of z along the axis of the cone , ant | * 

the semi-vertical angle of the cone. The equation of the cue (which must 
be regarded as extending both ways from its vertex) is - -- »««•’ " - '• 

8. Surfaces of revolution in general. The cone of Ex. 7 cuts ZoX ... 
two lines whose otp.atio.is may be combined in the equation j- - • m 
That is to say, the equation of the surface generated by the revolution of 
the curve y = 0, *Wtan*» round the axis of , is derived from the second oi 
these equations l,y changing or* into .**+//*. Show generally t hat the equation 
of the surface generated by the revolution of the curve//-**, x ./**>. ,<mm 
the axis of z , is 

+ =/(-)• 

9. ConeB in general. A surface farmed by Htraigh. Hm» 

through a Bred point i» called a «««: the pond l» called the ,.r . 
particular cuae ia given by the right circular cone "t -'■ * . , , 

equation of a cone whose vertex is 0 is of the t<»riu J i- •*» - // ' — * in - 

equation of this form represents a cone. [If (x t - 1 hes on t u l " h 

(Xx, Xy, Xi), for any value of X.] 

* We assume that the effects of the earth’s curvature way he neglected. 
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10. Ruled surfaces. Cylinders and cones are special cases of surfaces 
composed of straight lines. Such surfaces are called ruled surfaces. 

The two equations 

x = az + b, y = cz + d .(1) 

represent the intersection of two planes, i.e. a straight line. Now suppose 
that «, b, c, d instead of being fired are functions of an auxiliary variable t. 
For any particular value of t the equations (1) give a line. As t varies, 
this line moves and generates a surface, whose equation may be found by 
eliminating t between the two equations (l). For instance, in Ex. 7 the 
equations of the line which generates the cone are 

= z tan a cos t, y = z tan a sin t, 

where t is the angle between the plane XOZ and a plane through the line and 
the axis of z. 

Another simple example of a ruled surface may Vie constructed as follows. 
Take two sections of a right circular cylinder perpendicular to the axis and 
at a distance l apart (Fig. 18</). We am imagine the surface of the cylinder 
to be made up of a munlter of thin parallel rigid rods of length l , such as PQ , 
the ends of the rods being fastened to two circular rods of radius u. 

Now let us take a third circular rod of the same radius and place it 
round the surface of the cylinder at a distance /< from one of the first two 
rods (sec Fig. 18 a, where Pq=h). Unfasten the end Q of the rod PQ and 
turn PQ about P until Q can lie fastened to the third circular rod in the 
position </. The angle qOQ' = a in the figure is evidently given by 

r 5 -A 2 = 9 < 7 2 = (2a sin A a) 2 . 

Let all the other rods of which the cylinder was composed be treated in the 
same way. We obtain a ruled surface whose form is indiavtcd in Fig. 18 6. 
It is entirely built, up of straight lines; but the surface is curved everywhere, 
and is in general shai>e not unlike certain forms of table-napkin rings (Fig. 18c). 





io\ 


Fig. 18//. 


Fig. 18c. 
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MISCELLANEOUS EXAMPLES ON CHAPTER II. 

1. Show that if y=f(x)=z(ax + b),{cx - a) thou '=/(// . q S>(*.t<+ 

2. If f(x) =/(—./*) for all valuer of .r, / ix) is called an err ft function. 
lf/(x)= -/( - .r), it is called an odil function. Show that any function ot x y 
defined for all values of .t\ is the sum of an even and an odd function of 

[Use the identity /(.r) = \ J/(.#•)+/1 -•')! + j ! AV) —1-3 

3. Draw the graphs of the functions 

0 V 

3 sin .r-f 4 cos.r, sin ( ^sin./). {Math. Triy. 1*!MJ.} 

N “ 

4. Draw the graphs of the functions 

is- ./*-f // sin-.r), “* '* (<* C€»- .«• + />sin- x). ( )• 

•t \ • / 


sin x {a cos'* 


• r ). Draw the graphs of the functions .c[l [r] x. 

0. Draw the graphs of the functions 

(i) arc cos (2:r- - l) - 2 arc cos r, 

... a +x 

(n) are tan — - arc tan a - arc tan x % 

I - ax 

where the symbols arc cosarc tana denote, lor any value ol <i, the lea>t 
positive (or zero) angle, whose cosine or tangent is <i. 

7. Verify the following method of constructing the graph ot / ;</>< '’ ! 
means of the line y = x and the graphs of/(«r)aiitl '/>««•: take OA -.#• along 
0X y draw A IS parallel to ()Y to meet y - <f> yx) in IS. /SC parallel n» t*.\ 
moot y = x in C y CJ) parallel to OY to meet y=/U) in A a.,«l /'/’ paraIL-1 to 
OX to meet A IS in l *; then /* is a point on tin* graph re«piircd. 

8. Show that the roots of x'+p *• + '/ = <> art? the ah.sdss.ie of the points ol 
intersection (other than the origin) of the parabola//— '* and tin- « m l« 

.«*+//*-M/'- l)// + y.# - ( L 

0. The roots of^ + »x 1 +/'-' a + y.' > + /-=0;.r.' *l.«- ..f 1 1..- ... ’•< 

intersection of the parabola .*-—// — A//.c and the circle 

+ A/»/# + &/<+'/>-*" + (/' - I - ] " £ y + r M * 

10. Discuss the graphical solution of the equation 

x' n + ay 1 4* //./* + c = 0 

hy means of the curves y = //— — a m i~ — hx — r. Draw up i tabh 

various possible numbers of roots. 

11. Solve the oqtuition sec 0 + cosoc 6 = 2 \J ; an«i a...w that the 
sec 0 + cosec 6 = c has two roots lietwcen O ami il • - - * anti I 
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12. Show that the equation 

2a-=(2« +1) 7r (1 — cosx), i 

where n is a positive integer, has 2n + 3 roots and no more, indicating 
their localities roughly. {Math. Trip. 1896.) 

13. Show that the equation jj.r sin a-= 1 has four roots between -n 
and 7r. 

14. Discuss the number and values of the roots of the equations 

(1) cot — 5} rr = 0, (2) .t^ + sin 2 x= 1, (3) tan x=2x/{\ q-.r 8 ), 

(4) sin .v — x+ £x 3 =0, (5) (1 - cos ,r) tan a- x + sin x = 0. 

15. The polynomial of the second degree which assumes, when x = a , b, c 
the values a, fi, y is 

(x - b) (x -c ) ( jr - •:) (x - a ) (x-a) (x-b) 

n (a — b) (a - c) (b — c)(b — a ) ^ (c — a) {c — b) ' 

<live a similar formula for the polynomial of the (» — l)th degree which 
assumes, when .r=«,, « 2 , ... </„, the values «j, a.,, ... a„. 

16. Find a polynomial in x of the second degree which for the values 

<>, 1, 2 of x takes the values 1/c, l/(c+1), l/(c + 2); and show that when 
■r = c+-2 its value is l/(c+l). {Math. Trip. 1911.) 

17. Show that if x is a rational function of y, and y is a rational function 
of x, then Axy + Dx+Cy 4- I)—0. 

18. 1 f y is an algebraical function of x, then .*• is an algebraical function 
of y. 


19. Verify that the equation 

cos A IT.v = 1 - 




w ^ w 

is approximately true for all values of x l>e tween 0 and 1. [Take >r=0, 
i *y a» alK ^ Use tables. For which of these values is the formula exact?] 

-0. \\ hat is the form of the graph of the functions 

2 = M + til - = ^ +!/ - [.«’] - [//] ? 

*J1. What is the torm of the graph of the functions r = sinx + siny, 
£ = s\\\j-s\ny, z = s\\\.n/ y c = sin (>- + ?/-) / 

Geometrical constructions for irrational numbers. In Chapter I 
we indicated one or two .simple geometrical constructions for a length equal to 
N starting from a given unit length. We also showed how to construct 
the roots of any quadratic equation 2kr-pc = 0, it being supposed that 

we ran construct lines whose* lengths are equal to any of the ratios of the 
coefficients «, A, <\ as is certainly the case if a, b y c are rational. All these con¬ 
structions were what may be called Euclidean constructions; they depended 
on the ruler and compasses only. 
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It is fairly obvious that we can construct by these methods the length 
measured by any irrational number which is defined by any combination of 
square roots, however complicated. Thus 

7 / // l7+3 s m \ //17-3JU\\ 

V |v Vi7-:i N 'll) v viT + Ss'N/J 

is a case in point. This expression contains a fourth root, but this i> of 
course the square root of a square root. We should begin by constructing 
N /ll, e.<j. a.s the mean between 1 ami 11: then 17 + 3 x 'll an, l ”'* N * ** ;m 
so on. Or these two mixed surds might be constructed directly as tin 

x 1 — 3-L/ - +190 = 0. 

Conversely, only irrationals of this kind can be constructed by Euclidean 
methods. Starting from a unit length we can construct any rational lcngt •• 
And hence we can construct the line Ax + By + C'=0, pro\ideal that the 
of A , B , Care rational, and the circle 

(X - a)- + iy - pf = />- 

for x- +y 2 + 2gx + 2fy-\-c = 0), provided that a, ji, ,, arc rational, a condition 
which implies that ff, f, are rational. 

Now in any Euclidean construction each new point introduced into the 
figure is determined us the intersection of two lines or circles, or a line and 
a circle. But if the coefficients are rational, such a pair of expiations as 

A x + By + r = O, j* + y- + + -fn +- 0 

give, on solution, values of .r and y of the form „. + « s'/A "here «i, »*, l> 
rational: for if we substitute for .c in terms of y in the second we 

obtain a quadratic in y with rational coefficients. Hence the coordinates of 
all points obtained by means of lines and circles with rational coWhc,cnt> 
are expressible by rational numbers and quadratic surds. And so the >um. 
is true of the distance v ' \U X -,*)* + U,, - V ,W ° l*"" 1 ** *° 

obtained. 

With the irrational distance- thu. constructed we ...ay proceed to const nut 
a number of lines and circle- whose Coefficients may now themselves mvolve 
quadratic muds. It i» evident, however, that all the lengths winch we can 
construct by the use of .such lines and circles are -till expressible h, square 
roots only, though our -.ml expressions may now be of a ...ore complicated 

form. And this remains true however ... construct,an; repeated. 

Hence AW.cfeu,. ».« cmtrucl a„y >ard 

root a only, and no others. 

One of the famous problems of antiquity was that of the d,,plica,ion of 
the cube, that is to -ay of the construction by Ivuel.deat, method. ..t o 
length measured by It can be si. that eat.. Is-express, I I 

JL of any Unite combination of .. -«».»«*» *.... «"}*' “ “ " 

that the problem is an in,possible one. See Hobs.. ‘ ' - 

pp. 47 : the first -tage of the proof, vis. the proof that J ea ,,A t 

root of a quadratic equation «x» + itc+c =0 w.th ratmnal codlaunts, 

fl^ven in Ch. I (Mine. Exh. 24). 


• I- w 
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C(-UU3 . 

ih 23. Approximate quadrature of the circle. Let 0 be the centre of 
a circle of radius It. On the tangent at A take A P = ^ It and AQ=*$It^ 
in the same direction. On AO take AX— OP and draw JV M parallel to 
OQ and cutting AP in M. Show that 


AMjlt—h^ x /146, 

and that to take AM as being equal to the circumference of the circle would 
lead to a value of it correct to five places of decimals. If It is the earth’s 
y*o (ua-,.,; radius, the error in supposing J M to be its circumference is less than 11 yards. 

z3 . 

24. Show that the only lengths which can lxj constructed with the ruler 

only, starting from a given unit length, arc rational lengths. 


25. Constructions for ^/2. 0 is the vertex and S the focus of the 
parabola y' i = 4x, and P is one of its points of intersection with the parabola 
x- = 2y. Show that OP meets the latus rectum of the first parabola in a point 
Q such that SQ=$2. 


2G. Take a circle of unit diameter, a diameter OA and the tangent at A. 
Draw a chord OBC cutting the circle at D and the tangent at C. On this 
line take 0M= DC. Taking O as origin and OA as axis of x, show that the 
locus of M is the curve 

(j* + y*)X-y* = 0 

(the Cissoul of Diodes). Sketch the curve. Take along the axis of y a length ^ 
OD — 2. Let AD cut the curve in P and OP cut the tangent to the circle 
at .1 in (f. Show that AQ = j/2. 
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34. Displacements along a line and in a plane. The 

* rr »n 1 nnm hcr ’ ,r. with which we have been concerned in the two 
preceding chapters, may be regarded from many di fferent points 
of view. It may be regarded as a p ure number, destitute ot 
geometrical significance, or a geometrical— signifi cance may be 
attached to it in at leas t t hree different, ways. It may be re- c 
garded as the measure of a length , viz. the length .1,,/ along the 
line A of Chap. I. It may be regarded as the mark of " JiLUlii- 
viz. the point P whose distance from A„ is ./•. Or it may be 
regarded as the measure of a displacemen t or change of position 
on the line A. It is on this last point of view that we shall now 
concentrate our attention. 

Imagine a small particle placed at P on the line A and then 
displaced to Q. We shall call the displacement or change ot 
position which is needed to transfer the particle from P to Q the 

displacement PQ. T o specify a displacement compkdHy three 
tilings are needed , its magnitude, its sense forwards or backwards 
along the line, and what may be- called its point of application . 
i.e. the original position P of the particle. But. when we un¬ 
thinking merely of t in? chan ge of position produced by the dis¬ 
placement, it is natural to disregard the point of application and 
to consider all displacements as equivalent whose lengths and 
senses are the same. Then the displacement is completely speci¬ 
fied by the length PQ = the sense of the displacement being 
fixed by the sign of *. \V« may therefore, without ambiguity. 

speak o i the displacement [.■*:]*, and we may write l (J — [•' ]•_ 

* It iB hardly rieceHsary to caution^the reader ugainut coiifusiii« ns. «>f tli- 

Symbol [>] and that of Chap. II (Exh. xvi. and MUc. Exs.). 


!•*) 8 
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We use the square bracket to distinguish the displacement [#] 
from the length or number x*. If the coordinate of P is a, thath 
of Q will be a + x; the displacement [#] therefore transfers a 
particle from the point a to the point a-\-x. 

We come now to consider displacements in a plan e. We may 
define the displacement PQ as before. But now more data are 
required in order to specify it completely. We require to know: 
(i) the magnitude of the displacement, i.e. the length of the 
straight line PQ ; (ii) the direction of the displacement, which is 
determined by the angle which PQ makes with some fixed line in 
the plane; (iii) the sense of the displacement; and (iv) its point 
of application. Of these requirements we may disregard the 
fourth, if we consider two di splacements as e quivalen t if they are 
the same in magnitude, direction, and sense. In other words, if 
PQ and RS are equal and parallel, and the sense of motion from 
P to Q is the same as that of 
motion from R to .s', we regard 

the displacements PQ and RS as 
equivalent-, and write 

PQ = RS. 

Now let. us take any pair of 
coordinate axes in the plane (such 
as OX, OY in Fig. 19). Draw a 
line OA equal and parallel to l i Q, the sense of motion from 0 
to A being the same as that from 1* to Q. Then 1 J Q and OA 
are equivalent displacements. Let x and g be the coordinate s 

A. I hen it is evident that OA is completely specified 

il .»• and y are given. We call OA the displacement [#, y] and 
write 

OA = PQ = RS = [x, ,/]. 

i^trioMy speakiug wo ought, by some similar difference of notation, to dis¬ 
ti nguish the actual l ength j from the number .r which measures it. The reader 
will perhaps be inclined to consider such distinctions futile and pedantic. But 
increasing experience of mathematics will reveal to him the great importance of 
distinguishing clearly between tilings which, however intimately connected, are not 
the same. If cricket were a mathematical science, it would be very important to 
distinguish between the morion of the batsman between the wickets, the run which 
he scores, and the mark which is put down in the score-book. c 
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35. Equivalence of displacements. Multiplication of 
displacements by numbers. If £ and n ;irt * the coordinates 
of P, and and v' those of ‘ Q> il is evident that 

x = D = n -r). 

The displacement from (f, v) to (f, v ) is therefore 

[f " 6 v - *]• 

It is clear that two d isplacement^ [.r, //], O', y J rtl ° equivalen t, 
if, and only if, *Thus [a-, y] = [*, y ] «.*!$ 

d 1 \ 


y = y 


(it 


The re verse displacemen t would be [f - f»l - V]. sUld 11 
is natural to agree that 

[f-f, V-v]. 

gp = - Pg, 

these equations being reaUy_definitions of the meaning of the 

symbols - [f -lv- vl ~ PQ- Havin *>' t,u,s a « ieud thut 

- Q, yj = [ - - !/l_ 

it is natura l to agree further that 

gQ, y] = [cv . ay]. . (2) ’ 

where a is any real number, positive or negative. Thus (I ig. >!>> 
if 0B = - 10A then 

QJi = - \ (JA = - 4 O', y] = [- O'- " 4y]- 

The equations (1, and (2) define the first two important ideas 
connected with displacements, vis. *,«/«./«;« of displace,nents, 
and multiplication of displacements l»j numbers. 

36. Addition of displacements. We have not yet gi'cn 

any d efinition which enables us to attach any meaning to 
expressions 

Pg + 1 J V', 0> y] + 0'> dl 

Common sense at once suggests that we should 

of two dis, —emeuts as the displacement winch ts 

of the s uccessive anplic ation of the two given displace... 
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other words, it suggests that if QQ t be drawn equal and parallel 
to P'Q\ so that the result of successive displacements PQ, PQ' on*- 
a particle at P is to transfer it first to Q and then to Q u then we 
should define the sum of PQ and P Q’ as being PQ[. If then we 
draw OA equal and parallel to PQ, and OB equal and parallel to 
PQ', and complete the parallelogram OACB, we have 

PQ + PQ = PQ X = 0A + 0B= OC. 



Let us consider t he consequences of adopting this definition. 
If the eooidinates of B are A, y\ then those of the middle point of 
A /> are A (x + a-), A (y+y), and those of C are x+x\ y+y. Hence 

0’ y] + K y] = [x -H x, y + y] . (3), 

which may be regarded as t he .sym hnlk d efinition of addition of 
displacements. We observe that 


0 • !/'] + l>\ y] = [x + x, y + y] 

= 0 + x, y + y] = [x, y] + [x\ y'l * ' 

In other words, addition „/ displacements obeys the commutative 
['["[ expressed in ordinary algebra by the equation aH^b + a. 
I his law expresses the obvious geometrical fact that if we move 
Imm P first, through a distance PQ, equal and parallel to P'Q', 
and then through a distance equal and parallel to PQ, we shall 
arrive at the same point Q t as before. 



36] 
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In particular 

O, y] =[«. 0] + [0. yj . (*)■ 

Here [ x , 0] denotes a displacement through a distance x in 
a direction parallel to OX. It is in tact what we pie\iou>l\ 
denoted by (V), when we were considering only displacements 
along a line. We call [u\ 0] and [0, y] the components of [./■, //]. 
and [ x , y] their resultant. 

When we have once defined addition of two displacements, 
there is no further difficulty in. the way of defining a dditi o n of 
any number. Thus, by definition, 

[x, y] + [c\ y] + [•/•", y' ] =([•'•. y] + [•'•'> V "\> + [•'"> IS"] 

= [x + x',y + y'] + [•/-•", y ] = [* + •*' + •'"> y + V + •'/']• 

We define subtraction of displacements by the equation . 

[x, y] - [x, y] = [*, y] + (-[•'•', y]) .< 5) - 

which is the same thing as [_x, y] + [- — y ) or as [./• — , // — y J- 

In particular 

[•<•,//]-[•'•. y] = [°-°J- 

The displacement [0. 0] leaves the particle where it was; it is 
the zero displacement, and we agree to write [0, 0J — 0. 

Examples XX. 1. i’rovc that 

(i) (i [#.»■, fl.y] = fi [<«.'•, to )) = ["£'> I* 

(>•) y]+K ?/)) + [ = [•'•» * I + • /1 +1 '-' / ] ’ 

_ (i»») [*, y]+[•*', yj =k yi 

'' (iv) (a+/3)[a-, yl = fl l*\ y] + ^ [■*■’» yl* 

(V) «{[x, y) + [*\ y ]i = «y] + «!> ]• 

[We have already proved (iii). The remaining equations f- H"" ''*.*! 1 

ease from the definition* The reader should ... each case -nsnh. «!< 
geo metrical sienificanc e of the equation, as we did above ... the case of (...,>• J 

2. If 3/is the middle point of PQ, then OM = J + 0</)- More generally, 

if M divide** PQ i n the ratio \i : A^tlien 

3. If a is the centre of muss of equal particles at / ,. / .. 7 th 1 

oo = ( 0r x + or *+.. -+ 
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4. If P, Q, It are collinear point s in the plane, then it is possible to find 
real numbers a, fi, y, not all zero, and such that 

« . OP+P^JXj+y . Oft =0 ; r r a -p> 

- op-« fifop )-< r /op-» e»-)-o. - * J «..’ra * f.q* 
and conversely. [This is really only another way of stating Ex. 2. 1 

f>. If A IS and AC arc two displacements not in the same straight line, 
and 

a. AB + fi. AV=y . X 0+8. AC, 

then a — y and = 

[Take A B\ = a . A B, AC,=ft. A C. Complete the parallelogram AB^PxCx. 
Then AI‘ l = n . AB + jS ■ AC. It is evid^vt^thnt AP x can only be expressed 
in this form in one way, whence the theorem follows.] 

G. A BCD is a parallelogram. Through Q, a point inside the paral¬ 
lelogram, ItQS and T(}U are drawn 

parallel to the sides. Show that D_U-,c 

ftC, TS intersect on AC. / / 

[ Let the ratios ,1 T : .1 B, .1 It : AD r f _ JQ _ 

be denoted by n, fj. Then / 7 / 

AT = a. A IS, T/t = fj. AD, / / 

AC=«;aTI + A D, AS=AIJ+p.~AD. / / 

Let It U meet .1 C in /*. Then, a T B 

•since ft, C, P are collinear, Fig. 21. 


A P=~ Aft + 


AC, 


\ . » I v _ i I V. , 

A + M A + p 

where /i/A is the ratio in which /'divides ItU. That is to say 

XB+ ad. 

\+H X+n 

Ibit since P lies on AC, AP is a numerical multiple of AC; say 

A P= /•. .1 (’=/•. T 7t+k . AD. 

Hence (Lx. + fi = (\ + /•, from which we deduce 


/• = 


n+|i-l 


11'° symmetry ot this result shows that a similar argument would also give 


AP' = "f .AC, 

«+p- 1 


if f is the point where TS meets AC. Hence P and P’ are the same point.] 

7. .1 BCD is a parallel..grain, and M the middle point of AB. Show that 

DM trisects and is trisected hv J( r * # 


The two preceding examples are taken from Willard Gibbs ' Vector Analysis, v 
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37. Multiplication of displacements. So far we have 
V made no attempt to attach any meaning whatever to the notion 
of the product of two displacements. The only kind ot multipli¬ 
cation which we have considered is that in which a displacement 
is multiplied by a number. The expression 

0> y] x O'* yl 

so far means nothing, and we are at liberty to_detine it to mean 
anything we like. It is, however, fairly clear that if any definition 
of such a product is to be of any use , the product ot two displace¬ 
ments must itself be a displacement . 

We might, f or examp le, define it as being equal to 

[a- + x, y + y ']; 

in other words, we might agree that the product of two displace- 
ments was to be always e qual to their sum. But t H*ie """ ( 
t wo serious objection s to such^a definitiom In the ret p a 
definition would be futIfeT X?e sioul.Poilly be introducing a ne 
method of expressing something which we can p.-rtec ■ \ 
express without it. In the second place oui definition " > 

inconvenient and misleading for the following Mason.. 

a real number, we have already defined a [./, //] • ls [ a,/ > J 
as we saw in § 34, the real .number a may itself from one point o 

view be regarded as a displacem ent, viz. the d.splacemen [ J 
along the axis OX, or, in our later notation, d.spl^eim it 
0, 0]. It is therefore, if not absolutely necessai \, a •« . 
most desirable, that our definition should be SIIC1 

[a, 0] O, y] = [«•*. *'/]. 

and the suggested definition does not gi' ( ‘ this m suit. 

A m ore reason able definition might upp 1 ,u 1 

_ 0, y] O', y] = O '-Ml 

But this would give 

[a, 0 ] [x, //] = [«•«, 0 ]; 

and so this definition also would be open to the second objection, * 




..it is byjo_.nc.ans obvious, what is the best mining 

• p^luct y] W.7T AU ‘hut .s cfern- s 0) *£ 


In fact 

to attach to the product yx, y\ l* . u j . , ~ . ■. .. lf i M 

• if our definition is to be of any use, this product must dseli 
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a displacement whose coordinates depend on x and y, or in other 
words that we must have % 

l*> y) O', y'] = [X, F], 

where X and }’ are functions of x, y, x, and y\ (2) that the 
definition must be such as to agree with the equation 

[a-, 0] [x\ y'] = [xx' t xy] ; . _ 

and (3) that the definition must obey the ordinary commutative, 
distributive, and associative laws of multiplication, so that " . 

[x, y] [x\ y ] = [./•', ,/] [ x , yl -_ _ ' ^ 

( <0. //] + O', yl) O", //"] = [x, y] [x", yl + [x\ yl ‘ % 

] O. y] (O', yl + O ",y l) = [.r, y] y] + [*, y] y"], \ ' . 

and [■ r « .v] (O'. y] O". yl) = (O, y] O', y']) [.<•", /']. 

38 ‘ T U?Llt_d efiintion to take is suggested ”as'fol 1»wa We \ 

know that, it OAB, OCD are two similar triangles, the angles 
corresponding in the order in which they are written, then 

OB 10 A = OD/OC , . v 

or OB <>C = OA . OB. This suggests that we should try to define 
multiplication and division of displacements in such a way that 

TTb r OA = onfoc, OB. OC = OA . on. 

Now let 
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and suppose that A is the point (1, 0), so that OA = [1, 0]. llun 

OA .UL> = [1,0] [X, K] = [A\ >'], 

and so [x, y] [*^» y ] = [A, I ]• 

The product TjB.OC is therefore to be defined as oJ>. J) being 
obtained by c onstruct ing on 0C iLii.iangle_.sin> 1 jar to 0-1//. In 
order to free this definition from ambi guity, it should be ■> ^ 
that on 0C we can describe two such triangles. (JCD and L • 
We choose that for which the angle- COD is eigud to AJL m sign 
afe well as in magnitude. We say that the two turnip 
similar in the same sense. 

If the polar coordinates of // and C are <p, 0) and (a, <R 

that x = p COS 6, y = ps\i\d, x — o' cos <f>, y = a sin 0, 
then the polar coordinates of D are evidently pa and 0 + 0- l b-nce 

x = pa cos (0 + <#>) = ** - yy» 

F = pa sin (0 + 0) = a 1 /' + ■!/''. 

v T he required de finition is therefore 
\ [x, y] [x, y] = [xx - yy, xy + yx ] .l‘» )• 

\ We observe - (1) that if y = 0, then 1 "/w’ Int'-r- 

clesiced; (2) that the right-hand side is not alteie. 

change a; and a', and y and y , so that 

' '~'[x,y][*',y') = l c '> 'A* 

and (3) that 

It*, y] + w. y']l O" y"] -1*+^y +,/] ^ ,J " 1 

\ _ [( *+*■> x - - (,j +y) y". <*+> y"+<y + »> * 1 

- K - yy", xy" + y*"] + [*" - ' + ^ J 

' '' = [x, y][*", y"J + IV. y][*"• y" ] - 

Similarly we can verify that a,1 the e ;i ,.ati,,ns at tlm en;0;l^ 

arc satisfied. Thus the definition (b) fulfi 

which we made of it in § 37. 

that multiplication of displace - Th . >ro duct Oil ■ OC is Ob 

— !*- - .. ""T'Z ZT7Z.„U^ L ..ruUuct «?. as « 

(Fig. 22), COD being smnlai to A OH. 


T.*c 


t * f • 
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should have to construct on OB a triangle BOD l similar to AOC; and so what 
we want to provo is that D and D x coincide, or that BOD is similar to AOC. 
This is an easy piece of elementary geometry.] % 


39. Complex numbers. Just as to a displacement [#] along 
OA correspond a point (a ) and a real number x , so to a displace¬ 
ment [x, y] in the plane correspond a point (x, y) and a pair 
of real numbers x. y. 


e find it co nvenient to denote this pair of real numbers 
X, y by the symbol 

x 4 - yi. 


The reason lor the 
For the present the 
way of writing [.r, y] 
number. 


choice of this notation will appear later, 
reader must regard x -4- yi as simply another 
The expression x + yi is^cafrecTa complex 


We proceed next to define equivalence, addition, and multiplica¬ 
tion ot complex numbers. To every complex number corresponds 
a displacement. Two complex numbers are equivalent if the 
corresponding displacements are equivalent. The sum or product 
<d two complex numbers is the complex number which corresponds 
to die sum or product of the two corresponding displacements. 

V + yi = x' + y'i .( 1 ) 5 

if and only if x = x, y= f ; 

(x + yi) + (.,/ + y’i) = ( A . + x ') + ( y + y >) i .( 2 ); 

{ ‘ r + !n) {d ' + ' / l ) = xx ' ~ HV + + y*') i . (3). 

In particular, if a is any real number, « (.,; + yi) = or + ayi. 

T’h«- complex numbers of the particular form *+0i may be 
regarded as equivalent to the corresponding md numb^x; ‘thus 

x + 0 i = x, 

and in particular 0 + ()< = 0. 

^a^Jat^Uswa. and polynomials of complex numbers 

;l ‘ ^ *** *•“* alffchrg - Thus - b >- i ,,lttin fr *=x', 

If ~ }f 111 (3). we obtain 

-f yif = (. r + y i) {x + , /f ) = ^ _ y, + 2xyi, 

{iF + + 2 ( ‘ r + & + 3= ~y* + 2 x + 3+ (2 xy + 2y) i. 
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The reader will easily verify for himself that addition and 
*nultiplication of complex numbers obey the laws of algebra 
expressed by the equations 

x + yi 4- (x + yi) = ( a: ' + + y*)» 

{(x + yi) + (x + yi)) + (x" + y'i) = (x + yi) + [ (*' + y'i) + (*" + ) ‘ * 

(a; + yi) (*' + y'i) = (x + y'i) (* + yi). 

(x+yi) ((a;' +y / i)+(^ // + y"i)} =(x + yi) (x + y'i) + (x + yi) (x" + y 0 . 

{(®+yi)+(a<+y'i)}(® ,/ +y"i)=(^ + y i)(* #/ + /0 + ( a/ + + 

(a; + yi) {(*' + y'i) (*" + y"i)} = R* + yi) (*' + 3^)} (*" + 

the proofs of these equations being practically the same as those 7*» 
of the corresponding equations for the corresponding displace- 

ments. 

Subtr action and d ivision of complex numbers arc (Icfi.icl as ^ 
in ordinary algebra. Thus we may define (* + »«)-(*+y 1 > 1,8 

(x + yi) + (- (x + y'i)) = x + yi + (.-x-y‘ f) = (x-*')+ (y~ i' >' > 

or again, as the number £ + yi such that 

(*' + y'i) + (£ + yi) = * + yi> 

which leads to the same result. Ami (x + yi)/(*' + <A> is ,luflncd 
as being the complex number £ + y* such that 

(a.-' + y'i) (£ + yi) = * + .yi- 


or 

or 


_ t /^ + (a/y + y'£) i = * + y*» 
x'% ~ y' r )= x, x'tj + '/% = !) 
Solving these equations for £ and y, "• obtain 


( 4 ). 


_ xx + yyf 

* x* + y* 


v = ~ 


yx — xy 


x* + y* 


This solution fails if x and ij are both zcio, i.e. oossible 

Thus subtraction is always possible; division is a >■ 

^unless the divisor is .zero- 
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Examples. (1) From a g eometrica l jx>int of view, the problem of the 
division of the displacement OB by OC is that of finding D so that the triangle^ 
COB, AOD are similar, and this is 
evidently j>ossible (and the solution 
unique) unless V coincides with O, or 
OC= 0 . 

(2) The numbers x+yi, x—yi are 
said to be conjugate. Verify that 

(x+yi)(x-yi)=xt+y\ 
so that the p roduct of two conjugat e 
number s is real , and that 

•r+y* _ (f +.yQ 

x + y'i (.r +y'i) U - yi) 

xx +yy' + (x'y xy) i 
***** 

40. One most important property of real number s is that 
known as t he factor theorem* which asserts that the product of two 
numbers cannot be zero unless one of the two is itself zero. To 
prove that this is also true of complex number s we put ;r = 0, 
y = 0 in the equations (4) of the preceding section. Then 

-yv = 0 , xy + »/'£ = 0. 

These equations give £ = 0, y = 0, i.e. 

Z + = 0, 

unless x = 0 and y = 0, or x + y'i = 0. Thus x -f yi cannot vanish 
unless either x + y'i or £ + r/i vanishes. 

41. The equation i 3 = — 1. We agreed to use, instead of 
+ the simpler notation x. Similarly, instead of 0 + yi, we 

shall use yi. The particular complex number It we shall denote 
simply by i. It is the number which corresponds to a unit dis¬ 
placement along OK. Also 

' J = »i = (0 + 10 (0 + li) = (0.0 - 1 .1) + (0.1 + 1.0)i = - 1. 

Similarly (— /) a = — 1. Thus the complex numbers i and — i 
satisfy the equation .r 5 = — 1. 

The reader will now easily satisfy himself that t he upshot of 
the rules for addition and multiplication of complex numbers is 
this, that we operate with complex numbers in exactly the same 
wa i/ as with real numbers, treating the symbol i as itself a number. 
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but replacing the product ii = i- by — 1 whenever it occurs. Thus, 
%for example, 

(x 4- yi) (.// + y'i) = xx 4- xy'i 4- yxi 4- yy'i- 

= ( xx ' — yy) 4- (./ //' 4- //■' ) i. 

42. The geometrical interpretation of multiplication 

by i. Since 

(./• + yi) i = - y + xi, 


it follows that if x + yi corresponds to 01*, and OQ is drawn equal 
to OP and so that POQ is a positive right angle, then (x + yt) t 
corresponds to OQ. In other words, multiplication of a complex 
number by i turns the corresponding displucement throu gh a rajhJ_ 
angle . 

We might have develop ed the whole theory of complex 
numbers f rom this point of view . Starting with tin* ideas of 
x as representing a displacement along OX , and of / as a symbol 
of operation equivalent to turning x through a right ang)<\ we 
should have been led to regard yi as a displacement of magnitude 
y along OY. It would then have been natural to define ./ 4- yi as 
in*§§ 37 and 40, and (x+yt)i would have represented the dis¬ 
placement obtained by turning x + yi through a right angle, 
i.e. - y + xi. Finally, we should naturally have defined (x+ yi)x 
as xx' 4 - yx'J^(x 4- yi)y'i as — y>)' 4- xy'i, and (x 4- yt) (x + y • ) as t lie 
sum of these .displacements, i/.e. as', 

— if if + (•'// + !f * ) *• 

43. The equations z- +1 =0, az 1 + 2+ c = 0. I h«n no 
real number 2 such that z* 4 - 1 = 0 ; this is expressed by «‘ymg 
that the equation has no real roots. Hut. as we have just seen, 
the two complex numbers i and — i satisfy this equation. \ 
express this by saying that the equation has the hen cow pi' ■< ' 
t and - i. Since i satisfies z i =-\, it is sometimes wntten m t ie 

form V(- 1). 

♦ 'I’l 

Complex numbers are sometimes culled ////ur////u/// . 
expression is by no means a happily chosen oin\ but it i* him \ 

* The plirube ‘real number* whk introduced hk an ni»ti• io ,n 1 
ruber*. 


II. 
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established and has to be accepted. It cannot, however, be too 
strongly impressed upon the reader that an ‘ imaginary number 
is no more 1 imaginary in any ordinary sense of the word, than a 
* real ’ number ; and that it is not a number at all, in the sense in 
which the ‘real’ numbers are numbers, but , as should be clear from 
the preceding discussion. a pair of numbers ( x,y ), united symbolically, 
for purposes of technical convenience, in the form x + yi. Such 
a pair of numbers is no less ‘real’ than any ordinary number 
such as h, or than the paper on which this is printed, or than 
the Solar System. Thus 

i = 0 + 1 i 


stands for the pair of numbers (0, 1), and may be represented 
geometrically by a point or by the displacement [0, 1]. And 
when we say that i is a root of the equation z- + 1 = 0, what we 
mean is simply that we have defined a method of combining such 
pairs of numbers (or displacements) which we call ‘multiplica¬ 
tion ’, and which, when we so combine (0, 1) with itself, gives the 
result (—1, 0). 

Now let us consider the more general equation 

az- + -bz 4 - c = 0, 


where a, b, c are real numbers. If b- > ac, the ordinary method of 
solution gives two real roots 

b ± y/(b- — ac)}/a. 

If b- < ac, the equation has no real roots . It may be written in 
the form 

[z + {b/a )}* = - (no - &*)/«• 


an equation which is evidently satisfied if we substitute for 
z + (6/a) either of the complex numbers + i -<J{ac — b 9 )/a*. We 
express this by saying that the equation Inis the two complex roots 

{— b ± i \/(«c — b' 2 )}/u. 

It we agree as a matter of convention to say that when 6 a = ac 
(in which case the equation is satisfied by one value of x only, 
viz. —bja), the equation has two equal roots , we can say that 
a quadratic equation with real coefficients has two roots in al l 
c ases, either two distinct real roots, or two equal real roots, or two 
distinct complex roots. 


\\ v shall sometimes write x + iy instead of x + yi for convenience in printing 
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The question is naturally suggested whether a quadratic 
^equation may not, when complex roots are once admitted, have 
more than two roots . It is easy to see that this is not possible. 
Its impossibility may in fact be proved by precisely the same 
chain of reasoning <is_ is used i n elementary algcbra to prove that 
an equation of the nth degree cannot have more than n real 
roots. Let us denote the complex number x + yi by the single 
letter *, a convention which we may express by writing 
z=x + yi. Let f(z) denote any polynomial in z, with real or 
complex coefficients. Then we prove in succession : 

(1) that th e remainde r, when / ( z ) is divided by z — a, a being 
any real or complex number, is f (a): 

(2) that if a is a root of the equation f(z) = 0, then f(z) is 
d ivisible by z — a ; 

(3) that if /(*) is of the nth degree, and f (z) = 0 has the 

n roots a lt a.j . tt n , then 

f(z) = A (z - a,) (z - a 8 )... (z - 

where A is a constant, real or complex, in fact the coefficient 
of 2 " in f(z). From the last result, and the theorem of § 40, 
it follows that f (z) cannot have more than n roots. 

We conclude that a quadratic equation with real coefficients has 
exactly two roots. We shall see later on that a similar theorem is 
true for an equation of any degr ee and with eit her real or complex 
coefficients: an equation of the nth degree has exactly n roots. 
T he on ly point in the proof which presents any difficulty is the 
first, viz. the proof that any equation must have at least one 
root! This we must postpone for the present*. We may, however, 
at once call attention to one very interesting result of this theorem. 
In the theory of number we start from the positive integers and 
from the ideas of addition and multiplication and the converse 
operations of subtraction and division.- We find that these 
operations are not always possible unless we admit new kinds of 
numbers. We can only attach a meaning to 3-7 it we admit 
negative numbers, or to ? if we admit rational fractions When 
we extend our list of arithmetical operations so as to include root 
extraction and the solution of equations, we find that some of 

— * See Appendix I. 
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them, such as that of the extraction of the square root of a number 
which (like 2 ) is not a perfect square, are not possible unless wev 
widen our conception of a number, and admit the irrational 
numbers of Chap. I. 


Others, such as the extraction of the square root of — 1, are 
not possible unless we go still further, and admit the complex 
numbers of this chapter. And it would not be unnatural to 
suppose that, when we come to consider equations of higher 
degree, some might prove to be insoluble even by the aid of 
complex numbers, and that thus we might be led to the con¬ 
siderations of higher and higher ty pe s of, so to say, hyper-complex 
numbers. The fact that the roots of any algebraical equation 
whatever are ordinary complex numbers shows that this is not t he 
cas e. The application of any of the ordinary algebraical operations 
to complex numbers will yield only complex numbers. In technical 
language ‘ the field of the complex numbers is closed for algebraical 
operations 


Before we pass on • to other matters, let us add that all 
t heorem s o f elem entary algebra which are proved merely by 
the application of the rules of addition and multiplication are 
truc_ whether the numbers which occur in them ore real or com¬ 
plex, since the rules referred to apply to complex as well as 
real numbers. For example, we know that, if a and ft are the 
roots of 

oz- + 2 bz + c = 0 , 


then a + ft = - ( 2 b/a), aft = {c/a). 

Similarly, if a, ft, 7 are the roots of 


t hen 


az 3 + 3b* 4 - See + d = 0, 


a + ft + 7 = - {3b;a), fty + 7 a + aft = (3 c/a), afty = — {d/a). 

All such theorems as these are true whether a, b, ... a, ft, ... are 
real or complex. 


44. Argand’s diagram. Let P (Fig. 24) be the point (x, y), 
r the length OP, and 0 the angle A 'OP, so that 

./• - r cos 0, y = v sin 0 , r = \'( + if), cos 0 : sin 6 : 1 :: x : y : r. , 
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We denote the complex number x + yi by 5, as in § 43, and 
*we call z the complex variable. y 
We call P the point z, or 
the point corresponding to z\ 

z the argument of P , x the P 

real part, y the imaginary 

part, r the modulus, and // 

0 the amplitude of z; and we J ,, 


write 


r = R (z), y = l(z). 


r — \z 


0 = am z. 


Fi«. 21. 


When y = 0 we say that 2 is real, when x = 0 that 2 is purely 
imaginary. Two numbers x + yi, x - yi which differ only in 
the signs of their imaginary parts, we call conjugate. It will be 
observer! that the suin 2x of t wo conjugate number s and their 
product are both real, that they have the s ame modulu s 

</(o* + if) and that their product is equal to the square of the 
modulus of either. The roots of a quadr atic with real coefficients, « *1 n. 
for example, are conjugate, when not real. 

It must be observed that 0 or am 2 is a many-valued function of 
and y, having an infinity of values, which are angles differing by 
multiples of 2 tt*. A line originally lying along OX will, if turned 
through any of these angles, come to lie along OP. We shall 
describe that one of these angles which lies between - 77 and 
7 T as the principal value of the amplitude of 2 . This de¬ 
finition is unambiguous except when one_of_tlm _yahm^ is jtt, 
in which case - tt is also a value. In this case we must make 
s ome spec ial pr ovision as to which value is to be regarded as 
the principal value. In general, when we speak of the amplitude 
of 2 we shall, unless the contrary is stated, mean the principal 
value of the amplitude. 

Fig. 24 is usually known as Argand s diagram.- 

• It i* evident that \z\l» identical with the polar coordinate r of /*. and that 
the other polar coordin^O is one value of am *. This value .9 not necessarily 
the principal value, as defined below, for the polar coordinate of $ 22 lies bfit V M SP 
% aud 2y . and the principal value between - ir and w. 
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45. De Moivre’s Theorem. The following statements 
follow immediately from the definitions of addition and multi* 
plication. 

(1) The real (or imaginary) part of the sum of two complex 
numbers is equal to the sum of their real (or imaginary) parts. 

(2) The modulus of the product of two complex numbers is 
equal to the product of their moduli. 

(3) The amplitude of the produc t of two complex numbers is 
either equal to the sum of their amplitudes, or differs from it by 27r. 

It should be observed that it is m»t always true that the princijKil value of 
am ( zz) is the sum of the principal values of am 2 and am 2 '. For example, if 
2 = ;’= - 1 + 1 , then the principal values of the amplitudes of z and z' are each 
4 zt. But 2 ;'= - i!f, and the principal value of am {zz') is —in- and uot jfjr.' 


The t wo last theorems may be expressed in the equation 
r (cos 0 + i sin 0) x p (cos cf> + i sin <f> ) 

= rp (cos (0 + <f>) + i sin (6' + <£)}, 

which may be proved at once by multiplying out and using the 
ordinary trigonometrical formulae for cos (0 + <f>) and sin (0 + <f>). 
y I ore general ly 

>\ (cos 0f 4 - i sin d,) x r., (cos + i sin 0.) x ... x r n (cos 0 n 4- i sin 0 n ) 
— *V *2 ••• ''n {cos(dj 4- 0‘> 4- ... + 0, t ) 4* < sin (0^ + 0. 2 -f- ... 4- d n )}. 

A particularly in teresting cas e is that in which 

'1 = r., = ... = r n = 1, 0 l = 0.. = ... = 0 n = 0. 


W e then obtain the equation 

(cos 0 + i sin 0) n = cos i\0 + i sin n0, 
where n is any positive integer: a result known as De Moivres 


n 


1 corem 


Again, if z = r (cos 0 + i sin 0) 

then \jz = (cos 0 — i sin 0)jr. 

Thus the modulus of t he reciprocal of z is the reciprocal of the 
modulus nf;, and the amplitude of the reciprocal is the negative of 
the amplitude of c. We can now state the theorems for q uotients 
which correspond to (2) and (3). 

It will sometimes be convenient, for the sake of brevity, to denote cos 0 + i sin 0 
by l is A : in this notation, suggested by Profs. Harkness and Morley, Do Moivre’s 
theorem is expressed by the equation (Cis 0 ) n = Cis nO . 
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(4) The modulus of the quotient of two complex numbers is 
equal to the quotient of their moduli. 

(5) The amplitude of the quotient of two complex numbers 
either is equal to the difference of their amplitudes, or differs from 
it b^2-7r. 

Again (cos 0 + i sin 0)~" = (cos 6 — i sin 0) n 

= {cos (— 0) + i sin (— 0)\ n 
= cos (— > 10 ) + i sin (— n0). 

Hence De Moivre's Theorem holds tur all—integra l rallies of it, 
positive or negative. 

To the theorems (1)—(5) we may add the following theorem, 
which is also of very great importance. 

(6) The modulus of the sum of any number of complex 
numbers is not greater than the sum of their moduli. 



u 


Fig. 25. 

Let OP, OP',... be the displacements corresponding to the 
various complex numbers. Draw PQ equal and p.u.dlt 1 to 01 , 
QR equal and parallel to OP”, and so on. Finally we reach a 

point U, such that _ 

OU=OP + OP'+ OP” + .... 

The length OU is the modulus of the sum of the complex 
numbers, whereas the sum of their moduli is the total lengt i 
of the broken line OPQR...U, which is not less than OU. 

9 A purely arithmetical nroof of this theorem is outlined m 
Exs. xxi. 1. 
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46. We add some theorems concerning rational functions of 
complex numbers. A rational function of the complex variable z ^ 
is defined exactly as is a rational function of a real variable x, 
viz. as the quotient of two polynomials in z. 


Theorem 1. Any rational function R (z) can be reduced t o 

the farm X + Yi. where X and Y are rational functions of x and 
y with real coefficients. 


In the firs t, place it is evident that any polynomial P(x + yi) 
can be reduced, in virtue of the definitions of addition and multi¬ 
plication, to the form A +'Bi, where A and B are polynomials 
in and y with real coefficients. Similarly Q(x + yi) can be 
reduced to the form C + Di. Hence 


ft (> r + yi) = P (x + yi)!Q (,r + yi) 
can be expressed in the form 


(A + Bi)l(C + Di) = (A + Bi) (C - Di)/(C+ Di) (C - Di) 

AC+BD BC-AD. 

C 3 + 2) 3 + C* + D* 

which proves the theorem. 

heorkm 2. // R(x + yi)=X+ Yi, R denoting a rational 

function as before, but with real coefficients, then R(x-yi) = X— Yi. « 

In the first place this is easily verifie d f or a powe r (x + yi) n 
by actual expansion. It follows by addition that the theorem is 
true for a n y p olynomi al with real coefficients. Hence, in the 
notation used above, 


R(r + BC-AD. 

tin* reduction being t he same as before except that the sign of t 

is change! throughout. It is evident that results similar to those 

ot theorems 1 and 2 hold for functions of an)* number of complex 
variables. 


Iheorkm 3. The roots of an equation 

a„: n + -f ... -f a n = 0, '.fci - 

whose coefficients are real, may , in so far as they are }wt themselves 
VCul-% be urramjed in conjugate, p airs . 


i 
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For it follows from Theorem 2 that if x + >ji is a root then so is 
^x — yi. A particular case of this theorem is the result 2 ^ 4-3) that 
the roots of a quadratic equation with real coefficients are either 
real or conjugate. 

This theorem is sometimes stated as follows: in an equation 
with real coefficients complex roots occur m conjugate jniirs. It 
should be compared with the result of Exs* viii. 7, which may he 
stated as follows: in an equation with rational coefficients irrational 
roots occur in conjugate pairs*. 


Examples XXL 1. Prove theorem (d) of £ 4'» directly from the 
definitions and without the aid of geometrical considerations. 

[First, to prove that | z + z' | ^ , z \ + s' | is to prove that 

(x + .>/)- +0/ +/>* = !x'(- r " +y 2 )++y^» s * 

The theorem is then easily extended to the general case.] 

**2. The one and only case in which 


| z + z -h...= s |* + *+ -- -U 

is that in which the numbers 2 , ... have all t he same , amplitu de. Prove 

this both geometrically and analytically. 

3. The m odulus of the su m of any number of complex numbers is not 
less than the s um o f their real ( or imaginary ] part*- 

4. If the sum and produc t of two complex numbers are buffi real, then 
the two numbers must either be real or conjugate. 

5. If a+6 s /2 + (c + d x '2)i'=.l + ^s^-t-(f'+/ > x / -'b 
where a, b, c, d, A, JJ, C\ /> are real rational numbers, then 

a-A, b=li , c = C, d=D. 

<J. Express the following numbers in the form .1 + B,\ where .1 and li are 
real numbers: 

/1 + *V /1 - • V A + M* ( x + #** V _ ( X 

(1+0 2 . ( r ~-). (f+i) ’ \-n>' U-h«7 \\ + mv 

where A and /x are real numbers. 

7. Express the following fnnctio.ns <4 : = x±yiju the form .\+i ' 

X and Y are real functions of .r and //: s», * «/*. -*+ "/-*>’ (« + ^ ) A> + 8 ‘ ) ' 

where a, -y, 8 arc real numbers. 

8. Find the moduli of the numbers and functions in the t\s-- l"" u1 "'" 
examples. 


* The numbers a + Jb. a - % /b t where * are rational, are *< 
•conjugate'. ^ 


sometimes said to bo 
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9. The two lines joining the points z=a, z = b and z=c, z=d will be 
perpendicular if tw 

-b 


, • f- -vw - x \ jr*. 

am (~^) = ±^tt ; ~~ I'c- ajJ ** «*» «• 

V ( ?>** ) (.«»--<»)Nkfc-i) k «o. 


^ [ a ~ b )K c - d ) is purely imaginary.'* What*isthe condition that the lines 
-should be parallel ? 


V . | w ' I 


10. The three angular points of a triangle are given by 2 = a , 2 =ft 2 = y> 
where a, ft y are complex numbers. Establish the following propositions: 

(*) t,,e CP »tre of gravity is given by z=l( a + t 3 -f y) ; 

(ii) the eircum-centr e is given by \ z —a \ = | z - ft ; = j z _ yj. 

(in) M/< Mr«?e perpendicul a r from the angular points on the opposite 
sides meet in a point given by //*-^ (*-■** 

(IV) there is a point P inside the triangle such that 

CBP=A CP = BA P=w, 

" n<i Wt O) = cot A 4- cot B + cot C. 

[To prove (iii) we observe that if ,1, ft C are the vertices, and P any 
•’""‘t thun the condition that AP -should l>e jicrpcudictilar to BC is (Ex. 9) 
t lilt (--«)/(£-y) should be purely imaginary, or that, b., ,:~r- f V .t.) 

R (; — a) R (B — y) +1 (z — n) I (pt — y) = Q. 

1 Ills equation, and the two similar- equations obtained by permuting o, ft y 
cyclically, are satisfied by the same value .»f r, as appeal* from the fact that 
the sum of the three left-hand sides is zero. 

.... ’C g . P^V Slivj, take^ft ' parallel to the positive direction of the axis of x. 

I lien * 

y-A = a, a —y= - b Cis ( — C\ B ~ a= - cCis B. 

We have to determine c and a. from the equations 

^OOV^no) = (z-B) (y„ -ft,)_( 2 -y ) („ 0 - yo ) „. „ 

(r - o„) (ft - a ) (z - Bo) iy ~B)~ (7^5 (. -y ) = C18 2<u ’ 
wheix.' «cn fin, y 0 denote t he con j ugates of o, pt % y. 

Adding the numerators and denominators of the three equal fractions, 
awl usiiijr the equation 

wolinri that- 1 " cut = (1 -t- Cis 2«)/(l - Cis 2-»), 

i cot o> = ^ ~ y) ‘ ~ y«) + (y - «) (>" - «o) + (a - B) (rtfl —ft,) 

By,, - B»y + y«„ - y 0 n + aft, - a,ft 

From this it is ciisily deduced that the value of cot w is (a*+b*-+c*)/4* y 
" 10,0 A 18 thc urea of the tr,ll «g*c; and this is equivalent to the result given. 


it on our left. POSe ” 6 ° r ° n,,d the trian « ,e in the «K«ction .IBC we leave 
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To determine «, we multiply the numerators and denominators of the 

equal fractions l>y (yo”0o)/O*~ a )» ( <, o~yo)A')' Oo~ a o)/( a ~v)' alu ^ <u ^ 

to form a new fraction. It will be found that 

tta Cis A + bft Cis B + cy Cis C_ , 

2 = a Cis A + b Cis B + c Cis C ' J 

11. The two_lEiangles whose vertices arc the points a, b , c and x, y, - 
respectively will be similar if 

II 1 1 ,=0. 


a 


c 


V 


[The condition required is that AB/AC-XV/XZ (large letters denoting 
the points whose arguments are the corresponding small letters,, or 
(b-a)/(c-a) = (y-x)/(z-x) t which is the same as the condition given.J 

12. Deduce from the last example that if the points j-, y, * arc c<AUn^ ± 

then we can find real numbers «, ft, y such that « + ft + y = 0 an< ,ur + + V~ ’ 

and conversely (cf. Ex^xx. 4)7 [Use *he-fqptthat in this case the rmnglo 
formal by y, z is similar to a cer tain line-tr.anj^ ""-Hi* axis 0-1, ami 
apply the result of the last example.] 

13. The general linear equation with com^ex_coe^ci^ The 

equation m + ,3 = 0 has the one solution 2 = - (3/a), unless « = 0. If 

a = a + Ai, ft = b+B<\ z = x+yi, 

and equate real and imaginary parts, we obtain two equations to dftarmin® 
the two real numbers a- and y. The equation will have a real runt . y-0, 
which gives mr + t = 0, Ax+B= 0, and the cond.t.on that these equal,ons 

should be consistent is aB — bA =0. 

14. The general quadratic equation with complex coefficients. This 
equation is 

(« + A i) z* + 2 (b + Bi) z+(c + Ci > = <>• 

Unless a and A are both aero wo can divide through by a + iA. Hence 

we may consider ‘ , 1 \ 

s* + 2 (b+ B/)z + (c+Ct) = f> . 

as the standard form of our equation. Putting z = x+yi «md 

and imaginary parts, we obtain a pair of simultaneous equations fo. * J> 

viz 

^ _ yi + 2 (b.c - By) + c = 0, 2xy + 8 (by + Bx) + C= 0 . 

If we put 

*+(, = £, y + /l=,, 4>-*»-«-*. 2bB- C'=l\ 

£i-r) l =h, 2$q = t. 


•jf these equations become 
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Squaring and adding we obtain 

f-’ + rW0* 2 + * 2 ), |= ±s'Li {%'(**+**)+*}], 7 = ± X /[A {^(4*+**)-*}]. 

" 0 "Hist choose the signs so that £»/ has the sign of /•: i.e. if h is positive 
we must take like signs, if /- is negative unlike signs. 

Conditions fur equal roots. The two roots can only be equal if both the 
square roots above vanish, i.e. if h=0, X =0, or if c = b-~ ZT-, C='2bB. These 
conditions are equivalent to the single condition c + CY=(6 +Z?i) 2 , which 
obviously expresses the fact that the left-hand side of (1) is a perfect square. 

Condition for a real mot. If x* + 2 (b +Bi) *+(c + Ci)=0, where x is 
real, then x -+ '2bj; tC=0, 2B.v+C= 0. Eliminating x we find that the 
required condition is 

C--4bBC+4cB i =0. 

< ondition for a purely imaginary root. This is easily found to be 

C‘- ibBC- 4b-e=0. 

Conditions for a pair of conjugate compbuv roots. Since the sum and the 
product of two conjugate complex nurnl»ers are both real, h + Bi and c+Ci 
must both be real, i.e B= 0, (’=(). Thus the equation (1) can have a pair of 
conjugate complex roots only if its coefficients are real. The reader should 
wrify this conclusion by means of the explicit expressions of the roots. 
Moreover, if /» 8 >c, the roots will be real even in this case. Hence for a pair 
of conjugate roots we must have /X = <>. 0 = 0, b-<c. 

!•». The Cubic equation, t ’oiisider the cubic equation 

- J +:t ih + <; = o, 

when- <t and // are complex numlicrs, it l»cing given that the expiation lias 
1 " •' ,Vil1 r, " ,t ’ <h) a l"»''-ly imaginary root, («•) a pair of conjugate roots. If 
f/ = \ + h i, <> — /) <n, we arrive at the following conclusions. 

(u - < 'auditions for ,, r-ot root. [f^js not zero, then the real root is - a/ 3/x, 

and .r- + i’7A^r--J7 M V = o. On the other hand, if M = 0 then we must also 

h.'vv <r o. SO that the coefficients of the equation are real. In this case there 
j^ >i;t , v ^ >«• t Ihvu ival n m its. 

f ('and it ions for a pur. ly imaginary roof. 1 fjCls not zero then the purely 
imaginary root is > /. and /d - L'7X^,-27^\r =0. If M = 0 then alsop = 0, 

•md the root is y, % where// is given by the equation if - 3\y - a- = 0, which has 
real coefficients. |„ this case there may be tl.ree purelv imaginar y roots. 

! r> 1 ’’“"t'" poir of conjugate complex roots. Let these l»o x+yi 

ll " 1 h, ‘V s,no “ tl,R »«•« "f the three roots is zero the third root 

must „• •_»./•. I roni the relations between the coefficients and the roots of 

an iMjuatmn wo 

If 1 - =.! //, ±r (.,•-* + ,,t) = 

I fence <i and // must ls.tli be real. 

I» ««h ease wo can either «„J » (ill which Clls0 the equrtfcw am 
‘--''-■cl t.. « q^dmtic by dividing l.y a known factor) or wo can reduce 

the .solution " f thu —[uutinn to the .. „f a cubic equation with real 
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16. The cubic equation .r 1 +«i^ + 9jr + " J =‘>, where «, = <!,+ -1,7, .... has 
•^a pair of conjugate complex roots. Prove that the remaining rn,,t is 

- A ia 3 /A 3 \ unless A s ' = 0. Examine the case in which -I «' = <>. 

17. Prove that if z 3 + :if/z + (•'=0 has two complex roots then the equation 

8n‘ + 6a // — (j = 0 

has one real root which is the real part « of the complex roots of Un¬ 
original equation ; anil show that a has the same sign as <>. 

18. An equation of any order with complex coefficients will in general 
have no real roots imr pairs of conjugate complex roots. How many con¬ 
ditions must be satisfied by the coefficients in order that the equation should 
have («) a real root, (6) a pair of conjugate roots t 

19. coaxal circles. In Fig. 26, let «, b, z be the arguments of .1, /;, /'. *•»! 

Then»?<>■> ••L** 

if the principal value of the amplitude is chosen. If the two circles shown 
in the figure arc equal, and *„ Y are the arguments of / , /„ 
and A l*II = 6, it is easy to see that 
/ - b . Z\-b 

am --= 7r — 0, am — = — o, 


Z b j />/> 

z-a 




*t - " 


and 


Z\ - b A 

am -= - vt -f U. 

z . - a 


T he locus defined hy the equation 

z — b 


am — = 0 y 
z - ft 


where 0 is constant, is the are APIS. By 
writing tt — 0 y - 0, — n + 0 for 0 , we obtain 
the other three ares s hown. 

The system of equations obtained by 
supposing that 0 is a parameter, varying 
from — tt to +rr, represents the system <>f 
circles which can be drawn through the 
points A y IS. It should however Us ob¬ 
served that each circle has to Ik? divided 
into t wo parts to which correspond different 
values of 0. 

l ^V©. 20. Now let us consider the equation ^ ^ o| 

•=* ilrr 

z-a ^ 

where A is a constant. 

Let K be the point in which the tangent to the circle A />’/' at /' med- 
A JO. Then the triangles KPA , Kill’ are similar, and so 
ju A 1*11*11= CK( UK — Ii A /h' /‘ = *■ 



I 




94 


COMPLEX NUMBERS 


[III 


Hence KAjKB=\-, and therefore is a fixed point for all positions of P 
which satisfy the equation (1). Also KP 2 = KA . KB, and so is constant.^ 
Hence the locus of P is a circle whose centre is K. 

The system of equations obtained by varying X r epresents a system of 

circles, and every circle of this system exits at right angles every circle of the 

svstem of Ex. 19. 

• 

The system of Ex. 19 is called a system of coaxal circles of the common 
point bind. The system of Ex. 20 is called a system of coaxal circles of the 
limiting point bind, A and B being the limiting points of the system. If X 
is very large or very small then the circle is a very small circle containing A 
or B in its interior. 

t#a*\j| v. 

21. Bilinear Transformations. Consider the equation 



where z=x+yi and Z=A '+)7 are two complex variables which we may 
suppose to lie re presented in two planes xoy, XOY. To every value of z 
corresponds one of Z, and conversely. If « = a+/3i then 

*’ = A’+a, y=Y+t 3, 


and to the point (x, y) corresponds the point (A', V). If (.v, y) describes a 
curve of any kind in its plane, (A', }') describes a curve in its plane. Tims 
to any figure in one plane corresponds a figure in the other. A passage of 
this kind from a figure in the plane xoy to a figure in the plane XOY by 
means of a relation such as (1) l>etwecn z and Z is called a transformation. 
In this particular case the relation between corresponding figures is very 
easily defined. The (A, }') figure is t he same in s ize, s hape, and ori entation 
as the (x, y) figure, but is shifted a distance a to the left, and a distance fi 
downwards. Such a transformation is called a translation. 

Now consider the eq?iutfoii*^ 


- = P Z .( 2 ), 

where p is real . I his gives x — pA, y=pY. The two figures are similar and 
similarly situated about their respective origins, but the scale of the (x, y) 
figure is p times that of the (A, ) ) figure. Such a transformation is called 
a magnification. 

Finally consider the equation 


c = (cos <p + i sill <ft) Z .(3). 

It is clear that z = Z and that one value of am * is iunZ+<f>, and that the 
two figures differ only in that the (x, y) figure is the (A, Y) figure turned 
about the origin through an angle <ft in the positive direction. Such a trans¬ 
formation is called a rotation. 

- The general linear transformation 


z=aZ+b 


(4) 
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40 J rbf/A n 

is a combi nation_of the three transformations (1), (2), (3). For, if • a = P and 
a = (f>, we can replace (4) by the three equations 

* z = z+b, z= P Z\ Z'= (cos <f> + i sin <p) Z. 

Thus the general linear transformation is equivalent to the combination or a 
translation, a magnification , and a rotation. 

Next let ns consider the transformation 

*-l/Z...$fcw,X*AK.( : ’>- 

If \Z\ = lt and am Z—Q, then |*|«1/A amr ““ e ’ 40 ,rOW 
the (x, v) figure to the (A', Y) figure we invert_the former with respect to o, 

with unit radius of inversion, and then cpp mct llic ..n a^of the ue« hgu.e 

in the axis oxji.e. the symmetrical figure on the other sale of ax). 



Finally consider the transformation 

_aZ+b 
: ~ cZ + d 


H 


. 2.1 




This 


b i» equivalent to the combination ofrtic tranaformation* 

+ (be - a<l) (z'/'c), 1 /Z\ '^=cZ+ d, 

i.«. to a certain\Snbi^'. Z ^an»for,nation, of the tv,,c.s already con- 
sidercd. 

The transformation (0) is called the general biting ,run,/.,r .non. 

Solving for Z we obtain ^ ^ 

/ = • 

CZ — ft 

The general bilinear transformation is tig. most ^ “ . (."'..^ncof 

formation for which one and * c orrespon ds_ t o u«h x..l 

Z y and conversely. 

22. n,o genvrtil I,Hi,.ear ‘^T^wn 

theorem "in pure geometry, that inven.i«n trails ^ 

(which may of course in particular .cases be s t ra g l - 

use the results of Exs. 10 and 20. If, e.g. t the (x, y> c-.clc is 

| (z-a)l(z-p) l = X » 

and we substitute for z in terms of /?, we obtain 


where 


l|WCVO/<«w^ • — - 

I ***-'+L ( 'S—'UtZ-a') I = x, 

1 . b-ad , V=i a " ,K . X - 


tf r .. / z = (\+Z)l(\-Z), and draw 

23. Considor„the tranaformationa . VS, c<!lltro j, the origin, 

the ( X , Y) curves which correspond to <\) cir. 
yf(2) straight lines through the origin. 
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24. The condition that the transformation z = (aZ+b)f(cZ+d) should 
make the circle .r 2 +y 2 = 1 correspond to a straight line in the (X, Y) plane*, 
is | a i = | « 

25. Gross ratios. The cross ratio ( 2 ,? 2 , 2 3 2 4 ) is defined to be 

(*1 ~ 23 ) (*2 ~ 2 <) 

(*1 - * 4 ) (*2 ~ h) ' 

If the four points 2 ,, r 2 , z 3 , z 4 are on the same line, this definition agrees 
with that adopted in elementary geometry. There are 24 cross ratios which 
can be formed from 2 ,, z- 2 , ; 3 , z 4 by permuting the suffixes. These consist of 
six groups of four equal cross ratios. If one ratio is X, then the six distinct 
cross ratios are X, 1 — X, 1/X, 1/(1 —X), (X— 1)/X, X/(X— 1). The four points are 
said to be harmonic or harmonically related if any one of these is equal to 
— 1. In this case the six ratios are —1, 2, —1, £, 2, 


It 

circle. 


any cross ratio is real then all arc real and the four points lie on a 
For in this ciusc 


am 


( 2 , - Z 4 ) ( 2 2 - 23) 


must have one of the three values — 0 , tt, so that am {( 2 , —c 3 )/( 2 , — 24 )} and 

am }(c 2 — 2 3 )/(c 2 — 24 )} must cither lie equal or differ by n (cf. Ex. 19). 


If (z x r 2 , 2324 )= — 1, we have the two equations 


*1 - ~3 


am ——— = ± tt + nin ~ " 3 , 

Z \—: 4 - 2 ~ *4 


’ ‘*1 - ‘3 

_ | H - 23 • 

“ Z A 

j2 2 -24 . 


The four points A,, A s , A 3 , A, lie on a circle, .1, and A 2 being separated 
by .J 3 and A 4 . Also A 4 A 3 /A l A 4 = A 3 A 3 /AoA 4 . Let 0 be the middle point of 
A 3 A,. The equation 

( 2 ,- 2 3 ) (*2 ~ -%) 


( £ l — r -«) ("2 * 3 ) 


- 1 


may be put in the form 



( 2 , + Z - 2 ) ( 2 3 + 2 4 ) — 2 (2423 + 2324), 
or, what, is the same thing, 

I r l — ^ h (‘ 3 + -•!/} = (2j — 24))'^, 

But this is equivalent to 0A X . (JaZ=7/A 3 2 = OA 4 2 . Hence OA x and 0A 2 
make equal angles with A 3 A 4 , and (JA , . OA.,= 0A 3 2 = OA 4 -. It will bo ob¬ 
served that the relation between the pairs A,, A a and J 3 , J 4 is symmetrical. 
Hence, it It is the middle point of A,A 2 , 0'A 3 and O'A 4 are equally inclined 
to A,A 2 , and t/A 3 . (>A 4 = (/A,s=(/A 2 a .’ 


20. If the points .1,, .1... are given by az* + 2b: + c=0, and the points 
-’ 131 -'!» by a'z 2 + 2b': +c' = 0, and O is the middle point of A 3 A 4 , and 
ac + a'c - 2bb' = 0, then 0A ,, 0A ■, ai-e equally inclined to A 3 A 4 and 
OA , . 0A., = OA 3 - = OA 4 ”. (Math. Trip. 1901.) 
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27. AD, CD are two intersecting lines in Argands diagram, and /’, 
(J their middle points. Prove that, if AD bisects the angle ('PD and 

* PA 2 =PD 2 =PC. PD, then CD bisects the angle A(//i and <jC- = ifh- = V-1. <jll. 

{Mod,. Tri,>. I*m»■».) 

28. The condition that four points should lie on a circle. A 
sufficient condition is that one (and therefore all) of the cross ratios 
should be real (Ex. 25) ; this condition is also necessary. Another h*rm 
of the condition is that it should be possible to choose real numbers 
a, fi, y such that 

! 1 1 1 =0. 

« & 7 

I *l*4 + -'2 : 3 *_•-» +-3-1 *3*4+ *!*-' 

[To prove this we observe that the transformation Z — 1 - — -i e<pii\alcnt 
to an inversion with respect to the point z t . coupled with a certain iell« \ioti 
(Ex. 21). If 2 ,. 2 ..., 2 ;, lie on a circle through ; 4 , the corresponding points 
Z x = 1/(2,- 2l ), Z £ = \/(z-j-zd, Z,= \ (2i-z t ) he on a straight line. Ib-n.e 
(Ex. 12) we win find real numbers a\ y .sucli that u + .1 -\-y ° ll “ 

«7(*.-*4)+^/(*-2-*4)+y7( 2 3- 2 «)=°. ir is o;ls - v to 1 " ovo tl,at tl,is ls 

equivalent to the given condition.] 

29. Prove the following analogue of !>« Mo mv's Theorem for real 
numbers: if fa, fa, fa, ... is a series of positive acute angles such that 

tun <f>, n + i = tan r/j,„ sec (/>, +scc </»,„ tan fa, 
then tan </j,„ + „ = tan </>,„ sec </>„+»cc tan 

sec </)„, + „ = sec </>„, •■'cc f/>„ + tan </>,., tan </>„, 
and tan «#»,„ + see </>„, = (tan </>, +sec </>, >•". 

[Use the method of mathematical induction.] 

30. The transformation z = Z"\ In this case ,■ = //-. «nd 0 and «*<> 
differ by a multiple of 2rr. If describes a circle ro.in.l tl.eorigm "«■„ 
describes a circle round tbc origin m times. 

sect«•r*' in t ho 1,1 ; 


The whole ( x, ») plane corresponds to any one ..| 
plane, each of angle 2ir/m. To each point t '"“ '■ •'. I' 1 ll " 111 * 

m points in the (X, Y) plane. 

31. Complex functions of a real variable. D j ' , ‘I’ ' " 

ctious of a real variable / defined for a certain range of values 


functions 
we call 


z = f(() + •<!> (0 


a complex function of t. We can represent it graphically by ,l ‘ '" l " 

x=f{t), y=<P l( } ; 


curve 


too 


H. 
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the equation of the curve may bo obtained by eliminating t between these 
equations. If z is a polynomial in (, or rational function of t , with complex 
coefficients, we can express it in the form ( 1 ) and so determine the curve*" 
represented by the function. 


(i) Let z=a + (b — a)t, 

where a and b are complex numbers. If a = «x+a't, b=0+0’£, then 

X=a + ( 0 - a ) t , i / = d + ( ff - a ') t . 

The curve is the straight liue joining the points z = a and z=b. The seg¬ 
ment between the points corresponds to the range of values of t from 0 
to ]. bind the values of t which correspond to the two produced segments 
of the line. 

(")' If 

where p is positive, then the curve is the circle of centre c and radius p. As 
t varies through all real values z describes the circle once. 


(iii) In general the equation z=(a + bt)j(c+dt) represents a circle. 
This can be proved by calculating x and y and eliminating: but this process 
is rather cumbrous. A simpler method is obtained by using the result of 
Ex. 22. Let z = (a + bZ)j(c + dZ) y Z=t. As t varies Z describes a straight 
line, viz. the axis of A*. Hence z describes a circle. 

(iv) The equation z = a + 2bt + ct- 


represents a parabola generally, a straight line if b/c is real. 

(v) 1 he equation z=(a + 2bt+ct‘ 1 )/(a + 2j3t + yt 2 ) t where a, (3 f y are real, 

represents a conic section. 

[Eliminate t from 

= ( J + - Ii( + Ct-)f{a + 2 &t + yfi\ y=(A’ + 2B’t + C't-)/(a + 2 pt+yt-), 
where A+A'i=a, B + li') = b, C+C'i=c. J 

47. Roots of complex numbers. We have not, up to the 
present, attributed any meaning to symbols such as y/a, 
when (/ is a complex number, and m and n integers. It is, 
however, naturul to adopt the definitions which are given in 
elementary algebra for real values of a. Thus we define £'« or 
o ' , where n is a positive integer, sis a number z which satisfies 
the equation z" = «; and a mn , where m is an integer, sis (a*' n ) m . 
I hose definitions do not prejudge the question sis to whether 
there sue or are not more than one (or any) roots of the equation. 

48. Solution of the equation z n = «. Let 

a = p (cos <f> + i sin <£), 

where p is positive and <£ is an angle such that — it < cf> £ tt. IC 
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46-48] VyL/iUi XjUA il 

we put z — r (cos 0 + i sin 0), the equation takes the form 

r n (cos ii0 + i sin n0) = p (cos <f> + i sin cf>) ; 

so that r n = p, cos n$ = cos </>, sinn0 = s'm<f> .(!)• 

The only possible value of r is \/p, the ordinary arithmetical 
nth root of p\ and in order that the last two equations should be 
satisfied it is necessary and sufficient that nO = <f> + 2/ctt , where /. 
is an integer, or 

0 = ((£ -f 2/ctt)/ n. 

If Jc=pn+q, where p and q are integers, and 0 = q < n, the 
value of 0 is 2pir + (4> + 2qTr)/n, and in this the value of p is a 
matter of indifference. Hence the equation 

z n = a = p (cos (f> + i sin <f>) 

has n roots and n only, given by z—r (cos 0 + i sin 0), where 
r = typ, 0 = (</> + '2q7r)/n, (q= 0, 1, 2, ... n — 1). 

That these n roots are in reality all distinct is easily seen 
by plotting them on Argand’s diagram. The particular root 

v p |cos (<£/«) -I- i sin (<£/«)! 

is called the principal value of y/a. 

The case in which a = 1, p = 1, <t> = 0 is of particular interest. 
The n roots of the equation x n = 1 are 

cos (2r/7r/n) + i sin (2qTr/n), {q = 0, 1, ... n — 1). 

These numbers are called the nth roots of unity ; the principal 
value is unity itself. If we write for cos(2t r/«) + * sin (27 t/«), 
we see that the ;/th roots of nintV—ur** 


1 9 9 9 • 




Examples XXII. 1. The two square roots of 1 arc 1, - 1 ; the three 
cube roots are 1, *<-l + .V»>. the four fourth roots arc 1, 

l, -1, -t; and the five fiftli roots arc 

1, H N /f» - 1 + iV»l° + 2 s' r, }l» 

J [ - ^5 - 1 - * 10 - 2 jr >j l \ [ s'- r » - 1 - *V{ 10 + 2 N /r»} J. 

2. Prove that 1 +«„+<"’ + •••+ w « =0, 

3. Prove that (x+//o> 3 + zu? 3 ) (x+}/<4 + zo> 3 ) = x*+y 1 + -IT ~ ~ J X ' J ‘ 

4. The nth roots of a arc the products of the nth roots of un.ty by the 

principal value of s/a. 7 0 

i —— 
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5.- It follows from Exs. xxi. 14 that the roots of 

z- — a + /3i 


are 


±v'[* V(a- + ^» + «}]±U / [i {sV-' + tf 2 ) - «)], 


like or unlike signs being chosen according as ff is positive or negative. Show 
that this result agrees with the result of ^ 48. 

0. Show that (x 2m — a‘ lm )/(x s — a a ) is equal to 

^ x 2 — 2 ax cr>s ~ + a-'j l^x 2 — 2ax cos ^ ... ^.r 2 - 2ax cos ^+ a 2 ^ . 

[The factors of.r 2m —o 2 "* are 


(j--cr<4„),... (*-««£' '). 

The factor x — ua>!J‘ n is x + tt. The factors (.r - uoj^), (a? — taken together 

give a factor .r 2 — 2 cr.r cos (srr ,/>») +a 2 .] 

7. Resolve * 1 — a 2 "' * >, ,r 2m + a-"\ and x* nt * 1 + a*™ * 1 into factors in a 
similar wav. 


8 . Show that x 2 " — 2x"a n cos 6 + a- n is equal to 
(^x- - 2xa cos ^ +a-j ^.r 2 — cos + « 2 ^ ... 


/ <1 + 2 (71— 1) IT A 

... ( a-- 2.r<i cos ^ 7 +a-l*. 


[ I se the formula 

_ 2.r“a" cos d+ «-’"= Jj-» - (cos <J +1 sin 0)} {.r* 1 — «“ (cos 0 - t sin 0)}, 

and split up each of the last two expressions into n factors.] 
e\ bo.,; tao' 

I». Kind all the roots of the cquntion 2.r*+ 2 = 0. {Math. Trip. 1910.) 

10 . r | 1,0 pro)item of finding the accurate value ofa> ri in a nuiueriat form 
involving square root* only, as in the formula o> 3 = £ (— 1 + i\/3), is the 
algehiMie.il equ ivalent of the g eometrical probl em of inscribing a regular 
polygon of // sides in a circle of unit radius l\v Euclidean methods, ?>. by ruler 
and compasses, for this construction will Ik.* possible if and only if we can 
construct lengths measured by cos(2jr/w) and sin (2 tt jn) ; and this is possible 
('h. 11, Misc. Exs. 22) it and only if these numbers are expressible in a form 
involving square roots only. 

Euclid gives constructions for // = :*, 4, 5, ’6, H, 10, 12, and 15. It is 
evident that the construction is possible for any value of n which can be 
lound from these by multiplication by any power of 2. There are other 
s pecial value s of n tor which such constructions are possible, t he most inte r’ 
esting 1 icing n = 17. * 

Cl— |C»* f *-■*(£*.* - 3, *. it ss?, 2*=^s*j 


* w 


COMPLEX NUMBERS 


101 


48, 49] ^UJiri^CiA ii 

49. The general form of De Moivre’s Theorem. It 

follows from the results of the last section that if q is a positive 
integer then one of the values of (cos 0 4 -1 sin 0)' 7 is 

cos (0/q) + i sin (0/q)- 

liaising each of these expressions to the power p (where p is any 
integer positive or negative), we obtain the theorem that one ot 

the values of (cos d + i sin 0)»to is cos (p0/q) + i sm <p0!<l)> or th j^ */ 
a is any rational number then one of the values of (cos 0 + i sin 0) a is 

cos CX0 + i sill a0. 

This is a generalised form of De Moivre’s Theorem (§ 4.3). 


MISCELLANEOUS EXAMPLES ON CHAPl'Ett III. 

1 ♦ »,.,* .. triunolo I 

" *" « * s ‘ 

> - 3^* 31 K 

X YZ be the triangle. The displacenient^J j« 

/»»• nnmi direction. Since Cis 



= i i<a) s = td ;l we ii«i> e — v- y i ~ nci 

.5-0 or x+^+r-,-0. The re^lOol^w. froy> ,a 

XYZ, X’ Y’Z are two triangles, and ° W i •« 1 


„.iglc Htt in the positi _ .. f 

Cis(-jjir)=l /»,=«*, we have *-*-(*-y) ® 3 or r - 1Ic,u e 

• - • ~ ~ 

x + 1 / 0)2 +zw* = 

2 . If X 

TZ . rZ = zx . Z X = X Y . X Y\ 

then both triangles are equilateral. [Prom the equations 

(y _ z ) (y _ Z) = o - a-) (2' - -O = (•*•'-//) ( r ’ -y') = 

1 i v 1 ,/./ nr - S(/c'=0. Now apply the result of the 

say, we deduce 1 1 / 0 / — * / — u f or ' 1 

last example.] 

3. Similar triangles PCX, CA Y, A HZ are «loseri»>ed on the sides of a 
triangle A ISC. Show that the centres of gravity of .1/16’, X ) Z are coinoi. ui . 

[We have (x - c)/(b-c) = (y - «)/(c —) = <* - *>/<« = »>')’■ Ex l ,resS 

J (a:+y + z) in terms of u, b, c.) 

4. If A', K, are points on the sides of the triangle A PC, suoh that 

/ PX / XC—C Y/ YA = AZjZP = r, 

and if ABC, XYZ an. similar, then cither r-1 or both triangle arc 
equilateral. 

5. If A, It, C, D are four points in a plane, then 

^ AD. UC * PD . CA + CD . Alt. 


C.ll-o 

j^\ 


v K 


-*%■ l )' 


l 
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[Let 2 ,, z 2 , ^ 3 > -4 be the complex numbers corresponding to A, B, C, D. 
Then we have identically 

(.r, - -r 4 ) (x 2 -.r 3 ) + (.»«-.r 4 ) (.r 3 -x l ) + (x 3 - x 4 ) (a-j - x 2 ) = 0. 

Hence 

I (- r i - **) (•** - .r 3 ) ! = I (x 2 - x 4 ) (x 3 -x,) + (x 3 - x 4 ) (x, - x 2 ) | 

= (*2-*i) {■ v 3~ x l) ! + | (-*3 - -2*4) (*l “ *2) I-] 

G. Deduce Ptolemy’s Theorem concerning cyclic quadrilaterals from the 
fact that the cross ratios of four concyclic points are real. (Use the same 
identity as in the last exampleO 

7. If r 2 + r' 2 = 1, then the points 2 , s' are ends of conjugate diameters of an 
ellipse whose foci are the points 1,-1. [If CP, CD are conjugate semi- 
diameters of an ellipse and S. H its foci, then CD is parallel to tho external 
bisector of the angle .$777, and SP. IIP= CD*.] 

8. Prove that , a + b i 2 + a - b -= 2 {, a ; 2 + j b 2 }. [This is the analytical 
equivalent of the geometrical theorem that, if M is the middle point of PQ , 
then 0I*+0(f= 20M- + 2MP*.] 


9. Deduce from Ex. 8 that 

|u + N /(«2-6*;| + |«-^( a 8_62) j = | a+ i,j + j a _ftj. 

[If a+ s /(« 2 — lfi) = z l , a — s /(« 2 — ir)= 22 , we have 

-i i‘- + i -2 I * = A j :,+: 2 \- + k | c, -2 2 2 = 2 | a | 8 + 2 j « 2 — 6 2 1, 
and so (, 2 , + »2 j )* = *■ { «'-+\<r--b- +\L -)= «+b 2 + _ 6 2 o i — 7,2 [. 

Another way of stating the result is : if and z., are tho roots of 
uz- + 2/3z + y = 0, then 

!‘l +,2o = (1 /i Cl ){(;-^ + N 'ny ) + (;—£- s'ay ,)}.] 

10. Show that the necessary and sufficient conditions that both the roots 
uf the equation z-' + oz + 6 = 0 should be of unit modulus are 

, o i < 2, b =1, am b = 2 am a. 

[ i he amplitudes have not necessarily their princi{>al values.] 

11. If •r 4 + 4ffiJ* 3 4-Go.u- 2 -j-4o>»*+</ 4 = 0 is an equation with real coefficients 
and has two real and two complex roots, concyclic in the Argand diagram, then 

< r 3~ + « i 2 «/ 4 + a-P — — •2a l a v a 3 = 0 . 

12 . 1 he four roots of Oyi -1 ++ (k/o.r-’ ++ = 0 will be harmonic- 

related if 

•hi a 3‘ + a i~ a i + <-f-P — a 0 a.,ti 4 - 2tfj<f«<4 3 =. 0. 

[Express iro 3 t , 4 if 3li 24 ^ 12 . 34 . where ^,,= ( 2 , — 2 2 ) + -z 3 ) (z 2 -s 4 ) 

l r ii '*> * 3 , -4 a *e the roots of the equation, in terms of the coefficients.*] 


V 
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13. Tma.giTia.rv points and straight lines. Let ax + by + c = Q be 
^ an equation with complex coefficients (which of course may be real in special 

cases'). 

If we give x any particular real or complex value, we can find the corre¬ 
sponding value of y. The aggregate of pairs of real or complex values of r 
and y which satisfy the equation is called an imaginary straight line ; the 
pairs of values are called imaginary points , and are said to he on the lute. 
The values of x and y are called the coordinates of the point (.t\ y). " hen 

x and )/ are real, the point is called a real point : when a, b , c are all real (or 
can be made all real by division by a common factor), the line is called a real 
line. The points x=a+0i, y = y + 8i and x = a-0i, y*=y-&* arc said to >e 
conjugate ; and so are the lines 

{A + A’i)x+(B + B i)y + C+ C'i= 0, (A - A'i) *+<* - li i ) !/+ c - c=a 
Verify the following assertions every real line contains infinitely many 
pairs of conjugate imaginary points ; an imaginary line in general contains 
one and only one real point; an imaginary line cannot contain a pair of 
conjugate imaginary points and find the conditions («) that the line 
joining two given imaginary points should be real, and ( b ) that the point 
of intersection of two imaginary lines should be real. 

14. Prove the identities 

(x+y + z) (x ++ z<*i) (x +y*Z + -“>:<>- x 3 ++** ~ 

(x+y +z)(x+y*> a + z*>\) (x+yo>l + *«’) + *«*) {x +y«J + -«») 

= x*+//' + «* - 5 Jpyz + bxy-z 2 . 

15. Solve the equations 

X» - 3 ax+ (« 3 + 1) = 0, a-' - -W* + bd l .c + (a 1 - + 1) = 0. 

10. If/(x) = a 0 + «i- r + — +«*■«*! lhen 

{ /(x) + f(o>x) + ...+/ («" ' '■*)</« = «« + a " jn 4 + • • • + "a„ J A "» 

. being any root of .r»=l (exeept x=l), and X« the greatest multiple of » 
contained in k. Find a similar formula for <V + < V+n rn + “»*+*.!« l + —* 

17. if (1 +x) n = p„+pix + pp*+i 

n being a positive integer, then 

- -*»* «.»!*». Pt -- 

18. Sum the series 




■«' n3 


2 ! n - 2 ! + 5 ! n - &! + K • n ” H ! + n 1 ! 

» being . multiple of 3. Trip. 1800.) 

IB. It « i» a complex number eueh that 1*1=1. *«■ ‘tjf'u 
.r = (at + b)l(t-c) describe.* a circle as t varies, unless |c|-l, 

dcMcriljOH a ntraight line. 
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20. If t varies as in the last example then the point x=h{at + {bjt)} in 

general describes an ellipse whose foci are given by x-=ab, and whose axes 

are j a + j b | and | a j b j. But if | a \ =! b then x describes the Unite straight 
line joining the points - J{ab\ J(ab'). 

21. Prove that if t is real and 2 =* 2 - 1 + x /(ri - t 2 ), then, when t 2 < 1, 2 is 

represented by a point which lies on the circle x 2 +y 2 +x=0. Assuming that, 
when f 8 >l, denotes the positive square root of discuss the 

motion of the point which represents 2 , as t diminishes from a large positive 
value to a large negative value. {Math. Trip. 1912.) 

22. The coefficients of the transformation z = («Z+ b)l{eZ+d) are subject 
to the condition q,l-br= I. Show that, if c- *= 0, there arc two fixed points 
a, ft, i.e. points unaltered by the transformation, except when (a + d)-= 4, when 
there is only one fixed point a ; and that in these two eases the transforma¬ 
tion may be expressed in the forms 




Z-ft 


_ 1 _ 1 

Z-ft' z-a~Z^a + A - 


Show further that, if e = U, there will be one fixed point a unless a = rf, 
and that in these two eases the transformation may be expressed in the 
forms 

2 - a = A (/- a), z = A. 

Finally, if a, b, c, ci are further restricted to positive integral values (in¬ 
cluding zero), show that the only transformations with less than two fixed 
points are of the forms (l l z ) = (l/Z) +K, z = Z+ K. {Math. Trip. 1011.) 

2d. I rove that the relation - = (1 + Zi)j{Z + 1 ) transforms the part of the 
axis_p[ .r between the points 2=1 and 2 = - 1 into a semicircle passing 
through the points Z= l and Z= - 1. Find all the figures that can !>e obtained 
from the originally selected part of the axis oCx by successive applications of 
the transformation. (J/„M. Trip. 1912.) 

24. 1 f 2 = 2 Z+ Z- then the circle Z =1 corresponds to a cardioid in the 

plane of z. 

2 .\ Discuss the transformation 2 = h {Z+(\/Z)), showing in particular 
that to the circle s .-V- + V- = a- correspond the c on focal ellipses 


x- v- 

UV' + .Jj l-H--.) 


- ,5 - ^ (- + 1)~ = -f,^lll)en the unit circle in the 2 -pluiie corresponds to the 

Jiambola ll cos-’ A© = 1 in the Z-plune, and the inside of the circle to the 
outside of the paral>ola. 

27. Show that, by means of the transformation z= [{Z-ci)/(Z+ci)} 2 , 
the upper _bajfj>t the 2 -plane may be made to correspond to the interior of 
a certain semicircle in the Z-plane. 
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28. If z=Z 2 -l, then its c describes the circle |s| = *, the two corre¬ 
sponding positions of Z each describe the Cassinian ov al pu> 2 ==*> where 
pi, p 2 are the distances of Z from the points -1, 1. Trace the ovals for 
different values of *. 


29. Consider the relation az 2 + 2/izZ+bZ' 2 + 2(jz + 2fZ+c = 0. Show that 
there are two values of Z for which the corresponding values of ~ are equal, 
and vice versa. We call these the branch points^ in the Z and --plant's re¬ 
spectively. Show that, if z describes an ellipse whose foci are the branch 
points, then so does Z. 

[We can, without loss of generality, take the given relation in the form 

zr 4- '2zZ cos u> + Z~ = 1 : 


the reader should satisfy himself that this is the case. The branch points in 
either plane are cosec w and —cosec «. An ellipse of the form specified is 
given by 


| z + cosec w + z — cosec a> | = C y 
where C is a constant. This is equivalent (Ex. 9; to 


| 2 + v /( 2 * - cosec 2 *>) +|«-*/(** - cosec 2 o>)\ = C. 

Express this in terms of Z .] 

30. If z = aZ m + bZ n , where m, n are positive integers and «, l> real, then 
an Z describes the unit circle, 2 describes a hypo- or epi cycloid. 


3* Show that the transformation 


2 = 


(« + </*) Zy> + If 

‘ 72o - (« - di) ’ 


where «, 6, c, d are real and «* + d' 1 4- be >■ 0, and Z„ denotes tin <onjn 0 .itc ol 
Z , is equivalent to an inversion with respect to the circle 

c (.v 3 + >J l ) - 2>tx - 2 dy - h=0. 

What is the geometrical interpretation of the transformation when 

.d + d- + 0c < O f 



CHAPTER IV 


LIMITS OF FUNCTIONS OF A POSITIVE INTEGRAL VARIABLE 


50 Functions of a positive integral variable. In 

Chapter II we discussed the notion of a function of a real 
variable x, and illustrated the discussion by a large number of 
examples of such functions. And the reader will remember that 
there was one important particular with regard to which the 
functions which we took as illustrations differed very widely . 
Some were defined for all values of x, some for rational values 
only, some for integral values only, and so on. 


Consider, for exam]tie, the following functions: (i) .r, (ii) s lx t (iii) the 
denominator of .»•, (iv; the square root of the product of the numerator and 
the denominator of r, the largest prime factor of .r, (vi) the product of 
k'x and the largest prime factor of (vii) the .rth prime number, (viii) the 
height measured in inches of convict .v in Dartmoor prison. 

Then the aggregates of values of .r for which these functions are defined 
or, as we may wiy, the fiehts of definition of the functions, consist of (i) all 
values of./, t ii) <tlf fxjsitire values of .r, (iii) all rational values of x, (iv) all 
posit io rational values of .r, (v) all integral values of .r, (vi), (vii) all positice 
integral values of .r, (viii; a certain number of positive integral values of x y 
viz., 1, 2, ..., -V, where A’ is the total number of convicts at Dartmoor at the 
present moment of time*. 

Now let us consider a function, such as (vii) above, which is 
defined for all positive integral values of x anti no others. This 


* In the last case -V depends on the time, ami convict .r, where x has a definite 
value, is a different individual at different moments of time. Thus if wo take 
different moments of time into consideration wo have a simple example of a 
function y = F (j, f) of two variables, defined for a certain range of values of t , viz. 
from the time of the establishment of I>artmoor prison to the time of its abandon¬ 
ment, and for a certain number of positive integral values of x, this number 
varying with t. % 
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function may be regarded from two slightly different points <>t 
\fiew. We may consider it, as has so far been our custom, as a 
function of the real variable x defined for some only of the values a *t 


of x, viz. positive integral values, and say that for all other \aloes 
of a; the definition fails . Or we may leave values of ./• other* .... 

than positive integral values entirely out of account, and regard 
our function as a f unct ion of the positire integral vnnnhle n, 
whose values are the positive integers 

1, 2, :i, 4 . 

In this case we may write 

y = 

and regard y now as a function of n defined for all values of n. 

It is obvious that a ny function of * defined for all values of .r 
gives rise to a fun ct ion of n defined for all values of n. lluis tiom 
the function y = x' we deduce the function y = tr by merely 
omitting from consideration all values of x other than p->>iti\t 
integers, and the corresponding values of y. On the othei hand »..-■« ^ 
from anv function of » we can deduce any number of tiu. c^^A;;^^ 
r of X b y merely assigning values to y, corresponding to values of 
other than positive integral values, in a ivy way we please. s+ri** 

51. Interpolation. The problem of det enu ini.. -, a . Imut i..., 
shall assume, for all i>ositivc integral values of values agreeing "d 1 ,0f,e 

of a given function of n. is ..f extreme importance in higher mathematics. 

It is called the problem of functional inh-nmlatiof. 

Were the problem however merely that of finding function of r to 

fulfil the condition stated, it would of eourse present no difhculty w .atecer. 

We could, as explained above, simply fill in the missing values as we please.^ 
we might indeed simply regard the given values of the function o /< •>* '' 
the values of the function of * and say that the definition of the latte 
function failed for all other values of x. but such purely tlnon.tua so . 
are obviously not what is usually wanted. What is usually wanted is some 
formula involving * (of a-s simple a kind as possible) which assumes the gi'cn 

values for x = 1 2 

M„„. JJ. especially . . the ... « to ItoHf ••.■H.ksI l.v 

formula, there; is . an obvious soluti on. H for example y <f> ('* S K 1 

is a function of n, such a* n* «r cos nn, which would have n meaning esc. 

were n not a positive integer, we naturally take oiu function <> 

!/ = <P(x). Hut even in this very simple ease it is easy to write < L- 

almost equally ob vious s olutions of the prohlem. I M| ex.imp « 

y = </j (x) - 4 - sin xn 

q^surnes the value (n) for x = a t since sin nn = 0. 
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In other coses <p (») may be defined by a formula, s uch as ( — 1)", which 
censes to define for some values of x (as here in the case of fractional valuas 
of x with even denominators, or irrational values). But it may be possible 
to transform the formula i n such a way that it does define for all values of 
x. In this case, for example, 

(— l) n =cos nrr, 

if n is an integer, and the problem of interpolation is solved by the function 
cos xrr. 

In other cases <f> (x) may be defined for some va lues of x other than 
positive integers, but not for all. Thus from y = n n we are led to y—x*. 
I his expression has a meaning for some only of the remaining values of x. 
It for simplicity we confine ourselves to positivo values of x, then x* has 
a meaning for all rational values of x, in virtue of the definitions of 
fractional powers adopted in elementary algebra. But when x is irrational 
x' 1 has (so far its we are in a position to say at the present moment) no 
meaning at all. Thus in this case the problem of interpolation at once 
loads us to consider the q uestion of extending our definitions in such a 
way that x* shall have a meaning oven w hen x is irrationaT We shall see 
later on how the desired extension mav be effected. 




Again, consider the case in which 


y= 1.2 ... n 


n 


In this case there is no obvious formula in x which reduces to n ! for x=n, 
as x ! means nothing for values of x other than the positive integers. This 
is a cause in which attempts to solve the problem of interpolation have led to 
important, advances in mathematics. For mathematicians have succeeded 
in discovering a function ( the <la m ma-functio n) which possesses the desired 
property and many other interesting and important proi>erties besides. 

52. Finite and infinite classes. Before we proceed further 
it is necessary to make a few remarks about certain ideas of an 
abst-raeL-imd logical nature which are of constant occurrence in 
Bure Mathematics. 

In the first place, the reader is probably familiar with the 
notion of a class. It is unnecessary to discuss here any logical 
difficulties which may be involved in the notion of a ‘class’: 
roughly speaking we may say that a class is the aggregate or 
collection of all the entities or objects which possess a certain 
property, simple or complex. Thus we have the elass^of British 
subjects, or members of Parliament, or positive integers, or real 
numbers. 
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Moreover, the reader has probably an idea of what is meant 
fry a finite or infinite class. Thus the class of British subjects 
is a finite class: the aggregate of all British subjects, past, 
present, and future, has a finite number n, though of course we 
cannot tell at present the actual value of n. The class ot present 
British subjects, on the other hand, has a number n which could 
be ascertained by counting, were the methods of the census 
effective enough. 

On the other hand the class of positive integers is not finite 
but infinite. This may be expressed more precisely as follows. 

If n is any positive integer, such as 1000, 1,000,000 or any number 
we like to think of, then there are more than n positive integers. f.p j 
Thus, if the number we think of is 1.000,000, there are obviously 
at le;ist 1,000,001 positive integers. Similarly the class of rational 
numbers, or of real numbers, is infinite. It is convenient to 
express this bv saying that there are an infinite number of 
positive integers, or rational numbers, or real numbers. But the 
reader must be careful always to remember that by saying this 
we mean simply that the class in question has not a finite number 
of members such ns 1000 or 1,000,000. 

53 Properties possessed by a function of n for large 

values of n. We may now return to the functions of n which we 
were discussing in $50—51. They have many points of difference 
from the functions of ./ w hich we discussed in Chap. II. But theie 
is one fundamental char acteristic which the two classes ot func¬ 
tions have in common : the val ues of t he variable fur which they 
are defined form an infinite clas s. It is this fact which forms the 
basis of all the considerations wh ich follow and which, as \\e shall 
see in the next chapter, apply, mutatis mutandis, to functions of ./■ 
as well. 

Suppose that </>(») is any function of n, and that 1‘ is any 
property which <£(//) may or may not have, such as that of being 
a positive integer or ot being greater than I. Consider, lor each , v 
of the values //= 1, 2, 3, ..., whether 0(a) has the property 1* <»•' 
not. Then there are three possibilities— 

(a) <t>(n) may have the property 1* far all values ol n, or for 

^11 values of n except a finite number N of such values . 
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(6) 0 (n) may have the property for no values of n, or only for 

a finite number N of such values: fc, 

(c) neither (a) nor ( b ) may be true. 

' If ( b ) is true, the values of n for which 0 (n) has the property 
form a finite class. If (a) is true, the values of n for which <f> ( n) 
has not the property form a finite class. In the third case neither 
class is finite. Let us consider some particular cases . 

(1) Let 0 (»i) = n, and let P be the property of being a positive integer. 

Then 0 (h) has the property P for all values of n. 

If on the other hand P denotes the property of being a positive integer 
greater than or equal to 1000, then 0(«) has the property for all values of « 
except a finite number of values of n, viz. 1, 2, 3, ..., 999. In either of 
these cases (a) is true. 

(2) If 0 (/»)=«, and P is the proj>erty of being less than 1000, then (b) is 
true. 

(3) If 0 (»)=«, and P is the property of being odd, then (c) is true. For 
0 i./i) i.s odd if h is odd and even if n is even, and both the odd and the oven 
values of n form an infinite class. 

Example. Consider, in each of the following cases, whether (a), (6), or w 
(c) is t rue : 

(i) 0 (h) = h, P being the property being a perfect square, (tj 

(ii) 0(n)=/j„, where />„ denotes the nth prime number, P being the 

property of Iteing odd, 

(hi) 0 ih)=/7„, P being the property of being even, (t! 

(iv) 0(n)=/),,, P being the property 0(»)>n, (*-); n»t. 

(v) 0 (n)= 1 — (— 1)" (1/w), /’ Iteing the property 0(«)<1, co i *»•»•>***" •*«•**" 

(vij 0(n) = l -(- 1)" (1 /#*), P being the property 0(n)<2, (*-) 

(vii) 0 (h) — 1000 {1 + ( - 1)"}/»», P being the property 0 (n)<l,(M 5 

(viii) 0 (/») = 1 //i, P being the property 0 (n)cOOl, cA ; «•— •»> •••* 

(ix) 0(n) = (— 1)"/«, P l>eing the property j 0 (n) j<O01, •- *• **’ 

(x) 0 (n)= 10000 /h, or ( - 1)"10000 /h, P being either of the properties 

0(h)<-OO 1 or !0 (h)|<OO1, 

(xi) 0 («)=(« — 1 )/(■« + 1), P lteiug the property 1 -<£Cj)<'0001. 

54. Let us now suppose that 0 (h) and P are such that the 
assertion (a) is true, i.e. that 0 (h) has the property P, if not for 
all values of h, at any rate for all values of n except a finite 
number N of such values. We may denote these exceptional 
values by 

.* 


M i» •••> ”.V- 
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There is of course no reason why these A r values should be the 

+first N values 1, 2.A r , though, as the preceding examples 

show, this is frequently the case in practice. But whether this 
is so or not we know that 0(«) h as the property P it n > n y . 
Thus th£'%h prime is ydd if u > 2, n = 2 being the only exception 
to the statement; arid 1/n < '001 if n > 1000, the first 1000 values 
of n being the exceptions; and v ” 

1000 {1 + (- 1 )”]> < 1 

if n > 2000, the exceptional values being 2, 4. G, ..., 2u00. That 
is to ssxy, in each of these cases the property is possessed for oil 
values of n from a definite value onwards. 


We shall frequently express this by saying that 0(a) has the 7 

property for large, or very large , or all sufficiently large values ot n. xsmm 
Thus when/we say that 0 (//) has the property I* (which will as a 
rule be a/property expressed by some relation ot inequality) fin . ^ 
large values of n, what we mean is that we can determine some 
definite pumbcr, n 0 say, such that 0 (n) has the property for all 
values qf n greater than or equal to w 0 . This number n„, in the ( 

examples considered above* may be taken to be any number 


greater* than n x , the greatest of the exceptional numbers: it i-^ 

most natural to take it to be ;i Y +l. 

® ••• | 

ThVis we may say* that ‘all large primes are odd , or that l in is 

less thVm ‘001 for large values of n And the reader must make 

himself familiar with the use of the word large in statements of 

this kiild. Large is in fact a word which, standing by itself, has 

no mor<S absolute meaning in mathematics than in the language 

of comihon life. It is a truism that in comm on life a numbei , 

which is large in one connection is small in another, G goals is a i 

large spore in a football match, but G runs is not a large score m a 

cricket match; and 400 runs is a large score, but C400 is not 

a large income: and so of course in mathematics large genci.illx 

means''/ar^e enough, and what is large enough for one i>uij»o««- 

may not be large enough for another. 

# 

We know now what is meant by the assertion ’0(a) has the ^ ? 

property P for large values of n \ It is with assertions of this 
^kind that we shall be concerned throughout this chaptoi. 
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55. The phrase ‘n tends to infinity ’. There is a some¬ 
what different way of looking at the matter which it is natural tct. 
adopt. Suppose that n assumes successively the values 1, 2, 3, .... 
The word ‘successively’ naturally suggests succession in time, and 
we ina) r suppose n, if we like, to assume these values at successive 
moments of time (e.g. at the beginnings of successive seconds). 
Then as the seconds pass n gets larger and larger and there is 
no limit to the extent of its increase. However large a number 
we may think of (e.g. 2,147,483.647), a time will come when n has 
become larger than this number. 


It is convenient to have a short phrase to express this unending 
growt h of //, and we shall say that n tends to infinity, or n -*■ x> , 
this last symbol being usually employed as an abbreviation for 
‘infinity’. The phrase ‘tends to’ like the word ‘successively' 
naturally suggests the idea of change in time, and it is convenient 
to think of the variation of n as accomplished in time in the 
manner described above. This however is a mere matter of con¬ 
venience. The variable n is a purely logical entity which has in 
itself nothing to do with time. 

o 




The reader cannot too strongly impress upon himself that 
when we say that n ‘tends to ao ’ we mean simply that n is 
supposed to assume a series of values which increase continually 
and without limit. There is no number ‘ infinity*: such an 

equation as 

n = x 


is as it s t ands absolutely meaningless: n cannot be equal to co , 
because ‘equal’to x ’ means nothing. So far in fact the symbol 
x means nothing at all except in the one. phrase ‘tends to co 
the meaning oi* which we have explained above. Later on we 
shall learn how’to attach a meaning to other phrases involving 
the symbol x , lint the reader will always have to bear in mind 


% 


( 1 ) that x 'by itself means nothing, although phrases can- 

tunumi it sometimes mean something.-* — c..— «*«.*• 

. .... Co. r—if 

(2) that m every case in which a phrase containing the 


symbol x means something it will do so simply because we have 
previously attached a meaning to this particular phrase by means 
of a special definition. 
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Now it is clear that if'<#>(») has the property P for large values 
of », and if n ‘tends to ooin the sense which we have just 
explained, then u will ultimately assume values large enough to 
ensure that c£(//) has the property /. Ann so another \Vay ot 
putting the question 4 what properties has <f>(n) i‘>r sufficiently 
large values of n ?’ is 4 how does <t>(n) hehave as n tends to x: 

56. The behaviour of a function of n as n tends to 
infinity. We shall now proceed, in the light ot the remarks 
made in the preceding sections, to consider the meaning of some 
kinds of statements which are perpetually occurring in higher 
mathematics. Let us consider, for example, the two following 
statements: (a) l/n is small for large mines of n, (5) 1 -(l/«) ,s 
nearly equal to 1 for large mines of n. Obvious as they may 
seem, there is a good deal in them which will repay the reader’s 
attention. Let us take (a) first, as being slightly l lie simpler. 

We have already considered the statement 4 1/// is less than 01 
for large values of n’. This, we saw, means that the inequality 
1 /m < 01 is true for all values of n g reater than some definite 
' value, in fact greater than 100. Similarly it is true that 4 1/m if 
less than 0001 for large values of n ’ : in fact 1/m < 0001 it 
n > 10000. And instead of 01 or 0001 we might lake 000001 or 
•00000001, or indeed any positive number we like. 

It is obviously convenient to have some way of expressing the 
fact that any such statement as ‘ 1/m lex* than 01 J<>> huge 
values of n' is true, when we substitute for 01 any smaller 
number, such as 0001 or OOOpOl or any other number we can? 
to choose. And clearly we can do this by saying that ‘ h nu-ev e r 
small S may he (provided ofcoii.se it is posit ive). then l/n <6 for 
HuJ/unelitli/ large values of n ’. That this is true is obvious. I 4 or 
l/n < 3 if « > 1/3, so that our ‘s ufficiently large ’ values of n need 
only all be g reater than 1/3 . The assertion is however a complex 
one, in that it really stands for the whole class of assertions which 
we obtain by giving to 3 s pecial values such as 01. And of course 
the smaller 3 is, and the larger 1/3, the larger must be the least of 
the 4 sufficiently large’ values of «: values which are sutlu-ien.ly 
large when 3 has one value are inadequate when it has a smaller. 

The last statement italicised is what is really meant by the 

statement (a), that l/n is small when n is laig<- Sum \ 

# 8 


H. 
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(6) really means “if </>(n)=l — (1/n), then the statement ‘1 — <f> (n)< 8 
for sufficiently large values of n' is true whatever positive value^ 
(such as 01 or 0001) we attribute to 8”. That the statement (b) 
is true is obvious' from the fact that 1 — <f> (n) = 1 fn. 

There is another way in which it is common to state the facts 
expressed by the assertions (a) and (b). This is suggested at once 
by § 55. Instead of saying * 1 jn is small for large values of n ’ we 
say ‘1/n tends to 0_ as n tends to x \ Similarly we say that 
‘ 1 — (1/n) tends to 1 as n tends to x> ’: and these statements are 
to be regarded as precisely equivalent to (a) and (b). Thus the 
statements 

‘ 1/n is small when ?i is large’, 

‘ 1/n tends to 0 as n tends to oo 

% 

are equi va lent to one another and to the more formal statement 

% 

A*** ‘if 8 is any positive number,vjiowever small, then 1/n <8 
for sufficiently large values of n 

or to the still more forn\al statement 

-■ r- —■ 

‘ if $ is any positive number, however small, then we can 
find a number /vsuch that 1/n <8 for all values of n greater 
than or equal to n 0 \ 


The number n 0 which occurs in the last statement is of course 
a function of 8. We shall sometimes emphasize this fact by 
writing n 0 in the form n 0 (8). 

The raider .should imagine himself confronted by an opponent who 
questions the truth of the statement. He would name a series of numbers 
growing smaller and smaller. He might begin with -001. The reader would 
reply that 1/n <'001 as soon as n > 1000. The opponent would be bound to 
admit this, but would try again with some smaller number, such os 0000001. 
The reader would reply that l/«< 0000001 as soon as « >10000000: and so 
on. In this simple case it is evident that tho raider would always hnvo the 
better of the argument. 


We shall now introduce yet another way of expressing this 
property of the function 1/n. We shall say that ‘the limit of 1/n 
as n tends to x is 0 , a statement which we may express symboli- 
cally i n the form 


lim (!/») = 0, 
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or simply lim (1 fn')= 0. We shall also sometimes write 

‘ 1 /« — 0 


as n oo ’, which may be read ‘ 1 /n tends to 0 as n tends to x , oi 
simply ‘ 1/n — 0 \ In the same way we shall write 

lim [1 -(1 /»)} = 1, lim (1 -(!/»)} = •• 


or 1 — (1 /n) 1. 

57. Now let us consider ajlifterent example: let <f> (n) = 

Then ‘ is largej when n is large'. This statement is equivalent (•*> 

to the more formal statements 

« if A is any positive number, however large, then n- > A (H 
for sufficiently large values of n , 

‘ we can find a number ».(A) such that ii* > A for all values 
of n greater than or e<jual to // 0 (A) . on/ o ^ ^ 

And it is natural in this case to say that ‘ « 9 tends to cc as h 
tends to co or ‘ « 3 tends to cc with n ’, and to write 



ZC . 


Finally consider the function — — 

is la rge, but negati ve, when n is large , and wc 
‘ — n 3 tends to — co as n tends to cc ' and write 


In this case </>(») 
naturally say that. 



— -x . 


And the use of the symbol - 
will sometimes be convenient 
generally to use + cc instead 
uniformity of notation. 


oe in this sense suggests 
to write n" for ~ 

of cc , in order to secure 


that it 
■ » and 
greater 


But we must once more repeat that in all these statements 
the symbols c o , + co , - x mean nothin g whatever l^^Mdmniselves 
and only acquire a meaning when they occur in certain specia 
connections in virtue of the explanations which we have just 


^ given. 


8—2 
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58. Definition of a limit. After the discussion which 
precedes the reader should be in a position to appreciate the ^ 
general notion of a limit. Roughly we may say that <£ (n) tends 
to a limit l as n tends to x if c b(n) is nearly equa l to l when n is 
large. But although the meaning of this statement should be 
clear enough after the preceding explanations, it is not, as it 
stands, precise enough to serve as a strict mathematical definition. 

It is, in fact, e ciuivalent to a whole class of st atem ents of the 
type ‘for sufficiently large values of n, <f> (n) differs from l by less 
than S’. This statement has to be true for S = 01 or ‘0001 or any 
positive number; and for any such value of S it has to be true for 
any value of n after a certain definite value n u (8), though the 
smaller 8 is the large r, as a rule, will be this value n 0 (8), 

We accordingly frame the following formal definition: 

Definition I. The function <f>(n) is said to tend to the limit 
l as n tends to cc , if however small be the positive number 8, 

<f> (n) differs from l by less than 8 for sufficiently large values of n ; 
that is to say if, however small be the positive number 8, we call 
determine a number n 0 (8) corresponding to 8. such that <f>(n) differs 
from l by less than 8 for all values ofn greater than or etpial to n 0 (5). 

It is usual to denote t he ditferenc e between <£> (n) and l, taken 
positively, by fp(n) It is equal to <f>(n)-l or to l -<£(»), 

whichever is positive, and agrees with the definition of the 
modulus of <f> (») — l, as given in Chap. Ill, though at present 
we are only considering real values, positive or negative. 

^ ith this notation t he definition may be stated more short ly 
as follows : ‘ if, given any positive number, 8, however small, we 
can find n 0 (8) so that <p(u) — l\< 8 when n = n 0 (8), then we say 
that (f> (n) tends to the l imit l as n tends to x , and write 

lim cf> (n) = l 

II X 
• • 

Sometimes we may omit the *«-*•«’; and sometimes it is convenient, for 
brevity, to write «/» 

I lie reader will find it instructive to w ork out , in a few simple eases, the 
explicit expression of »„ as a function of 8. Thus if <£(.r)= 1 /« then 1 = 0, and 
the condition reduces to l/«<8 for n >«„, which is satisfied if h 0 =1 
There is one and only one case in which the same it 0 will do for all values of 8. 

Hire and henceforward we shall use [*] in the sense of Cliap. II, i.t. as the 
greatest integer not greater than x. 
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If, from a certain value X of a onwards, fl(») »» constantl y equal to C, then 
it is evident that — C= 0 for // so that the inequality <f>(n)-C <5 

is satisfied for an<l all positive values of <5. Xhd if ~ l < 5 for 

* >jV and all positive values of 5, then it is evident that </> («)=* when * = '> 
so that </> (w) is constant for all such values of w. 

59. The defin ition of a limit may be illiisi jatfid geo iiL Qt ncally 
as follows. The graph of <f{n) consists of a number of points 
corresponding to the values n= 1, 2, 3, — 

Draw the line y = l, and the parallel lines y = ! - 8, y = l + 8 
at distance 8 from it. Then 

lim <f) (n) = l. 


n 


sc 



y 


= 1 — 5 


if, when once these lines have been drawn, no matter how close 
they may be together, we can always draw a line .c - n 0 , as m the 
figure, in such a way that the point of the graph on this fine, and 
all points to the right of it, lie between them. We shall find 
this geometrical way of looking at our definition pa rtien), i r l X 
useful when we come to deal with functions defined t or all valu es r 
of a real variabl e and not merely for positive integral values. 

60. So much for functions of n which tend to a limit as a 
tends to :c . We must now frame corresponding definitions for 
functions which, like the functions /»* or - « 3 , tend to I'^'^ve or 
negative infinity. The reader should by now find no difficulty in 

appreciating the point of 

DEKINITION II. The function </>(") ** mid 1,1 -± - 

(poKitive infinity) with n, if when any number A, however U,rye, 

, is unsigned, we can determine (A) so that ^ (/<) > A vjhen n S«*(A); 
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that is to sat/ if, however large A may be, (f>(n) > A for sufficiently 
large values of v. 

(Another, less precise, form of statement is ‘ if we can make 
_* <p (n) as large as we please by sufficiently increasing n This is 
open to the objection that it o bscures a fundamental po int, viz. 

that <f> (/<) must be greater than A for all values of n such that 

& 

n ^ n 0 ( A), and not merely for some*siich values. But there is no 
hanu in using this form of expression if we are clear what it 
means. 

When <f>(n) tends to + x we write 

</>(») — + X . 

We may leave it to the reader to frame the corresponding 
definition for functions which tend to negative infinity. 

61. Some points concerning the definitions. The reader 

should be careful to observe the following points. 

(1) We may obviously alter the values of <f>(n) for any 
finite nu in.her_of val ues of n, in any way we please, without in 
the least affecting the behaviour of <f>(n) as n tends to x. For 
example l fn tends to 0 as n tends to oo. We may deduce any 
number of new functions from 1 fn by altering a finite number of 
its values. For instance we may consider the function <f>(n) which 
is equal to 8 for n = 1, 2, 7, 11, 10], 107, 109, 237 and equal to 
1/u for all other values of n. For this function, just as for the 
original function 1///, lim </> (a) = 0. Similarly, for the function 

(») which is equal to 3 if n = 1, 2, 7. 11. 101, 107, 109, 237, and 
0* ir otherwise, it is true that + x. 

(2) On the other hand we cannot as a rule alter an injinite 
uumbyr «»f the values of </>(/<) without affecting fundamentally its 
behaviour as u tends to x . If for example we altered the function 
1/a by changing its value to 1 whenever n is a multiple of 100, 
it would no longer be true that lim </> (a) = 0. So long as a finite 
number ot values only were a fleeted we could always choose the 
number a„ ot the definition so as to be greater than the greatest 
ut tlie values ot n for which </>(a) was altered. In the examples 
above, for instance, we could always take n 0 > 237, and indeed we 
should be compelled to do so as soon as our imaginary opponent v 


POSITIVE INTEGRAL VARIABLE 


119 


60, 61] mMllVC. initounu ■ -- 

of § 56 had assigned a value of 8 as small as 3 (in the first. 

♦ example) or a value of A as great as 3 (in the second). But 
now however large may be there will be greater values of » tor 

which (f> (n) has been altered. 

(3) In applying the test of Definition I it is of course 

absolutely essential that we should have </>(»)- 1 < 8 not ,n *‘ , ' el * v 
when n =*„ but when n i i.e. for and. forjdlJi EELfi!® 
of n. It is obvious, for example, that, if <f> («) is the function last 
considered, then given S we can choose n„ so that <£("> < « "hen 
n = „ 0 ■ we have only to choose a sufficiently large value of n 
which is not a multiple of 100. But, when a. is thus chosen, it 
is not true that <*>(") 1 < « when n S »„: all the mult.,.lee of 100 
which are greater than >i„ are exceptions to this statement, 

(4) If <b(n) is always g reater than__L we call replace 
: a, („) _ 1 1 by <b (n) - l■ Thus the test whether l/.i tends to the 
limit 0 as n tends to X is simply whether V»_<JS_ when n i 

If however <#.(«)=(-! )”/«• then l is again 0, but <*> (») - l some ; 
times positive and sometimes negative. In such a case we must 
state the condition in the form <#><">-* <8, lor example, ... 
this particular case, in the form | <*>(") , < s - 

(5) The Ibnit l may itself be o J1£ _o£j^<d« ! £L«l('TS <f 
tin). Thus .f f(n) = tT for all values of n it - obvious th,d 

liin </>(«)= 0. Again, if we had, in (2) mid (3) “ ■ 1 J () 

the value of the function, when n is a multiple ‘ “ 

instead of to 1, we should have obtained a "umUon ♦ < 
is equal to 0 when is a multiple of 100 and to I n «- 
The limit of this function as n tends to * is stil _o vio > 

This limit is itself the value of the function lor an minute nuinkl 

of values of n, viz. all multiples of 100. 

On the other hand the limit itself need not (and 
not) be the value, of the function for any value ,J n. to 
sufficiently obvious in the case of <£(.')-!,«■ ih e hm 
but the function is never equal to zero for any value ol 

The reader cannot impress these facts too strongly on his 

mind. A limit is not a value of the function : it -mctl.mg 
quite distinct from these values, though it is defined by >ts .claim.is 
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to them and may possibly be equal to some of them, 
functions 

<M*) = 0 , 1 , 

the limit is equal to all the values of <£(n):^for 

<f>{n)=l/n, (-1 Yin, 1+(1 /it), l + {(-l)“/n} 
it is not equal to any value of <p (n) : Jor** 

4> (n) = (sin knir)/n, 1 + {(sin i??7r)/n} 


For the 


(whose limits as a tends to go are easily seen to be 0 and 1, since 
sin £»7 t is never numerically greater than 1) the limit is equal to 
the value**v/hich </>(/>) assumes for all even values of n, but the 
values assumed for odd values of n are all different from the limit 
and from one another. 


(G) A function may be always numerically veiy large when 
n is very large without tending either to + jo or to - oo. A 
sufficient illustration of this is given by (f> (») = (- 1)» «. A function 
can only tend to + go or to — jo if, after a certain value of n± 
it maintains a constant sign. 

Examples XXIII. Consider the l»ehaviour of the following functions 
of x as v tends to x : 


1. <f> (n) = /i k , where k is a positive or negative integer or rational fraction. 
If /■ is positive, then tends to -f x with n. If k is negative, then lim «* = 0. 
If /• = 0, then //* = 1 f-.r nil values of «. llenco lim «*=rl. 

1 he reader will find it instructive, even in so simple a case as this, to 
^rito down a formal proof t hat the conditions of our detinition^aro satisfied, 
lake for instance the case of /•>(.>. Let A be any assigned number, however 
large. We wish to choose n Q so that a*>A when »>»,,. We have in fact only 
to take for an y num ber greater than i'A. I f e.g. k= 4, then a 4 >10000 when 
a >11, a‘> 101)000000 when n >101, and so on. 


<f> (a) — jj „, where is the «th prime nuinl>er. If there were onlv 

a finite number of primes then <p (a) would be defined only for a finite number 
of values of a. There are however, as was first shown by Euclid, infinitely 
,:.-a,^anv primes. Euclid’s proof is as follows. If there are onlv a finite 


(***) 

k T «&)*** *•* 1 


number of primes, let them be I, 2, 3, 5, 7, 11, ... A. Consider the number 
1 +(1 . 2 . 3 . f> . 7.11 ... A). This number is evidently not divisible by 
any ol 2 , 3, f», ... A, since the remainder when it is divided by any of 
these nm.il.ers is 1. It is therefore not divisible by any prime save 1, and 
is therefore itself prime, which is contrary to our hypothesis. 

It is moreover obvious that 0(*)>i» f or all values of * (save a = l, 2, 3). 
Hence <£ («)-* + x. ' v 
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3. Let (f> («) Le the number of primes less than n. Here again > »)-*■ + * • 

4. 0 («) = [«»], where a is any positive number. Here 

<P («)=0 (0^«<l/«i), <t> («) = 1 (l/«S«<2/o), 

and so on ; and </> (/<)-*- + ® . 

5. If <f>(n)= l.CKK)jX)0//t, then lim«£(») = 0 : and if ^(«)-«/Ip0QpO°, 6ien 
(»)-*. 4 30 . These conclusions are in no way affected by the fact that at fir st 

<£(«) is much larger than +(»), Uing in fact larger until « =1000/100. 

6. 4> (») = !/{» - ( - 1 )••}, * - ( - 1)-. « {1 - ( - m. The first function tends 
to 0, the second to +x , the third does not tend either to a limit or to + ji 

7. <^»(7<) = (sin u6n)/n, where 6 is any real number. Here </>'«.' <1 "» 
since | sin n6n | ^ 1, and Uni $ (//) = 0. 

8. </, (n)-(sin n6n)IJn, (« cos* *0 + &siu s **)/«, " hcre « ,mm1 6,m ‘ an * V ^ 
numbers. 

a. 0(n)= s in H«n. If 6 i» integral then *(..>=0 fur all value, of «, and 
therefore Urn (f> (n) = 0. 

Next let 0 be rational, *.g. 6 = p!q, "here /> and q are ,.ositive integer. 
Let n=aa + b\s here n is the quotient and b the remainder when J. 

by Y . Then sin (npr r/ Y ) = ( - 1)"" »ii> (VW^- Suppose, for example, /> even ; a 

then, as n increases from 0 to y — 1, <!>('*) takes the \alu<> 

0, sin(/>7 r/q) y sin (2//ir/y), ... * si, i !<V - 7*- 

When n increases from q to -if/ - 1 these values are repeated ; and so also 
as « goes from 2 q to 3f/ - 1, 3 q to 4f/-l, ami so on. 'I bus the values of </>l" 
form a perpetual rinl ic re pet it ii± n of a fin it*' xrru'x of <Jijf*itnt m tu*.. 
evident that when this is the ease <!>(u) cannot tend to a limit, nor <> + x , 
nor to — x , as n tends to infinity. 

The cose in which jj» irmtoXSTi* » .. . 11 » di ~" 1 

in the next set of examples. 


not 


62. Oscillating Functions. Definition. When 4 >(") t,n(fs 
__ tend^to a limit, »or\o + *> , nor to - , ns n tends to -o , we 

say that <£(//) oscillates as n tends to r. . 

A function <f>(n) certainly oscillates if its values as 

in the ease considered in the last example above, a continual 
repetition of a cycle of values. But of course it may oscillate 
without possessing this peculiarity. Oscillation is d efine, l_ m .a 
purely negative manner : a function oscillates when it does not do 

p certain other things. 
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The simplest example of an oscillatory function is given by 

<f> (n) = (— 1)", " 1 

which is equal to + 1 when n is even and to — 1 when n is odd. 
In this case the values recur cyclically. But consider 

<M«)=(-l);‘+(l/n), 

the values of which are —-H-- 

-1 + 1, 1 + (1/2), ^Y+(1/3),’ 1 + (1/4), -1-4- (1/5),- 

When n is large ever}' value is nearly equal to +1 or — 1, and 
obviously <j> (n) does not tend to a limit or to + oo or to — oo, and 
therefore it oscillates: but the values d o not recu r. It is to be 
observed that in this case every value of </>(») is numerically less 
than or equal to 3/2. Similarly 

<f> (n) = (- 1)* 100 + (1000/w) 

oscillates. When n is large, ever} 7 value is ne arly equal to 100 
qr to — 100. The numerically greatest value is 900 (for n = 1). 
But now consider cf> (??) = (— l) n n, the values of which are — 1, 2, 
— 3, 4, — 5, .... This function oscillates, for it does not tend to a 
limit, nor to + cc ,nor to — oc . And in this case we cannot assign 
any limit beyond which the numerical value of the terms does 
not rise. The distinction between these two examples suggests a 
further definition. 

Definition. // </>(/<) oscillates as n tends to oc , then <f> (n) will 
he saal to oscillate finitely or infinitely according as it is or is not 
possible to assign a number K such that all the values of <f>(n) are 
nuniericalfg less than K, i.e. j </> (») | < K for cjM values of 

These definitions, as well .as those of §§ 58 and 60, are further* 
illustrated in the following examples. 

Examples XXIV. Consider the behaviour as n tends to cc of the 
following functions: 

•t- *-1- o.f. 

1. (- l) n , 0 + 3 (- 1)", (1000000/a)+ (-!)», 1000000 (-l) n + (l/n). 

2. (- 11000000 + (- 1 )*n. * . 

3. 1000000 -T, (-1)"( 1000000-//V 

•1. » {1 +(— 1)"}. In this cii.se the values of $ (/?) are 

0, 4, 0, S, 0, 12, 0, 16, .... 

I he odd terms are all zero and the even terms tend to +ac : </»(») 
oscillates infinitely. 

• C.- 
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5. «2 + (— l)»2«. The second term oscillates infinitely, hut the first is 

very much larger than the second when n is large. In fact 0 (/<)=«* — - n ;lI, d 
ti 2 — 2n = (n — 1 ) 2 — 1 is greater than any assigned value A if a > 1-4V< A-4-1). 
Thus </,(«) — + «. It should he observed that in this case 0 2i + l) >s 
always less than 0 (2k), so that the function progresses to infinity bv a con¬ 
tinual series of steps forwards and backwards. It does not however oscillati 
according to our definition of the term. ^ 

(>. { l + ( _ 1)»}, ( _ 1 )n ** + n t /« 3 + ( - 1 ) H «*•'■ ( ~ - f ‘ 

7. sin ndir. We have already nc&M Exs. xxm. 9) that 0(«) oscillates 
finitely when d is rational, unless 6 is an integer, when 0(«O~O, 0(w<-*-O. 

The case in which 0_is irrational i s a little more difficult. But it is not 
difficult to see that 0<#i) -still oscillates finitely. We can without loss of 

generality suppose O<0<1. In the first place 0(«) <1- 

must oscillate finitely or tend to a limit. We shall consider whether tlie^ 

second alternative is really possible. Let us suppose that * 

lim sin h6tt = 1 • 

Then, however small 5 may be, we can choose /*„ so that sin n6n lies between 
and l + h for all values of a greater than or equal to „ n . ll-nce 
sin (?i + 1) 6n — sin ndrr is numerically lass than 2* for all such values of *. 

and so | sin cos (n -4- A) 6-n <5. 

Hence cos (/i + 4) drr =COS ndn COS £ 6-n -sin it Bn Sill A Bn _ 

must be numerically less than 1 sin A Bn . Similarly /-•— * ^ 

COS (ll — A) Bn = COS nBn COS A Bn -4-sill nBn sin A Bn 

must be numerically less than 3/1 sin IBn; and so each of cos ,>Bn «■- 1 ‘ ^ 

sin nBn sin £ Bn must lie numerically less than h: sin A On . ‘■ lt ’ 

cos nBn cos A Bn is very small if n is large, and this can <>n \ •< " ‘ . * 

if cos nBn is very small. Similarly sin nBn must l>c \ci\ . . . , 

must be zero. But it is impossible that cos „Bn and mi. nBn can bod, > . 

very small, as the sum of their squares is unity. Thus the >yi*" ,eM, \ 1,1 ; 

sin nBn tends to a limit / is imposMhle, and therefore oscillates., 

(in n tends to cc . 1 

The reader should consider with particular care the argument: 

* cos nBn cos A Bn is very small, and this can only be the case if ^ nBn 

is very small'. Why, he may ask, should it not he the other factor cs ^ 

which is ‘very small’? The answer is to Ik; found, of course. »> * 

of the phrase ‘ very small ’ as used in this couuudiun. '' her. we say 0 '' 

i h very Hiimll’ for large values of //, wc nimin tlmt i.m l ioo.m (v 

0(«) is numerically smaller than any assigned number, if " M ' ‘ 

large. Such an assertion is palpably absunl when made of a Ju'cn 

such as cos \6n, which is not wjro.k*-*-'*"** ,l|e • 

Prove similarly that cos nBn oscillates finitely , unless 0 is an even integer. 

8. tin n&r + W*), sin 1. sin nfeTT ' - 

* U. a cos ndrr + 6 sin nBn, sin 2 ndrr, a cos' 2 nBn +l> sin- 1 "On. 
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10. a + bn + ( — 1)" (c+dn) + e cos nBn+f sin ndn. 

11. n sin ndn. If n is integral, then 0(«) = 0, 0(7t)-»-O. If 8 is rational 
but not integral, or irrational, then 0 (w) oscillates infinitely. 

12. it (c cos* ndn + b sin” ndn). In this case 0(n) tends to + ® if a and 
b are both positive, but to — x if both are negative. Consider the special 
cases in which « = 0, 6>0, or «>0, b— 0, or a=0, 6=0. If a and b have 
opposite signs 0 (/<) generally oscillates infinitely. Consider any excep¬ 
tional cases. 

13- sin (n-8n). If 6 is integral, then 0 (h)-*-O. Otherwise 0 (h) oscillates 
finitely, as may be shown by arguments similar to though more complex 
than those used in Exs. xxm. 9 and xxiv. 7*. 

14. sin(?i!0jr). If B has a rational value pjq, then n\ 6 is certainly 
integral for all values of n greater than or equal to q. Hence 0(») -*-0. The 
case in which B is irrational cannot be dealt with without the aid of considera¬ 
tions of a much more difficult character. 

lf>. cos (« ! Btt), a cos- (n ! 8n)-\-b sin 2 (n ! Bn), where 8 is rational. 

1 (J. an - [6h], ( - 1 )** (,„n - [bn]). 17. [ % /»], ( - 1)" ~ [n'4 

18. The smallest prime factor of n. When n is a prime, <fi (n) = n. Whon 
n is even, 0(h) = 2. Thus 0(h) os cillates infin itely. 

19. The largest prime factor o f n. 

20. The number of dags in the gear » a.i>. 


Examples XXV. 1 . If «/>(«)-*■+ x and 0 (n)>(fi (n) for all values of 
u, then 0 («)-*- +- x . 

2 . If 0 («)_►.!>, and 0(a) s 0 ( 7 '): for all values of n, then 0(n)-*-O. 

3. If lim (p («) | =0, then lim0(a) = O. 

1. If0(a) tends to a limit or oscillates finitely, and | 0 («) |<j 0 (n) | when 
«=".>> then 0 («) tends to a limit or oscillates finitely. 


whei 


o. If 0 ih i tends to + x , or to — x, or oscillates infinitely, and 

0(")l= 0<» | 

■'="o. then 0 i n) tends to + x or to -x or oscillates infinitely. 

(i. • It 0 a) oscillates and, however great be n 0 , we can find values of n 

greater than n„ for which 0(h) > 0 (u), and values of n greater than h 0 for 
which 0 (/(.)< 0(«), then 0(n) oscillates’. Is this true? If not give an 
example to the contrary. 


i. If 0 [ii ) -~f as h x , then also 0 (n+p)-~l, p being any fixed integer. 
[ I his follows at once from the definition. Similarly we see that if 0 (h) tends 
to 4 -x or —x or oscillates so also docs 0(m+ji>).] 

8. The same conclusions hold (except in the case of oscillation) if p varies 
witli u but is always numerically less than a fixed positive integer .V ; or if p 
varies with n in any way, so long as it is always positive. 

’ See Bromwich’s Infinite Series, p. 48;>. 
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9. Determine the least value <>f /i„ for which it is true that 

> («) yt* + 2n>999999 (/<>«„), (b) m* + 2* > 1OO0000 

10. Determine the least value of n 0 for which it is true that 

(«) , t + (- 1)">1000 («>«,,), (b) /«+(- l)">lOOGOO0 

11. Determine the least value of /<,, for which it is true that 

(«) n 2 +2n>A (n>n„\ (b) «+(-l/*>A («>,> 

A being any positive number. 

[(„) «„=[ V /(A + 1)]: (b) « 0 = 1 + [a] or 2 + [a], according as [A] is 
even, i.e. n„= 1 + [A] + A {1 + (— 1 /■**}■] 

12. Determine the least value of a,, such that 

(a) n/(n- + 1)< 0(HJl, (b) (l/«> + J(-0- «-!< (K)001. 

when «>>i 0 . [Let us take the latter case. Iii the fust place 

(1/w ) + {( - 1)"/+ 1 V«*. 

and it is easy to see that the least value of « 0 , such that a + 1 /<-'<r 0 "<mo 1 

when «>/i 0 , is 1000002. Hut the inequality given is satisfied by /< = 1/ KHKX> 1. 

and this is the value of »»„ required.] 

63. Some general theorems with regard to limits. 

A. The behaviour of the sum of two functions whose 
behaviour is known. 

THEOREM I. If <f>(n) and yfr (n) tend to /units n. h, tnen 
(f> (n) -f \Jr (n) tends to the limit a + If- 

This is aim 


,.l,vh,..s» The argument which the reader wi 


* 'I 


There is a certain ambiguity in this phrase which the nn.lei will do w. II to 
notice. When one says ‘such an.l such a theorem is almost obvious’ one may 
mean one or other of two tiling /*One may mean • it is dmk-uhjo Jonl.i the t.utl. 
of the tlicorem * the theorem is such as common sense instinctively accepts . ns 
it accepts, for example, the truth of the propositions *2 t 2 = 4 ’ or th. base-angles 
of an isosceles triangle are equal’. That a theorem is ‘obvious ’ in this sense does 
not prove that it is true, since the most confident of the intuitiveJudgments of 


i • f • 

•vt'Al t. I 


common sens e are often fouml to be mistaken; and even if tin* tlu-on m i> tiu< 
the fact that it is also * obvious ’ is no reason, f oil not proving jt . if a |»rool can he 
found. The object of mathematics is to prove that certain premises imply ecu lam 
concluHions; and the fact that tlic conclusions may be* us ‘obvious* as the preimM-s 
never detracts from the necessity, and often not even from the interest of the proof. 
(K»liut sometimes (as for example here) we mean by "thin is almost obvious ^ 
something quite dilTerent from this. We mean ‘ft moment * n-lhction h«»u 
only convince the reader of the truth of what is stated, but should «1*° sum..* * 
him the general lines of a rigorous proof’. And often, when a statement is 
‘ obvious * in this sense, one may well omit, the proof , not because the proof is ... 
any sense unnecessary, hut becaus e it is a waste of t ime an d spaccjo h ^ l * i 1,1 p 

^>vhat the reader can easily supply for himself. 't r 




r ** 






»I 
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at once form in his mind is roughly this: ‘when n is large, <f> (n) is 
nearly equal to a and ^(n)^to b, and therefore their sum is nearly 
equal to a + b ’. It is weTi to* state the argument quite formally, 
however. 


Let 8 be any assigned positive number (e.g. -001, 0000001,...). 
We require to show that a number n 0 can be found such that 

i <f> («) + ^ («) - a - b | < 8 .(1), 

when n £ n 0 . Now by a proposition proved in Chap. Ill (more 
generally indeed than we need here) the modulus of the sum of 
two numbers is less than or equal to the sum of their moduli. 
Thus 

t (f>(n) + yfr (a) - a - b \ ^ \ (f> (n) - a \ + \ yfr (n ) - b |. 


It follows that the desired condition will certainly be satisfied if 
o can be so chosen that 


|+ \[r (n) -b[ < 8 .(2), 

when a = a 0 . But this is certainly the case. For since lira </> (n) = a 
we can, by the definition of a limit, find a, so that | </> (a) — a | < 8' 
when n S a,, and this however small 8" may be. Nothing prevents 
<>ur taking S' = 1,8, so that <f> (a) — a j < AS when a = n t , Similarly 
we can find a 2 so that | yfr (a) - b | < AS when n ^ n a . Now take w 0 
to be t he greater of the two numbers n 1 , n,. Then | <f> (n) — a | < ^8 
and j yfr («) — /> < AS when a S a 0 , and therefore (2) is satisfied and 
the theorem is proved. 

The argument may Ikj concisely stated thus: since lim <£(n) = a and 
lim \f/ («) = />, wo can choose a,, so that 

\ (f> (ii)-a \ <hd (n>»,), — b\<±5 (a > 74 ); 

and then, if n is not leas than cither a, or a 3 , 

! <£(") +'/'(«)-«~b |g| 0 (n)-a| + |0 («) — 6 |<d; 
and therefore lim {</>(/i) + ^ (»i)} = a + b. 

' + 64. Results subsidiary to Theorem I. The reader should 

have no difficulty in r verifying the following subsidiary results. 

1. If (ft (a) tends to u limit, but yjr (a) tends to + 00 or to — 0 0 

or oscillates finitely or infinitely, then cf> (n) + yjr (a) behaves like 

ir(n). ’ ~ 

--— 

2. If + co, and ^(a )—+00 or oscillates finitely, 

then <fy(«) + i r ^ n ) + = 0 . ^ 

1 - ^ 

" * 


ill. j 

<f 

100 % Y " 
oo_ V 

* 




H.3 
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In this statement we may obviously change + sc into — x 
^throughout. 

3. If cf> (») x and \p- (n) -sc, f/ie« <f>(n)+■ >]f (n) may oo — °o 

tfend either to a limit or to + x or fo — x or moy oscillate either 
finitely or infinitely. 

These tive possibilities are illustrated in order by (i) <f> » = n, \j/ n)= 

(ii) 0(«) = « 2 , 4- («)= -w, (iii) </>(") = ". iiv) <P (») =« + “ 1 •"> 

^ (?i)= - 7 t, (v) 0 («) = + ( - 1)“«, ^ (/<)= - «'• The reader should const met 

Additional examples o f each ea.se. 

4. // </> C/i) -*- + x ««r/ yfr (//) oscillates infinitely , //ten 
<^(n) + i/r(w) way tent/ fo + x or oscillate infinitely, but cannut_ 
tend to a limit . or to — x , or oscillate finitely . 

For yjr (») = {</> 00 + + (»): -<£(/<) ; and, if £(/«) + '/'(«) Shaved in any of the 
three last ways, it would follow, from the previous results, that yf/y") -* * . 


which is not the case. As examples of the two cases which are possible. 


consider (i) (a) = n-, \f,(n) = (— l) n /i, (ii) </>(«)="» 'I ( fi ) — f. lleie 

again the signs of +ce and — x may l>e permuted throughout. 

5. If <f> (n) and yfs (n ) both oscillate finitely, then <f> («) + \fr ( »> 
7Jiust tend to a, limit or oscillate finitely. 


Ah examples take 


(i) </> („) = ( _ 1)», ^(n) = (- 1;- - (ii) <t>{n) = 1 

6. If <f> (//) oscillates finitely, and yfr(n) infinitely . 

<f> («) -f- \\r (n) oscillates infinitely. 

For <jj (n) is in absolute value always less than a certain constant, >a\ A. 
On the other hand yfs (n), since it oscillates infinitely, must assume 'alues 
numerically greater than any assignable number (c.//. IGA, lOOA, ...). Ib iue 
<f> (») 4- (») must assume values numerically greater than an_\ assignable 

number (e.y. \)K, 1)9A', ...). Hence «/> («) + *(») must either tend to +x <>i 
— x or oscillate infinitely. But if it tended to + x then 

'K«)=W> (») + '/'(" )}-0(») 

would also t«;nd to + x, in virtue of the preceding results. 1 hus tj> «) + ^ («) 
cannot tend to +x, nor, for similar reasons, to — x: hence it oscillates 
infinitely. 

7. If both <t> (n) and yfr (//) oscillate infinitely, then <f> (n) + ifr(n) 
may tend to a limit, or to + x> , or to — *> , or oscillate either finitely 
or infinitely. 

Suppose, for inntancc, that cj> (n) = ( — 1 ) n n 9 while * s * n tmn < at Ii •»! 

the function* (-1 )"* 1 /*, {1 +( - l) w * “} w » < - l) n (,t + 1 ’’ 

( —l)*w. We thuH obtain example** of all five poH.sihilitic.s. 
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The results 1—7 cover all the cases which are r eally distinc t. 
Before passing on to consider the product of two functions, we 
may point out that the result of Theorem I may be immediately 
r ex tended to the sum of three or more functions which tend to 

. u, 00 - oO . 

r •.!/*•) limits as n oc . 


65. B. The behaviour of the product of two functions 
whose behaviour is known. We can now prove a similar 
set of theorems concerning the product of two functions. The 
principal result is the following. 

Theorem II. If lim <f>(n) = u and lim 0(«) = b, then 

lim 0 («) 0 (n) = ah. 

Let <M") = « + 0i (m). 0“ (n) = b + 0-, («), 

so that lim 0, (») =0 and lim 0,(/<) = U. Then 

0 <w) -0 (") = + "0i (>0 + b(f )i (n) + 0, (/?) -0, (n). 

Hence the numerical value of the difference 0 (a) 0 (n) — ab is 
certainly not greater than the sum of the numerical values of 
«0, (/i), 60, (n), 0i («)0i (n). From this it follows that 

lim {0 (w) 0 («) — «6} =0, 


which proves the theorem. 


The following is a strictly formal proof. We have 

0(«)0(») -ah < «0i(«)’+ 6</>,(»)| + |0 1 (n)H^ 1 («)|. 
Clionso //„ so 11 lilt 

</>, («I' < J8/J b | («) j < 18/ ! a I, 

when n ^ /<„. Thou 


| </> (/I) + (n) - ah I < Aft + 18+ {iS--/( \a.\h |)}, 

which is certainly less than 8 if 8< \ a ft!. That is to say we can choose 
a,, so that f/> (//) 00 ~ "ft ! < ft when « > « 0 , and so the theorem follows. Tlio 

reader should study the details of this proof attentively ; it is an elementary 
specimen of a type of proof perpetually occurring in higher analysis. 


We need hardly point out that this theorem, like Theorem I, 
may he immediately extended to the product of any number of 
functions of n. There is also a series of subsidiary theorems 
concerning products analogous to those stated in § 64 for sums. 
We must distinguish now «> different ways in which 0(a) may 
behave as n tends to oc . It may (1) tend to a limit other than 
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zero, (2) tend to zero, (3a) tend to + a c , (36) tend to — x , 
(4) oscillate finitely, (5) oscillate infinitely. It is not necessary, as 
a rule, to take account separately of (3a) and (36), as the results 
for one case may be deduced from those for the other by a change 
of sign. 

To state these subsidiary theorems at length would occupy more space 
than we can afford. We select the two which follow as examples, leaving the 
verification of them to the reader. He will find it an instructive exercise to 
formulate some of the remaining theorems himself. 

(i) If (fi (n) -+- + x. and '/'(«) oscillate* finitely, then </>(><) 'I' ( H ) must tend 
to +x> or to — cc or oscillate infinitely. 

Examples of these three possibilities may be obtained by Liking </>(«) to 
lie n and (n) to be one of the three functions 2 + ( - 1)", —2—( - lj", (— l/ 1 . 

(ii) If <p (n) anil ( n) oscillate finitely, then (ft (n) \|/ (n) must tend to a 
limit (which may he zero) or oscillate finitely. 

For examples, take (a) <f> («) = \fr («) = ( — l)’*i (6) </>(»)= *+( “ 1 )"> 

yfr (n) = 1 — ( — I)", and (c) (f> (a) = cos ff/m, yfr («)=sin \nrr. 

A p articular case of Theorem II which is important is that 
in which xk (») is constant . The theorem then asserts simply 
that lim k<f> («) = ka if lim <£(») = “• To this we ma .V the 

subsidiary theorem that if <f> (/<) — + then &</>(//)—c or 

1c </> (it) -- x , according as k is positive or negative, unless k = 0, 

when of course k<f> (n) = 0 for all values of n and lim kif) (n ) = 0. 
And if </>(«) oscillates finitely or infinitely, then so does k<f>(n), 
unless k = 0. 

66. C. The behaviour of the diffe rence or quot ient of 
two functions whose behaviour is known. There is, of 
course, a similar set of theorems for the difference of two given 
functions, which are obvious corollaries from what precedes. In 
order to deal with the quotient 

<£(/<) 

*(">' 

we begin with the following theorem. 

Theorem III. If lim 4> («) = a, and a isfiiot zero, then 


Let 


lim vy -r = - • 

<f> ( n ) a 

<f> (n) = a + <£, («), 


ii. 


9 
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so that lim (n) = 0. Then 

_J _1 1 4>i (») I 

4>(n) a |a||« +</>,(n)|’ 

and it is plain, since lim <£, («)= 0> that we can choose n 0 so that 
this is smaller than any assigned number S when n = 

From Theorems II and III we can at once deduce the principal 
theorem for quotients, viz. 

Theorem IV. If lim <p(n) = a and lim yfr(n) = b, and b is not 
zero, then 

.. d>(n) a 
lim —^ - 

'K'O b 

The reader will again find it instructive to formulate, prove, 
and illustrate by examples some of the ‘subsidiary theorems’ 
corresponding to Theorems III and IV. 

67. Theorem V. If R ( 7, )> x(. n )> •••} & any rational 

function of </>(//), yfr (n), x( n )> ••• > i- e - any function of the form 

P{<f>(n), x (»), •••! IQ\4>(n), 'fr(n), x (»), •••). 

where P and Q denote polynomials in <f>(n), yjr (n), x( n )> ••• • and if 

lim <f>(n) = a, lim \fr (n) = b, lim x (») = c ,..., 
and Q(a,b, 0; 

then lim R {<f> (n), yfr (?t), x( n )> ...} =i£(a, b, c, ...). 

For P is a sum of a finite number of terms of the type 

A \<f> (n)}*> {yfr (»)]«..., 

where A is a constant and p, q, ... positive integers. This term, 
by Theorem II (or rather by its ob vious extensi on to the product 
of any number of functions) tends to the limit Aavb* ..., and so P 
tends to the limit P (a, b, c ,...), by the similar extension of 
theorem I. Similarly Q tends to Q (a, b, c, ...); and the result 
then follows from Theorem IV. 

68. The preceding general theorem may be applied to the 
following very important p articular problem : what is the behaviour 
°J t he most general r atio nal fu nction of n, viz. 

S (n) = a * nV + a * nP ~ 1 + ••• +Q P 
b 0 ni + + ... + b q * 

as n tends to x> * ! 

* W o naturally suppose that neither « 0 nor is zero. v 
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00 09J X UtJl 1 A f U l ** X .— " • — — 

In order to apply the theorem we transform S (u) by writing 
? it in the form 


The term in brackets is of the form R {<#>(«)!, "here 

and so, by Theorem V, it tends, as n tends to oo , to the limit 

R (0) = a 0 /b 0 . Now n r-* —0 if p < q ; « p_9 =l and nV ' q — 1 lf 
p = q ; and — + oo if p > q. Hence, by Theorem II, 

lim S (a) = 0 (/> < 7 ), 

lim S(n) = afb u (p = <y)> 

N (») — + 30 (P > q, positive), 

S (n) — oc (p > q, o 0 /b 0 negative). 

Examples XXVI. 1. What is the behaviour of tluj functions 
/», _1\2 /7i— IV* «‘-+1 , , 


fei)*- "v 1 - 


as n yj { 


2. Which (if any) of the functions 

1 /(cos 2 3 4 /<rr +w sin* £ *nr), l/{n (cos* A hn + n sin* A air)}, 

(« cos* A arr + sin* £ »«■)/{« (cos* * uir + « sin* A ««r)l 

tend to a limit as w -»• co ? 

3. Denoting by .S'(a) the general rational function of n considered above, 
show that in all cases 


" ,n &(n) ' *00 


69. Functions of n which increase steadily with n. Art 

special but particularly important class of functions of n is formed 
by those whose variation as n tends to co is always .n__the_same 
direction, that is to say those which always increase (or always 
decrease) as n increases. Since -*(«> alwa y s increases it </>(») 
always decreases, it is not necessary to consider the two kinds of 
functions separately; for theorems proved for one kind can at 
once be extended to the other. 

Definition. The function <l> (») will be said to increase stead il;/ 
+with n if <Hn + l) Z <f> (n) for all values of n. 

r y — 2 
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It is to be observed that we do not exclude the case in which 
<f> («) has the same value for several values of n ; all we exclude ist. 
possible decrease. Thus the function 


0(n) = 2n + (-1)", 
whose values for n = 0, 1, 2, 3, 4, ... are 


Xy >K9 


1, 1, 5, 5, 9, 9,... 

. y- f I 

is said to increase steadily* with n. Our definition would indeed 
include even functions which remain constant from some value of n 
onwards; thus 0(n)= 1 steadily increases according to our definition. 
However, as these functions are extremely special ones, and as 
there can be no doubt as to their behaviour as n tends to oo, this 
apparent incongruity in the definition is not a serious defect. 


1 here is one ex ceedingly important theorem concerning 
functions of this class. 


IHEOREM. If 0(a) steadily increases with n, then either 
(i) 0 («) tends to a limit as n tends to oo, or (ii) 0 (n) -f oo . 

That is to say, while there are in general Jive alternatives as to v- 
the behaviour of a function, there are two only for this special 
kind of function. 



This theorem is a simple corollary of Dedekind’s Theorem 
(§ 17). W e divide the real numbers £ into two classes L an d R , 
putting £ in L or R according as 0(a) = £ for some value of n 
(and so of course for all greater values), or 0(a)<£ for all 
values of n. 


lhe class L_ ce rtainly exis ts; the class R_ may or may not . 
If it does not, then, given any number A, however large, 0(a)> A 
for all sufficiently large values of n, and so 


0(a) — + x . 


ii on the other hand R exists , the classes L and R form a 
section of the real numbers in the sense of § 17. Let a be the 
number corresponding to the section, and let S^be any positive 
number. Then 0(a)< a + 8 for all values of a, and so 0(a)^ «. 
On the other hand <f> (n) > a — 8 for some value of a, and so 
for all sufficiently large values. Thus 


a — 8 < 0 (a) ^ a 


POSITIVE INTEGRAL VARIABLE 


69, 70] 

for all sufficiently large values of n ; i.e. 


133 


<M") 


a. 


It should he observed that inj'eneml 0 (n) < « for all values of >i ; for if 
0 («) is equal to a for any value of n it must be equal to a for all greater 
values of n. Thus 0(a) can never be equal to « except in the case in which 
the values of 0 (») are ultimately all the same. If this is so, a is the largest 
member of L ; otherwise L lias no largest member. 

Cor. 1. 7/0 («) increases steadily with n,then it will tend to a 

limit or to + oo according as it is or is not possible to find a number 
JTsuch that 0 (a) < K for all values of tu 

\V e shall find this corollary e xceedingly useful later on. 

CoR. 2. If 0(h) increases steadily with n, and 0 («) < K for 
all values of n, then 0 (w) tends to a limit and this limit is less than 

or equal to K. 

It should be noticed that the limit may be equal to K : it e.g. 
0 („) = 3 — (1 /n), then every value of 0 («) is less than 3, but the 

limit is equal to 3. 

Cor. 3. If<f>(n) increases steadily with n.and tends to a limit, 
then 

0 (/<) < lim 0 («) 

for all values of n. 

The reader should write out for himself the corresponding 
theorems and corollaries for the case in which 0 (/i) decreases as n 
increases. 

70. The great importance of these theorems lies in tin- tact 
that they give us (what we have so far been without) a means of 
deciding in a great many cases, whether a given function of n 
does or does not tend to a limit as » - x , without requiring us to 
be able to guess or otherwise infer beforehand wit at the_ Ifjnttjs . It 
we know what the limit, if there is one, must be, we can use the 

test „ , 

| 0(«) - / | < 8 (« = Ho): 

as for example in the case of 0 («>- l/«. "here it is obvious that 
the limit can only be zero. But suppose we have to determine 

whether( m. a^.ts) 


/ 


1 \ n 


I ' • ' 

f / f ' ***^Jv 

t . ^ -<fc^5MfcSHWi 

r V •* 

I -< '• 
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tends to a limit. In this case it is not obvious what the limit, if 
there is one, will be: and it is evident that the test above, which > 
involves l, cannot be used, at any rate directly, to decide whether 
l exists or not. 

% 

Of course the test can sometimes be used indirectly, to prove by means of 
a rcductio ad absurdum that l cannot exist. If e.g. (f> (n)=( - l)", it is clear 
that l would have to be equal to 1 and also equal to — 1, which is obviously 
impossible. 

71. Alternative proof of Weierstrass’s Theorem of § 19. The results 
of § 09 enable us to give an alternative proof of the important theorem 
proved in § 19. 

If wo divide PQ into two equal parts, one at leas t of them m ust conta in 
in finitely many point s of S. We select the one which does, or, if both do, wo 
select t he left-hand hal f; and we denote the selected half by P x Q x (Fig. 28). 

If A Q\ is the left-hand half, P x is the same point as P. 



Pi — 

_ 

_ • — . . . . , i 

T 

— ®i 

P 


P ; - - 


Q s 

Q 


Pt~q 4 

Fig. 28. 


Similarly , if we divide P\Q X into two halves, one at least of them must 
contain infinitely many points of S. We select the half P 2 Q^ which does so, 
or, if l*>th do so, we select the left-hand half. Proceeding in this way we can 
define a sequence of intervals 




PQ, PxQu /VA-, /VA, .... 

each of which is a half of its predecessor, and each of which contains infinitely 
many points of S. 

I lie points P , P u P... progress steadily from left to right, and so P % 
tends to a limiting position T. Similarly Q ,, t ends to a limiting position TP. 
But TT' is plainly less thau P n Q n , whatever the value of n; and P n Q m , being 
equal to PQl 2 n , tends to zero. Hence V coincides with T , and P n and 
both tend to T. 

1 lien T is a point of condensation of S. For suppose that f is its 
coordinate, and consider any interval of the type (£—8, $+8). If n 
is sufficiently large, P n <J n will lie entirely inside this interval*. Hence 
(£-S) $ + 8) contains infinitely many points of S. 




72. The limit of sc n as n tends to x> . Let us apply the 
results of § 69 to the p articularly important case in which 
(f> («) = cr". It .r = 1 then <£ (/?) = 1, lim <j> (/t) = 1, and if x = 0 then 


<f>{n)=0, lim <f)(n)= 0, so that these 


special ca ses need not detain us. 


This will certainly be the case as soon as PQ) 2* < 3. 



c 
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First, suppose x positive. Then, since </>(» + 1) = x< \> (j ± )■ ^ 

^increases with n if x > 1, decreases as n increases if x < 1. 

If x > 1, then a n must tend either to a limit (which must M 
obviously be greater than 1) or to + oo . Suppose it tends to a c ^ 
limit Z. Then lim <f> (n + 1)= lim 0 («)*/, by Exs. xxv. 7 ; but 

lim <f>(n + 1) = lim *</> («) = x lim c p (n) = xl , 
and therefore Z = .zZ: and as * and Z are both greater than 1, this 
is impossible. Hence 

x n -*■ + oo (.r > 1). 

Example. The reader may give an alternative proof, showing by the 
binomial theorem that .r">l + «5 if 8 is positive and .r = 1+5, and so that 

x n + x . 

On the other hand x" is a decreasing function if x < _b an(1 («) 
must therefore tend to a limit or to - go . Since *" is positive 
the second alternative may be ignored. Thus Inn x n - l, say, and 
as above Z = xl, so that Z must be zero. Hence 

lim :c n = 0 (0 < x < 1). 

Example. Prove as in the preceding example that (1/r)" tends to + x if 
0 <x<l, and deduce that x n tends to 0. 

We have finally to consider the case in which x_ is negati ve. £ 

If _ 1 < < 0 and »-- 3, SO that 0< ,J < 1. then it follows from W 

what precedes that lim y n = 0 and therefore lim - 0. It x - 
it is obvious that x n oscillates, taking the values - 1, 1 alterna- 
lively. Finally if x<-\, and x = - y, so that y > 1, then y tends 
to + » , and therefore x” takes values, both positive and negative, 
numerically greater than any assigned number. Hence oscillates 

infinitely. To sum up: * 

(f, („) = x n -*+<*> 
lim (f> («) = 1 
lim </>(«) = 0 
<p(n) oscillates finitely 
<p (n) oscillates infinitely 

Examples XXVII*. 1. If <f> (») '* positive and wheTO 

Ky- 1, for all values of n, then </>(«)-•- + -c • 

• These examples are p articularly importan t and seVc'al of ‘hem will be made 
use of later in the text. They should therefore be studied very carefu >. 


(x > 1), 

(X = 1 ), 

(— 1 < X< 1), 

(x = — 1 ), 

(x < — 1 )• 
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[For 0(n)>/T0 ( n - 1) >K 2 (f>(n- 2)... >K n ~ 1 0(1), 
from which the conclusion follows at once, as K "-►x .] *■ j 

2. The same result is true if the conditions above stated are satisfied 
only when 

3. If 0 (n) is positive and 0 (n +1) < A'0 (n), where 0<K<1, then 
lim 0 (n)=0. This result also is true if the conditions are satisfied only when 
n >«. ■*>(•> *» 


* # 

> + l)_ /n + l\ r 

k«) i « y 


4. If |0(« + 1)J<^|0(7*)| when 7 i»h 0 , and 0<JT<1, then lim0(«)=O. 

5. If 0 (h) is positive and lim {0(n + l)}/{0(n)} = Z>l, then 0(a)-*-+». 

[For we can determine n 0 so that {0 (n +1)}/{0 (»)}> K>1 when «> 7 t 0 : wc 
may, o.g., take K half-way between 1 and l. Now apply Ex. 1.] 

6. If lim {(f) (>f + l)}/{$ (»)}=/, where l is numerically less than unity, 

then lim <£(?*) = (). [This follows from Ex. 4 as Ex. 5 follows from Ex. 1.] 

- „ ft' vm**'- 

1 7 . Determine the behaviour, as 1 of (f)(n) = it r x n , where r is any 

positive integer. 

, [lf.r=0 then 0 (h)=O for all values of h, and 0 (h)-*» 0. In all other cases 

01 

' 0 __ 

First suppose x positive. Then 0 (h) -*+ x if *>1 (Ex. 5) and 0(7i)-*O if 
£<2^ (Ex. 6). If x — 1, then 0 (h) = » r -»- + x . Next suppose x negative. 
The^i | 0(h) !=« r |a? |" tends to + x if |o?|gl and to 0 if |x|<l. Hence 
0 (hX os cillates infinitely if x<-\ and 0 (h)-*- 0 if - 1 <d<0.] 

8. ^Discuss h ~ T x n i n the same way. [The results are the same, except 
that 0f A n)-*»0 when .r=l or —1.] 

0. iWv up a_tahle_to show how n k x" behaves jis n—ac, for all real 
values of x^ and all positive and negative integral values of k. 

^"fhc reader will observe that the value of k is immaterial except in the 
special coses when -r=l or -1. Since lim {(n +1 )/;*}*= 1, whether k be 
positive or negative, the limit of the ratio 0 (h + 1)/0(h) depends only on 
.r, ami the behaviour of 0 (h) is in general dominated by the factor x*. The 
factor n k only asserts itself when x is numerically equal to 1.] 

.10. Prove that if dispositive then t'x— 1 as/*-**. [Suppose, e.g. t x> I. 
Then .*•, s 'x, ... is a decreasing sequence, and ^/.r>l for all values of n. 
Thus where !>l. But if f>l we can find values of n, as large as 

we please, for which #jc>1 or .»•>/" ; and, since f"-~ + x as h-*x, this 
is inn>os.sil»le .1 

_L_ [I*or M *l,/(»+l)<x / « if^(H + l)**<«’•*• or {1 +(!/«)}»< 


<■1 


<» 0 

I 


0 1 

I 

0 


• * 

s' - -3&6 


11 


which is certainly satisfied if h> 3 (see $ 73 for a proof). Thus #n deci-eases 
as n increases from 3 onwards, and, jus it is always greater than unity, it tends 
to a limit which is greater than or equal to unity. But if where f>l. 

then which is certai nly untr ue for sufficiently large values of"»[ 

since /■•> — +x with n (Exs. 7, 8).] ' ^ 
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12 Z/(n >)-*- + <» . [However large A may l*e, //! >A it w is large enou 0 u. 
.For if u n = A"/» ! then «„ + ,/«„ = A/(* + 1), which tends to zero as so 


ror II W n = tt : vug'll + ^ j 

that w n does the same (Ex. 6).] / 


13. Show that if -1 < x < 1 then 

i*w* Cl-14 . / 1 \ / 


m (at — 1) ••• (»» — « + !) „_{ m \ 
« n =- rt! - \n) 


tends to zero as «-*-<» . ^ ■«. =»*— • oc *-- 

^77— 7 T «„*, nt-H 

unless x = 0.] 

73. The limit of ( 1 4- . A more difficult problem which 

can be solved by the help of § 69 arises when <*>(”) = {1 + 1 «)"• 


t 

tU’ 


It follows from the binomial theorem* that 


/ 1 w (/i — 1) 1 

(! +n) “ 1+W ‘n + “nr*«* 


1 n (n — 1)1 n(n-l)...(»-« + 1 > 1 

- + i - o - - + + » n 


= 1+1 + 


iral 1 w) 


+ — 


+ x.a 1 ..»( 1 -:)( 1 -5)-( 1 “ « )• 

f 

f 9 The (/) + 1 )th term in this expression, viz. 

: -7Z7'4)(-D-(-':'); 

s:positive and an increasing function of m. a.uf the nuinbei 
>f terms also increases with «. Hence (1 + increases with n. 


and so tends to a limit or to + > as n 


x . 


Hut 


-< 1 + s )‘< 1 + 1 + 


1.2 + 1.2.3 + - + I.2.3-» 


•< 1 + 1+2 + 23 + * ’ * + 2 n ~ 


< 3. 


Thus (l + cannot tend to + 00 , and so 


«i »».; (axl S.r' 
where e is a numbe 


/ 1 \ n 

Inn ( 1 + -) =«. 

% u} 
in) , . „ 

•r such that 2 < e •». 


• The hineuiiul .hco r e,„ r„, . 
here, in a theorem of elementary algebra. 1 hi ot 
.to the theory of infinite aerie. and will he couriered later. 
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74. Some algebraical lemmas. Ifc will be convenient to prove at 

this stage a number of elementary inequalities which will be useful to us t 
later on. 

(i) It is evident that if a>l and r is a positive integer then 

r ****** ol\ 

ra r >a r ~ 1 + a r - 2 +... + 1 . 

Multiplying both sides of this inequality by a - 1, we obtain 

ra r (a - I)> a r — 1 : 

and adding r { a r - 1) to each side, and dividing by r (r+1), we obtain 

~r+r~ > ~y~ .-.a). 

Similarly we can prove that 

1 -0 r + , 1 -8 r 

< — ( 0<g<l) .(2). 

It follows that if r and s are positive integers, andr>V thon'^"' * ^ 

'•a. s ’ r < S .W* 

^ ere Q<P<l<a- I n particular , when s= 1, we have 

« r -l>r( a -l), 1-/3-<r(l-0) .(4). 

(ii) The inequalities (3) and (4) have been proved on the supposition 
that /' and * are positive integers. But it is easy to see that they hold under 
the more general hypothesis that r and * are any positive rational numbers. 

Let us consider, for example, the first of the inequalities (3). Let r=a/6, 

s ~ e /f* where a, l>, c , d are positive integers; so that ad>bc. If we put 
a = y , the inequality takes the form 

(y aJ — 1 )/ad > (y* — l)/bc ; 

and tins we have proved already. The same argument applies to the re¬ 
maining inequalities; and it can evidently bo proved in a similar manner that 

1 <•?(«-1), l-/3->*(l-/9) .(5), 

if is a positive rational number l ess than 1. 

(iii) In what follows it is to be understood that all_ the letters denote 
pQ Stf ire_ tiumbers, that r and , arc rational, and that a and r are greater 

and s U ' s * tlan l - Writing 1/0 for a, and 1/a for 0, in (4), we 

obtain 

n r -I era'-»(«-!), l-/3 r >r£ r -»(l-£) .(6). 

Similarly, from (5), we deduce 

«'-l >#«'-« (a- 1), l-0'<a,3*-*(1-/9) .(7). 

Combining (4) and (6), we see that 

ra r ~ 1 (a — l)>a r — l>r (a— 1) . 


( 8 ). * 
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Writing xly for a, we obtain t . 

v rx*-' {x-y)>x*-y r >ry r ~'(x-y) . 

if a:>y>0. And the same argument, applied to (5) and (/), loads to 

(x—y)<.x , —y*<*y , ~ l (a?—y) . ,10) - 

Examples XXVIII. 1. Verify (9) for r-2, 3, and (10) for s=l, l 

2. Show that (9) and (10) are also true if y>x>0. 

3. Show that (9) also holds for r<0. [Sec Chrystals Algebra , vol. ii, 
pp. 43—45.] 

4. If <£(n)-W, where />0, as n —oe, then — /fc » * being anj rational 
number. 

[We may suppose t> 0, in virtue of Theorem III of § 6(1. Suppose hrst 
that £> 1. Then 

k(t > k ~ 1 (<#>-/) ><f> k -l k >H k - 1 (<#>~0 
or £/*-» (/ -<{>)>l k -<t> k >i<t> k - l { l -<t>)> 

according as <*»/ or <*></. It follows that the ratio of | I I * ' 

remains between fixed positive limits as n-*>, and this proves the result 
Tlm preoYTeimiler when 0<*<1. The reeult is -till true when 1 = 0, 

4 . 

5. Extend the results of Exs. xxvu. 7, 8, 9 to the case in which r or L- 
are any rational numbers. 

75. The limit of » -1). If in the tirst inequality (3) of § 74 wo 

put r= l/(/i — 1)» «=l/«, we see that 

(n- l)("'i/a- l)>«(%/a-l) 

when a>l. Thus if * («)-» - D then 0 (,,) decreases steadily asin in¬ 
creases. Also *(«> is always positive. Hence *(«) to a hunt / 

7i-*-oo , and /SO. 

Again if, in the first inequality (7) of § 74, we put «-!/», we ohtam 

Thus /Sl-(l/a)>0. Hence, if a>l, we have 

lim m (^/a — 1) =/(«)i 

where /(«)>0. 

Next suppose #< 1, and let /3 -1 /a ; then » W -1)=-»W«-1 >W«- * "» 
« (C/a-1)—/(«). and (Exs. XXVII. 10) 

C/«— 1. 

Hence, if 0 = l/a<l, we have 

n (c'/a-1)—/(«). 

* Finally, if *-1, then « (C/x- l)-0 for all values of «. 


>’£~ 
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Thus we Arrive at the result: the limit 

Xwxmtfjx— 1) 3, 

defines a function of x for all positive values of x. This function f (x) possesses 
the properties -a 

f(Ux)= -f(x), ?(1)=0, 

and is positive or negative according as x> 1 or .r < 1. Later *011 we shall bo 
able to identify this function with the Napierian logarithm of x. 

Example. Prove that f (xg) = f (x) 4- f {y). [Use the equations 
f(xg) = lim n {^.nj - 1) = Iim {n {^x - 1) tfy+n Wy- 1)}.] 

76. Infinite Series. Suppose that u (n) is any function of 
n defined for all values of n. If we add up t he values of u(v) 
for v — 1, 2,... it, we obtain another functio n of n, viz. 

s(m) = m( 1 )+ 11 (2) 4-... + u(n), 

also defined for all values of n. It is generally most convenient 
to alter our notation slightly and write this equation in the form 


s n — m, 4 - v.. 4 - ... 4 - u n , 


or, more shortly, 


91 

s n = 5 ?/„. 

y=l 


If now we suppose that tends to a limit s when n tends 
to x , we have 


91 


lim S u v = s. 


n 


oc X' = 1 


1 his equation is usually written in one of the forms 


v „ _ 


»=t 


u v = s, u x 4- u.j 4 - u.j + ... = s, 


tlu- dots denoting the indefinite continuance of the series of us. 

I he meaning of the above equations, expressed roughly, is 
that by adding more and more of the u’s together we get nearer 
and nearer to the limit s. More precisely, if any small positive 
number 8 is chosen, we can choose n 0 (8) so that the sum of the first 

n 0 (8) terms, or any of greater number of terms, lies between s — 8 
and s 4 - 8 ; or in symbols 

s — 8 < s n < s+8, 

it n ~ u 0 (8). In these circumstances we shall call the series 

U x + f/.j + ... 

a convergent infinite series, and we shall call s the sum of the 

series, or the sum of all the terms of the series. 
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Thus to say that the series u, f 4 m^+ ... converges and has the 
14 sum s, or converges to the sum s or simply converges to s, i?> ineicl} 

another way of stating that the sum s „ = u fi + u M + ... + «»• ot - I lie . 
first n terms te nds to the limi t s as /» — oc , and the consideration 
of such infinite series introduces no new ideas beyond those with 
which the early part of this chapter should already have made 
the reader familiar. In fact the sum s n is merely a function <*>(»). 
such as we have been considering, expressed in a parhcujaMonn. 
Any function <f> (/<) may be expressed in this torm, by writing 

= 0) + + ••• + 1<M"> -<#»("“ 1): i 

and it is sometimes convenient to say that </>(”> converges (instead 

of ‘ tends ’) to the limit l, say, as 

If, n _ + 00 or s n - x , we shall say that the series u 0 +«,+ ••. 

is divergent or diverges to 4 x , or — x • as t ^ e t,li,e ,n< ^ ^ K ‘ 
These phrases too may be applied to any function </>(»)• thus 1 
d>(„) -* + oo we may say that <£('0 diverges to 4 x . It s„ does 
not tend to a limit or to 4 x or to - x . then it oscillates finitely or 
infinitely: in this case j we - say, | thiit the scries 4JG + ... oscillates 

^ finitely or infinitely*. \'£', •*»; ^ ] pi '‘ 

77. General theorems concerning infinite series. W In 11 

we are dealing with infinite series we shall constantly have 
occasion to use the following general theorems. 

(1) If converg ent, and has the sum .v, then 

a 4- ii, 4 w, + ... is convergent and has the sum a + s. Similarly 
a + 6 + c + ...4il'4«i + « s +... is convergent and has the sum 

a4Hc + ... + H#. 

(2) If u,4u,4... is convergent and has the sum .v, then 
u , n+1 + u, H+ . t 4 ... is convergent and has the sum 

«y — U\ — Wu — .. • ^ tn • 

(3) If any series considered in (1) or (2) diverges or oscillates, 
then so do the others. 

(4) If m, + «,4... is convergent and has the sum *•, t u-n 
ku x 4 feu? 4 ... is convergent and has the sum ks. 

• The reader should be warned that the words ■ d jv^r^t 1 and • » hcil)at <g y ’ 

oscillate Infinitely I«in« foreign writers use •diverKcnf 

ub meaning merely ‘ not convergent \ 
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(5) If the first series considered in (4) diverges or oscillates, 

then so does the second, unless k = 0. * 

(6) If u, + Ut + ... and i>, ... are both convergent, then 

the series (m, + i>i) + (u 2 + v 2 ) + ... is convergent and its sum is the 
sum of the first two series. 

All these theorems are almost obvious and may be proved at 
once from the definitions or by applying the results of §§ 63—66 to 
the sum s n = m, + it? + ... + u n . Those which follow are of a some¬ 
what different character. 

(7) If Ux + w«+ ... is convergent, then lim u n = 0. 

t For v n — s„ — s n _,, and s n and s„_ x have the same limit s. 

Hence lim u n = s — s = 0. 

• . • The reader may be tempted to think that t he converse of the theorem is 

Cx.o.jfo' true and that if lim » n =0 then the scries 2w„ must be convergent. That this 
is not the case is easily seen from an example. Lot the series be 

1 +A + 1+1+ ... 

so that u n = 1 In. The sum of the first four terms is 

l+i + ^ + J>l+A + j = l+ i + i. 

The sum of the next four terms is * + ^ + 1 + J>S ==£ ; the sum of the next 
eight terms is greater than and so on. The sum of the first 

4 + 4 + 8 + 16+...+2" = 2" + 1 

terms is greater than 

2+A + A +A + ... + A = A (« + 3), 

and this increases beyond all limit with 71 : hence the series diverges to + co. 

(8) If Uj + Ui + w s + ... w convergent, then so is any series 
formed by grouping the terms in brackets in any way to fonn new 
single terms, and the sums of the two series are the same. 

The reader will be able to supply the proof of this theorem. Hero again 
the converse is not true. Thus 1 — 1 +1 — 1 +... oscillates, while 

(1-1)+(1-I)+... 
or 0 + 0 + 0+ ... converges to 0. 

(9) If every term u n is positive (or zero), then the senes 2u n 
must either converge or diverge to 4- °c . If it convei'ges, its sum 
must be positive (unless all the terms are zero, when of course its 
sum is zero). 

For s n is an increasing function of n, according to the definition 
of § 69, and we can apply the results of that section to s n . •* 
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(10) If ever if term u„ is positive (or zero), then the necessary 
and sufficient condition that the series Zu H should be convergent is 
that it should be possible to find a number K such that the sum of 
any number of terms is less than K; and . if K can be so found, then 
the sum of the series is not greater than K. 

This also follows at once from § 69. It is perhaps hardly 
necessary to point out that the theorem is not true if the condition 
that every u n is positive is not fulfilled. For example 

1 - 1 + 1-1 + ... 

obviously oscillates, s n being alternately equal to 1 and to 0. 

(11) If «, + h, + .... t». + + ••• are tw0 series °f P olsitive (° r 

zero) terms, and the second series is convergent, and if u H ^ v„ for 
all values of n, then the first series is also convergent, and its sum is 
less than or eiptal to that of the second. 

For if v, + v 2 + ... = t then i>, + v a + ... + v n S t tor all values 
of n, and so «, +’«** + ...+ «« ^ « 5 which proves the theorem. 

Conversely, if is divergent, and v n S u n , then ±v n is 

divergent. 

78. The infinite geometrical series. We shall now con¬ 
sider the ‘ geometrical ’ series, whose general term is u n = r n ~\ In 

this case - ? „ 

s n = 1 4- r 4- r 3 4- ... 4- r n ~ l = (1 — r u ),(l — r), a,. 

except in the special ease in which r= 1, when 00 * 

s„=l + l + ... + 1 = »• 

In the last case .„- + *• I» thlJ K® noral s ” wil ' ten ? ** 

limit if and only if r* does so. Refemng to the results of § 72 

we see that the series I + r + »•’+ ... is convergent and has the sum 

1/(1 _ r ) if and only if — \ < r < 1 . 

If r S 1, then ». £ n, and so ~+«; the series diverges to 
+ 00 . If r = - 1. then - 1 or »„ = 0 according as n is odd or 
even: i.e. e. oscillates finitely. If r < - 1, then oscillates mhmtely. 
Thus, to sum up, the series 1 + r + r« + ... dtverges to + 
converges to 1/(1 - r) if - 1 < r < 1, oscillates fimtely rf r - - 1, 

and oscillates infinitely if r< — l- 

Examples XXIX. 1. Recurring decimals. The commonest example 
of S infinite geometric series is given by an ordmary .eeurnng decimal. 
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Consider, for example, the decimal ‘21713 This stands, according to the 
ordinary rules of arithmetic, for iM j‘ 4l inij 

2 1 7 1 3 1 ‘ 217 13 jf T x 2687^^ 

12375<> <1* 


10 + io 2 + 10 3 


+ 


10 * , ~106 + 10‘> + 107 + - 1000 "* 10 s 

The reader should consider where and how any of the ge neral theore ms of 
§ 77 have been used in this reduction. ~ ~ 




2. Show that in general 
*ai<z 2 ...a m diao. 

the denominator containing n 9’s and m Os. 


■ _ ffiffa...a m a i • • - °-n ~ gi<>3...fln 

^ 99...900...0 


3. Show that a pure recurring decimal is always equal to a proper 
fraction whose denominator does not contuin 2 or 5 as a factor. 


4. A decimal with m non-recurring and n recurring decimal figures is 
equal to a proper fraction whose denominator is divisible by 2 m or 5 m but by 
no higher power of either. 


f>. The converses of Exs. 3, 4 are also true. Let r=p/<jr, and suppose first 
that q is pr ime to 10 . If we divide all powers of 10 by q we can obtain at most 
q diflerent remainders. It is therefore possible to find two numbers n x and 

7i 2 , "‘here /<-.>«,, such that 10”' and 10” 1 give the same remainder. Hence 

10"' - 10”* = 10”' (10”'~” : - 1) is divisible by q, and so 10"- 1, where n~n l — n 2> •*- 
is divisible by q. Hence r may be expressed in the form P/(10 n — 1), or in the 
form 

P P 

10 " + 10 s " + •**» 

i.e. as a pure recurring decimal with n figures. If on the other hand q = 2 a 5 p Q , 
where (j is prime to 10, and m is the greater of o and £, then 10 m r has a de- 
nominator prime to 10, and is therefore expressible as the sum of an integer 
and a pure recurring decimal. But this is not true of 10^r, for any value of 
fx less than m ; hence the decimal for r has exactly m non-recurring figures. 

0. To the results of Exs. 2—5 wo must add that of Ex! I. 3. Finally, if 
we observe that 

y = JL + » . » . 

io io- io 3 -* 

we see that every terminating decimal can also be expressed as a mixed 
recu rring decimal whoso recurring part is composed entirely of 9's. For 
example, '217 ='2169. Thus every proper fraction can be expressed as a 
recurring decimal, and conversely. 

7. Decimals in general. The expression of irrational numbers as 
non-recurring decimals. Any decimal, whether recurring or not, corresponds 
to a definite number between 0 and 1. For the decimal 0 ^ 1 ^ 13 ^... stands 
for the series 
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Since all the digits a r are positive, the sum of the first n terms of this 
series increases with 7i, and it is certainly not greater than or 1. Hence 
* s n tends to a limit between 0 and 1. 

Moreover no two decimals can correspond to the same number (except in 
the sjHicial case noticed in Ex. 6). For suppose that - U|« 2«3 m b l b i b 3 ... are 
two decimals which agree as far as the figures « r _i, b r _ t , while a r >b r . 
Then « r >6 r + 1 > b r • 6 r + I 6 r „ 2 ... (unless fe r + 1 , & r + 2 , ... are all 9’s), and so 

'fl|f/j... a T tt r + i ... ^ b\ b 2 ... b r b r 1 1 .... 

It follows that the expression of a rational fraction as a recurring decimal 
(Exs. 2—6) is unique. It also follows that every decimal which does not 
recur represents some irrational number between 0 and 1. Conversely, any 
such number can be expressed as such a decimal. For it must lie in one of 
the intervals 

0, 1/10; 1/10, 2/10; ... ; 9/10, 1. 

If it lies between r/10 and (r+ 1 )/10, then the first figure is r. By subdividing 
this interval into 10 parts we can determine the second figure; and so on. 
But (Exs. 3, 4) the decimal cannot recur. Thus, for example, the decimal 
1-414..., obtained by the ordinary process for the extraction of s '2. cannot 
recur. 

Jl.i+y 8. The decimals -1010010001000010... and 2020020002000020..., in 
which the number of zeros between two l’s or 2’s increases by one at each 
stage, represent irrational numbers. 

9. The decimal 11101010001010..., in which the nth figure is 1 if n is 
prime, and zero otherwise, represent* an irrational number. [Since the 
number of primes is infinite the decimal docs not terminate. Nor can it 
recur: for if it did we could determine m and p so that m, m+p , tn + iip, 
m + Zp, ...are all prime numbers ; and this is absurd, since the series includes 

m + m p. ]* 

Examples XXX. 1. The scries r"* + r”** 1 + ... is convergent if - 1 <r< 1, 
and its sum is 1/(1 -r)-l - r- ... (§ 77, (2)). 

2. The series r ,n + r m * l + ... is convergent if - 1< r < 1, and its sum is 
r”‘/(l - r) (55 77, (4)). Verify that the results of Exs. 1 and 2 are in agreement. 

3. Prove that the series 1 + 2r+2r* + ... is convergent, and that its sum 

is (1 + r)/(l - r), (a) by writing it in the form - 1 +2 (1 + r + r* + ...), (ft) by 
writing it in the form 1 + 2(r + r“+...), (y) by adding the two series 

l +r + r i + r+r*+.... In each wise mention which of the theorems of 
55 77 are used in your proof. 


• All the results of Exs. xxix may be extended, with suitable modifications, to 
decimals in any bcuIo of notation. For a fuller discussion see Bromwich, Infinite 
Strie*, Appendix I. 

II. 


10 
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4. Prove that the ‘arithmetic’ series 

o. (ot+ 6) + (ct + 26) 4* ••• 

is always di vergent , unless both a and b are zero. Show that, if b is not 
zero, the series diverges to + oo or to — so according to the sign of b, while if 
b = 0 it diverges to + oo or — cc according to the sign of a. 

5. What is the sum of the series 

(1 - r) + (r — r 2 ) + (r 2 — r 3 ) + ... 

when the series is convergent ? [The series converges only if - l<r< 1. Its 
sum is 1, except when r=l, when its sum is 0.] 

r 2 

6. Sum the series r 1 + --^ + 

1 + r- 

vergeut. Its sum is 1 + except wheu r=0, when its sum is 0.] 

7. If we assume that 1 4-r+r 2 + ... is convergent then we can prove that its 
sum is 1/(1 —r) by means of § 77, (1) and (4). For if 1 + r+r* + ... =# then 

s= 1 + r (1 + r 2 + ...) = 1 +rs. 

•S. Sum the series r + r— —I- 

1 + r (1+r) 2 

when it is convergent. [The series is convergent if — 1 < 1/(1 + r)< 1, i.e. if 
>•< - 2 or if r>0, and its sum is 1 + r. It is also convergent when r=0, wheu 
its sum is 0.] 


(1+r-') 2 


itt-o +_ [The series is always con- 


lb Answer the same question for the series 

r 


r r 

f+r + iTTr) a “*“’ 


r + 




*-i+r + (rT>) 1+ rb + (rb)' + -- 

1 (> . <'onsidcr the convergence of the series 

(1 +r) + (r*+ r*) + ..., (1 +r + i-)+(r 3 + > 4 +*^) + .-., 

1 - -Jr + r- + r 1 - 2H + r 5 +..., (1 — 2 r + r-) + (r 3 - 2H + r’) + . 

.iiul tind their sums when they urc convergent. 


• • ? 


lb If then the series </„ + «,r + </.,r'*+... is convergent for 

U^r<], and its sum is not greater than 1/(1 —r). 

12. If in addition tlio series «„ + </, +a 2 +... is convergent, tlieu the series 
0,1 + 0 ,r- 4 -... is convergent for 0 <r<l, and its sum is not greater than 
the lesser of t/ rt +CT l + u 2 + ... and 1 /( 1 -r). 


13. The series 


1+ I + 1^2 


+ 1 . 2.3 + 


is convergent. [For 1/(1.2...n)s 1/2"- 1 .] 
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14. The series 


1 + 


+ 


1.2 ' 1.2.3.4 


o ■«+•••» 


1 + 1 . 2 . 3 + 1 . 2 . 3 . 4 . 5 + *" 


are convergent. 

15. The general harmonic series 


1 1 + 1 


+ ... , 


where a and 6 are positive, diverges to -l-cc. 

[For u n =\l(a + 7ib)>ll{n(a + b)\. Now compare with l+i + i+.-O 

1G. Show that the series 

(« 0 — «») + («! — Wj) + (« 2 — Ma)+ ••• 
is convergent if and only if «„ tends to a limit as a-»-x . 

17. If «, + m 2 ++ is divergent then so is any series formed by 
grouping the terms in brackets in any way to form new single terms. 

18. Any series, formed by taking a selection of the terms of a convergent 
series of positive terms, is itself convergent. 

79. The representation of f unctions of a continuous 
real variable b£ means of limits. In the preceding sections 
we have frequently been concerned with limits such as 

lim <f>„ (•' )> 

Jl » 

and scries such as 

Wl (x) + </■,(•') + ••• = Km {«. (a.*) + (•'•) + ••• + (•');, 


/I -»» X 


in which the function of /< whose limit we are seeking involves, 
besides n, another variable In such cases the limit is of course 
a function of *. Thus in § 75 we encountered the function 

f(x) = lim n (\/.c — 1): 

II -*■ X 

and the sum of the geometrical series 1 + x + x ! + ... is a lunctioii 

of x, viz. the function which is equal to 1/(1 - •<•) if - l <x< \ and 

is undefined for all other values of x. 

Many of the apparently ‘ arbitrary ’ or ‘ unnatural’ functions 

considered in Ch. II are capable of a simple representation of this 

kind, as will appear from the following examples, 
f 10—- 
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Examples XXXI. 1. 0„ (x)=x. Here n does not appear at all in the 
expression of 0„ (x), and 0 (x)=lim 0 n (x)=x for all values of x. 

2. 0 n (x)=x Jn. _ Here 0 (x)=lim 0„ (x)=0 for all values of x. 

3. (f) n (x)=nx . If x>0, 0„(.r)-*- + oo ; if x<0, <p n (x)-*- —ac : only when 
x=0 has 0*(x) a limit (viz. 0) as n-»-x. Thus 0(x) = O when #=0 and is 
not defined for any other value of x. 

4. 0 n (x) = 1 /nx t nx/(nx + 1). 

5. 0„ (x) = x n . Here 0(x)=O, ( — 1<x<1) ; 0 (x)=l, (x=l); and 0(x) 
is not defined for any other value of x. 

6. 0„(x) = x n (1 — x). Here 0 (x) differs from the 0 (x) of Ex. 5 in that 
it has the value 0 when x<= 1. 

7. 0„(x) = x"/7i. Here 0(x) differs from the 0(x) of Ex. 6 in that it has 
the value 0 when x= — 1 as well as when x= 1. 

8. 0»(x)=x»/(x" +1). [0(x) = O,(-l<x<l); 0(x) = £,(x=l);0(x)=l, 

(x<-l or x> 1); and 0(x) is not defined when x= — 1.] 

9. 0 n (x)=x»/(x’‘-l), \/(x n + 1), l/(x"-l), l/(x»+x—), l/(x* — x~ n ). 

10. 0 B (x) = (x n -l)/(x» + l), (/ix* — l)/(nx" +1), (x"-n)/(x"+n). [In the 
first case 0(x) = 1 when |x|> 1, 0(x) = -1 when |x|<l, 0(x)“=0 when x=l 
and 0(x) is not defined when x= — 1. The second and third functions differ 
from the first in that they are defined both when x=l and wheu x= —1: the 
second 1ms the value 1 and the third the v*ilue - 1 for both these values of x.] 

11. Construct an example in which 0(x)=l, (|x|>l); 0(x)=-l, 

(| x | < 1) ; and 0(x) = 0, (x=l and x= — 1). 

12. 0 n (X) = X {(x 2 * - 1 )/(x»" + 1 )} *, 7l/(x* + X" » + »). 

13. 0„ (x) = {x" / (x) + g (x)}/(x** + 1). [Hero 0 (x) =/ (x), (| x j > 1); 
0(x) = « 7 (x), (|x |< 1) ; 0 (x) = i{/(x)+$r(x)}, (x=l); and 0 (x) is undefined 
when x— — 1.] 

14. 0„(x) = (2/jt) arc tan («x). [0(x) = l, (x>0); 0(x)=O, (x=0); 

0(x)= —1, (x<0). This function is important in the Theory of Numbers, 
and is usually denoted by sgn x.] U'V 4 * 

15. 0* (x) = sin /ixrr. [0(x) = O when x is an integer; aud 0(x) is 
otherwise undefined (Ex. xxiv. 7).] 

16. If 0„(x) = sin (u'.xn) then 0(x) = Ofor all rational values of x (Ex. 
xxiv. 14). [The consideration of irrational values presents greater difficulties.] 

17. 0 n (.r) = (cos s XTr)“. [0(.r) = O except when x is integral, when 
0(x) = l.] 

18. If A T > 1752 then the number of days in the year X a.d. is 

lirn J365 + (cos* |*Vjr)* — (cos 2 yJo^VV’-Keos 2 yJ 0 *V»r)*h 


V 


X 
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jri.80. The limits of indetennination of a bounded function. 1“ 

this section, and in those which follow immediately, we shall examine the 
various possibilities as to the l>ehavionr of a function as n-+-*, more 

closely than in §§ f>6 et seq.* 

If a number II exists such that // <<£(») for all values of n, we say that 
is bounded below. If a number K exists such that <j>(n)< K for all 
values of n, we say that <*>(«) is bounded above. If </>(«) is l*ounded both 
below and above, we shall say simply that it is bounded. It is evident that 
a bounded function must tend to a limit or oscillate finitely . 

Let us suppose that * («) is bounded and that II<*(n)<A, and let $ be 
a nv real number . Then there are two possibilities . Either (1) <*>(*)>£ for * n 
an infinity of values o f », or this as sertion is false. In the latter case * («)=£ 
for all sufficient^ farge'values bT», that is to say (2) we can find a number 
«„(£) such that <*>(«) when n>n 0 ($). 

We divide the real numbers $ into two classes L and It, putting $ in L or II 
according as it possesses the property (1) or the property (2). It is plain that f> 
cverv number l»elongs to one and only one of the classes, and that any number 
of L is less than any number of II. Also II belongs to A and A to It I bus 
all the conditions (1), (2), and (3) of Dedekind’s Theorem are satisfied. T here 
is therefore a real number v winch has the properties that, dS >^1^% #i ... 
number, then'tf an infinity of value s of « amt (in </> (»)■<y + * 

for all sufficiently large values of that is to say when sl, all 

call v the upper limit of indetennination of * ( n ) as n-~co ; and we shall uri c 

lim <f>(n) = v. 

91 * 

In the same way we can establish the existence of a number X which 
possesses the properties that, if A is any positive number, then (i) *(n)<\ + 6 
for an infinity of values of n and (ii) <f> («) >X - A for all sufficiently large values 

of a, that is to say when n S *,(«). Wo call X the - - 

of <bln\ and write , , . N * . ><*M :=> *-fe • ~ 

r lllll (f> (w) = A. 

81. From the facts that *(n)>v-b for an infinity of values of », and 
that d>(n)<v + b for all sufficiently large values of n, it follows at once tl.at 
however small A may be,‘there arc aninfinity of Vito* ♦ 00 i&t»» interval 
(v-fi, v + Ajj and so that we can determine a sequence «„ #t„ ... «* N * llues 

of n hucIi that 

as oo. And, since *<»><* + « for all sufficiently large values of «, no 
number ( greater than „ possesses this property. Thus the upper hunt of 
indetennination is t he greatest number uduc^ 

selected from the values of* (»). Similarly the lower limit of indett. m.nat.on 
is the least such number. 

• These sections are at a less elementary character, and the reader may at 
# once? pane on to § 85, if he prefer** to Jo bo. 
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82. The (upper and lower)hotmds of a hounded function. In¬ 
stead of proceeding as in § 80, we may co nstruct a section of the real 
numbers as follows . We put £ in L if 0(n)>£ for_any value of n, and in R 

if 0(«)^£ for «ft_values_ of ,22 T-he - mnfiber'*cfefincd by this section we call 

the upper bound of 0 (n) and denote by h. Then A is the least number £ tuck 
that 0 (n) <£ for all values of n. Similarly we may define the loicer bound g, 
the greatest number £ such that 0 (n) 2:£ for all values of 7». The interval 
(g, A) is the smallest interva l w hich contains al l the values of 0 («). 

There are two possibilities with regard to A. It may happen that 
0 (n) = h for one or more (possibly for infinitely many) values of n. In this 
case A is t he greatest value of 0(») . Or on the other hand it inay l>e that 
0 (») < h f or all valu es of n. It is then certainly true that, however small 
6 may be, 0 («) > A - 6 for some values of n y and so that a sequenc e n,, t? 2 , « 3 , ... 
can be found such that 

0 («*)-•->*» 



as /•-*-« . But then A must, by the result of the last section, be equal to v; 
and in this case there is no greatest value of 0 ( n ). Thus t he upper bound is 
equal to the g reatest value o f 0 («)» if there is such a value , and otherwis e to the 
vpper limit of indetermination . 


The characteristic property of A may also bo stated as follows: A is the 
least number £ such that 0 («)<£ +for all positive values of 5 and for all 
values of n. This form of statement makes it obvious that u < A ; for v is the 
least number £ such that 0(«)<£ + 8 for all sufficiently great values of n, 
a statement which is certainly true if the corresponding statement without 
the words ‘sufficiently great’ is true. 


Tims and, when there is no greatest value of <f>(n), v — h. It is 

quite possible that v should be equal to h even when there is a greatest value 
of 0(a); this is plainly so, for example, if 0(«) = 1 for all values of n. On 
the other hand v may be less than h, as for example when 0 (n) = l/n : here 
v = 0 and A = 1. 


The distinction between the upper limit of indetermination and the upper 
bound is most easily grasped by observing that the former, depending as it 
does on what happens as n cc, cannot be affected by any change in 
u finite number of values of 0 (»), whereas the latter obviously may be. 

1 bus if, in tho second of the two examples considered above, we change the 
value of 0(1) from 1 to 0, then i> is unaffected, but A is changed from 1 to A. 

Analogous results hold, of course, for X and g. In particular, g is equal 
to the least value of 0 («), if there is one, and otherwise to X. 

Examples XXXII. £1. If 0(«)< K for all values of ti , then K and 
h < K. The same conclusions hold if we are given only that 0 (») < A’. State 
the corresponding results for X and g. 

2. If 0 (») = « for all values of n, tlien^X=^==^=A 1 =a. 

_ 3. If 0(n)=l/«, then \ = v =g =0 and A=l. V 
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If <6 («) = (-l) n , tlien \ = </= — 1 and v=/i = l. 

If < ^( n ) = (-l) , ‘/w, then X = i/=0, </ = - 1 and /< = A. ^ 

If 0 („) = (-1)» {1+(1/**)}, then X= -1, v=l,<7= -2, and ^ 

/. Let 4 >(n) = sin /idir, where d>0. Ifdiaan integer then X = v=g=h =0. 
If 0 is rational but not integral a variety of cases arise. Suppose, e.g that 
6=p< h r and q being positive, odd, and prime to one another, and 
Then <J> (n) assumes the cyclical sequence of values 

sin (pir/fj), sin (2 pn/q), . sin {(*/ -1)/>W'/}, sin (*//>*/?),. 

It is easily verified that the numerically greatest and least values of <*> «) are 
cos (n/2q) and — con(nl2q), so that 

X =()= -cos (tr/2q\ v = h = cos (n '2q). 

The reader may discuss similarly the cases which arise when /> and y are 
not both odd. 

The case in which 6 is irrational is more difficult : it may shown that 
in this wise X = </ = — 1 and v = h = 1. It may also be shown that the values 
of 4 , (n) are scattered all over the interval < - 1, D i» such a way that if * * 
number of the interval, then there is a sequence **„.* ntl ' 

<t> («*)-*■ I as x •* . f „ 

The results are very similar when «#.<*) is thc fract '° ,,al part of «*. 


[h. If <f>(n)—l then X = v = l. 


83 The general principle of convergence for a bounded function 

The resultyAho preceding sections enable us to formulate a very impoita.it 
L ir^dlifTicient condition that a funded function «/> 00 should tend 
to'a limit,* condition usually referred to as the general principle of eonvexp nee 
to a limit. [We shall begin by proving the follow.ng theorem. 

*• THEOUKM 1. The neeeemry and sufficient condition that a hounded 

function should tend to a limit is that its upper and lover Inn.ts of mdeU - 

inination should U equal to one another. 

That is to say, in order that <*> In) should tend to a hmi. /, it » »-cess.ary 
i «; tl.-Lt \ = v = f. The proof of this theorem is contained implicit)) 

r ^80-81. In View of the grc.it importance of the result, we shall give here 
a formal and explicit proof. 

In the first place the condition is necessary. For if <*> («)-', “'* (1 * '* 
positive number, then 

l-7><<p(n)< l + fi 

for all sufficiently large values of «, so that only a finite number of values of 

• A number of simple proofs of this result are given by Hardy and Littlewood 
O Some Problems of Diopl.antino Approximation,” Acta Mathematics io . xxx 
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0 ( 71 ) are greater than / + 8 . But an infinity of such values are greater than 
v — 8 ; so that 

l + 8 > v — 8, '**■ 

and so l>v. Similarly we can prove that But X^v, and so X=v=J. 

In the second place the condition is sufficient. For at most a finite 
number of values of 0 ( n ) are less than X - 8 or greater than v+ 8 , and there¬ 
fore, if \ = v = l, at most a finite number lie outside the interval (l-d, £+ 8 ). 
Hence 0 (n)-*-l. 

From this theorem we can deduce another theorem which embodies the 
general principle of convergence for a bo unded function!] 

7)-. =J 

Theorem,/®. ftJPhc necessary and sufficient condition that (a, hounded function 
0 (n) should tend to a limit is that, when any positive number 8 is yiven, it should 
be p ossibl e to find a number 7 ^( 8 ) such that 

l 0 («*)- 0 (n ,)|<8 

for all values ofn x and » 2 such that 7i s >» 1 >n 0 (8). 

In the first place, tho condition is necessary. For if 0(n)-W then we 
can find 7< 0 so that 

l-bd<<f>(n)<l + £8 

when n > n 0 , and so 

10 (>»*)- 0 («i )|<8 .( 1 ) 

when 7 j 1 >» 0 and 7 j«>a 0 . 

In the second place, tho condition is sufficient. In order to prove this wo 
have only to show that it involves X =0. But if X<0thon there are, however 
small 8 may be, infinitely many values of n such that 0(n)<X+8 and 
infinitely many such that 0 (n) > / v- 8 ; and therefore we can find values of 
11 1 an d »•.>, each greater than any assigned number 7J 0 , and such that 

0 (» 2 > - 0 (»i) >v - X - 28, 

which is greater than 4 (0— X) if 8 is small enough. This plainly contradicts 
the inequality (1). Hence X=v5 and so 0(a) tends to a limit. 

84. Unbounded functions. So far wo have restricted ourselves t 
bounded functions ; but tho ‘general principle of convergence ’ is the sanfo 
for unbounded as for bounded functions, and the words ‘a bounded function' 
may l>c omitted from the enunciation of Theorem 2. 

In the first place, if 0(7i) tends to a limit l then it is certainly bounded; for 
all but a finite mnnlier of its values are less than / + 8and greater than J-8. 

In tho second place, if the condition of Theorem 2 is satisfied, we have 

|0(7 , a )-0( W |)I<8 

whenever Tij |£i»o and n.>^n^. Let us choose some particular value n x greater 
than 7i„. Then 

0(7t,)-8<0(/i 2 )<0(n,)+8 

when 7i 2 >7i 0 . Hence 0 (71) is bounded ; and so the second part of tho proof of 
the last section applies also. 


> 

4 
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The th eoretical importanc e of the ‘general principle of convergence can 
-hardly be overestimated. Like the theorems of § 09, it gives us a means of 
deciding whether a function (f>(n) tends to a limit or not, without requiring 
us to be able to tell beforehand what the limit, if it exists, must be ; and 
it has not the limitations inevitable in theorems of such a special character 
as those of § 09. But in elementary work it is generally possible to dispense 
with it, and to obtain all we want from these special theorems. And it will 
be found that, in spite of the importance of the principle, practically no 
applications are made of it in the chapters which follow * " e will only 

remark that, if we suppose that 

</) (/>) =.* f| = */, + W* + ••• + 

we obtain at once a necessary and .sufficient condition for the convergence of 
an infinite series, viz : 

Theorem^. The necessary and efficient condition for the conrerycncc 
of the series * that, given any positive number 8, it should he 

possible to find /<„ so that 

| l/„ ( + i +M,i 1 +2 + ”**b ,, n i l< * 

for all values of «| and n . such that » 2 > /<, 2 ;, u- 

85. Limits of Complex functions and series of Complex 

terms. In this chapter we have, up to the present concerns 
ourselves only with real functions of n and senes all o whose 
terms are real. There is however no difficulty in extending our 
ideas and definitions to the case in which the functions oi u 

terms of the series are complex. 

Suppose that </>(«) is complex and equal to 

p(n) + iar (u ), 

where p(n). o-(n) are real functions of Then ifp(u)and *<«) 
converge respectively to limits r and s as n x ,ue s ta sag 
<f> (w) converges to the limit l = r+ is, and write 

lim tf> (••)- l. 

Similarly, when u„ is complex and equal to v„ + tw n , "e •'’hall >.i\ 
that the series 

w, + w a + w, + ... 

is convergent and has the sum l = r + is, if the set tes 

v, + v t + v 3 + .... Wi + w.. + w 3 + ... 
are convergent and have the sums r, s respectiiely. 

• • A few proofs given in Cli. VIII can be simplified by the une of the principle. 
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To say that 4 - w 3 4 - m s 4- ... is convergent and has the sum 

l is of course the same as to say that the sum » 

- %( 

s,i = m, 4- tt 2 4- ... + u n = (v i 4- v 2 4- ... 4- v n ) 4- i (w 1 + w*+ ... + w n ) 
converges to the limit lasn-oo. 

In the case of real functions and series we also gave definitions 
of divergence and oscillation, finite or infinite. But in the case 
of complex functions and series, where we have to consider the 
behaviour both of p («) and of <r (n), there are so many possibilities 
that this is hardly worth while. When it is necessary to make 
further distinctions of this kind, we shall make them by stating 
the way in which the real or imaginary parts behave when taken 
separately. 

86. The reader will find no difficulty in proving such 
theorems as the following, which are obvious extensions of 
theorems already proved for real functions and series. 

(1) If lim <£ (n) = l then lim <f> (n 4 - p) = l for any fixed value 
of p. 

(2) If tt 1 4-w a + ... is convergent and has the sum l, then 

a 4 b + c 4- ... + k 4 - i/, 4 - m s 4 ... is convergent and has the sum 
a 4 b 4 c 4-... + k 4- /, and n p+l 4 zi p+ ., 4 ... is convergent and has 
the sum / — — u p . 

(3) If lim <f> (n) = l and lim yfr (n) = m, then 

lim {(f) (n) + yfr (n)} = l 4 m. 

(4) If lim (f> (n) = l, then lim k<b (n) = kl. 

(5) If lim <p(n) = 1 and lim *fr(n) = m, then lim <f>(n)yjr(n)=lm. 

(G) If u l -4 il. 4 ... converges to the sum /, and v x 4- v*4-... to 
the sum m, then (m, 4 t',) 4- (j/ 3 4 ^ , 2 ) 4 ... converges to the sum /4>«. 

(7) If if, + m, 4 ... converges to the sum l then ku 1 + ku t 4- ... 
converges to the sum kl. 

( 8 ) If m, 4 j / 3 4 ... is convergent then lim u n — 0. 

(9) If Mi + 4 ... is convergent, then so is any series 

formed by grouping the terms in brackets, and the sums of the two 
series are the same. c 
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As an example, let us prove theorem (5). Let 
* (ft («) = p (n) + tV («), *(«) = p' (n) + iV(»i), /“»• + ». »« = r’ + »V. 

Then p (n)-*~r, <r(«)—*, p'OO —^ </(«)—«'. 

But <f> (») V' («) = pp' — +* (pc + P ^ 

and pp' - cro-' rr' - **', p<x' -t- pV«' + >'s ; 

so that <f> (« ) + («)-► '*»•' “ **' +«(«' + r '*>» 

*.e. «/>(«)'/' («)-*-( r + *«) ( r ' + i*) = l,n - 

The following theorems are of a somewhat different character. 

(10) In order that <f> (n) = p(n) + t«r («) v/iouW converge to 
zero as n — x), it is necessary and sufficient that 

\ 4 >(")\ = Jl{p(")¥+ M")}*] 

should converge to zero. 

If p(n) and <r{n) both converge to zero then it is plain that Ju>- + <r-) 
does so. The converse follows from the fact that the numerical value of p or 
a■ cannot be greater than dip 2 + 0-2 )■ 

(11) More generally, in order that </>(») should converge to a 
limit l, it is necessary and sufficient that 

! <f> (») - 1 1 

should converge to zero. 

For <f» (n) — l converges to zero, and we can apply (10). 

(12) Theorems 2 and 3 of §§ 83-84 are still true when 
<f>(n) and u n are complex. 

We have to show that the necessary and sufficient condition that </'(") 
should tend to l is that 

\ (ft ho.) - <ft (»i) I <* . (l) 

when n s >ii|S« 0 . , , , , 

If (ft (n)-~l then p (n)~r and «■ («)-*, «.d so we can find numbers «„ and 

n 0 " depending on 5 and such that 

|p(«v)“P( n i)l<^ a ’ l®‘(«*)“ <r ( ,| i)l<i*» 

the first inequality holding when »,> », 2*o\ «*»d the second when - a >«. 
Hence 

I <*> («*) - </> («i) I £ IP (**)- P («|) 1 + 1 ° ^ (/,,) 1 5 

when where « 0 is the greater of W and «./'• T».um 

(1) is necessary. To prove that it is sufficient we have only to obsene 

|p(zi*)-p("i)l £ \ <ftin s )-<f>in,)\<6 

y ,hen *,>*,**.. Thus p (a) tends to a limit r, and in the same way it may 
qfhe shown that cr(n) tends to a limit s. 



156 


LIMITS OF FUNCTIONS OF A 



87. The limit of z n as n oc, z beings any complex 
number. Let us consider the important case in which <f> (n) = z% 
This problem has already been discussed for real values of z in 

§ 72. 

If — l then — l, by (1) of § 86. But, by (4) of § 86, 


2 n+ t = 2 ~n _ zif 

and therefore l = zl, which is only possible if (a) 1 = 0 or (b) z= 1. 
II 2 ~ I then lim z n = 1. Apart from this special case the limit, 
if it exists, can only be zero. 


Now if z — r (cos 0 4- i sin 0), where r is positive, then 


z n = r n ( cog n Q + i s i n 

so that z n = r’ 1 . Thus \ z n tends to zero if and only if r < 1; 
and it follows from (10) of § 86 that 

lim z n = 0 


if and only if r < 1. In no other case does z n converge to a limit, 
except when z = 1 and 


88. The geometric series 1 + zz-+ ... when z is 
complex. Since 

«r.= 14-* + *»+...+ Z n ~' = ( 1 

unless r= 1, when the value of s n is n, it follows that the series 
1 4- z 4- 4- ... is convergent if and only if r = \z\< 1. And its 

sunt when convergent is 1/(1 — z). 

I hus if z = r (cos 0 4 -1 sin 0 ) = r Cis 0, and r < 1, we have 

1+24^4... = 1/(1 - r Cis O'), 
or 1 -f r Cis 0 4- »•* Cis 20 + ... = 1/(1 - r Cis 0) 

= (1 — r cos 0 4- ir sin 0)/(l — 2 r cos 0 4- r 4 ). 

Separating the real and imaginary parts, we obtain 

l 4- r cos 0 4 - r 9 cos 20 + ... = (1 _ r cos 0)/(l - 2 r cos 0 + ?- 3 ), 

rsin 0 4- r- sin 20 4- ... = rsin 0/(1 — 2r cos 0 4- ?•*), 

provided r<l. If we change 0 into 0 + rrr, we see that these 
results hold also for negative values of r numerically less than 1. 
Thus they hold when — 1 < r < 1. V 
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Examples XXXIII. 1. Prove directly that <*> (») = ,-cos n6 converges 
to 0 when r< 1 and to 1 when r = 1 and 6 is a multiple of -lit. Prove further 
Ifhat if r= 1 and 6 is not a multiple of 2 tt, then </>(«) oscillates finitely; if 
r>l and 6 is a multiple of 2*r, then (w) —+ * ; and if r>l and 6 is not a 
multiple of 2«■, then (f> ( n ) oscillates infinitely. 

2. Establish a similar series of results for <£ (») = r M sin nQ. 

3. Prove that z"' + z”‘ * 1 + ... = z m l( 1 - *), 

z"> + 2z"‘ + l +2z"'* 2 + ... = 2 "* (1 + 2 )/(l 
if and only if | z |< 1. Which of the theorems of § 8(5 do you use ? 

4. Prove that if - 1 < r< 1 then 

1 +2rcos 0 +27*2cos 2d + ... =(1 -r*)/(l - 2r cos*+ /■*). 

2 


f>. The series 


1 + r+i + 


(r^y- 


converges to the suin l/(l- r ^) = 1+2 if |2/(I+2,I<1 ' S1 '°' V tlwt this 

condition is equivalent to the condition that 2 has a real part greater *’ 

O J_* luyit: <-* l-jU+U*. • H* 

# * 11 Alt i t .. K. 


than 

at vimt. • •••••' • • • "*• g-- Q- 

,mi. w 

At* -* -4 4.c.#• k. 

MISCELLANEOUS EXAMPLES ON CHAPTER IV. 


un 


1. The function <t>(n) takes the values 1, 0, 0, 0, 1, O, 0, 0, 1, ... when 
» = 0, 1, 2,.... Express <£(/*) in terms of n by a formula which does not 

involve trigonometrical functions. = i {1+ ( - 1 ) n + _ 0”}-] 

2. If A («) steadily increases, and * («) steadily decreases, as « tends to 
x H „d if yl/ (n)><b (n) for all values of n, then both </>(") ,uld *(«) te,, ‘ 1 to 
limits, and lirn * (n)^lim * («>• [This is an intermediate corollary from 

§ 00.] 

r 3. Prove that, if 

<l> (») = (l + ^^ (») = (i " » 

then 4 , (n +1) >0 («) and * (a +1) < * («)• [The first result has already been 
proved in § 73.] 

4 . Prove also that * («)><*»(«) for values of « : and deduce (by means 
of the preceding examples) that both <*>(«) and *(») tend to hunts as n 
tends to cc . * 

0 . The arithmetic mean of the product, of all distinct palm of poaitivc 

. xintegen. whose ».r. » a ^denoted by .S„. Show that I. w . (A> )->/«• 

» i « « *r v. ... '—, ^ 11 1 ( Math. 1 / 1 •**-'«*•) 


/ - 




-act-*.)/ 2 . iroo( tha( ^ # w _ ^ , 0> ODd that therefore each function .end. to 

the limit e, will be found in ChryutaPs Algtbra, vol. n, p. 7 . c 8 1 
JLove this in Ch. IX by a different method. 


• < 
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is composed of parts o f the graphs o f and together with as a rule, 

) isolated points. Is y defined when (a) x= 1, (b) x= - 1, (c) ' 

16. Prove that the function y which is equal to O when x is rational, and 
to 1 when a- is irrational, may be represented in tlie form 

y= lim {sin-(i/i! »r.r)}, 

III -*• ^ 

w here a = lim (2, n) arc tan («•<), 

II -*-X 

as in Ex. XXXI. 14. [If x is rational then sin-(»t! n.v), and therefore 
son {sin- (m ! ttjc)}, is equal to zero from a certain value of /a onward*: if 
a- is irrational then sin 8 (w ! ns) is always positive, and so s.jn {sin- (m ir.r { 
is always equal to 1.] 

Prove that y may also b e represented in the form 

1 - lim [lim [cos (m ! rr.r)p‘J. 

in ac n -*■ » 


u' 1-./. 

17. Sum the senes uQO 

» 1 ^ _- 

7 v(^+i)’ 7v0+!)—(»' +*)’ 


i 


[Since 


1 1 / 1 _ 1 l , 

(„ + l)...(e+T) ~ k \v(v+l). ..(»' + /-l) (e+l)(^ + -J)...(e + /;J • 

_ 1 / 1 __ „» l 

C ; ) ”/• (1 . 2..J- (« + l){» + 2)...("+*)) 


» 1 

we have 2 ——r-r 


i v (r + 1)-••(*' + ^") 


s 


and 


so 


1 _1 1 

I v (y +^ ) 


y 

14rO 


]8. If |s|<|a|, then 





— = - - (l + - + ; 

2- a it \ « / 

and if |*>1«|, then _ t „ = 7 ( 1 + : + ^ + * 

lit Expansion of {Az + m«*+**=+*) in powers of L<* «. 

lx, the roots of ,« 8 + 2l* + c-0, «*> that <«M- 2 /« + c = o ..£ - «) t - * ■ ' 

hall suppose that A, H , *, />, c are all real, and « and 0 unequal. It is then 

I easy to verify that 

Az + H = 1 /.I.I + /I _ -l0 + /i\ 

+ 2 bz + c a (« - fi) \ s - « z-P J 

There are two cases, according as «f or 6- < nr. 

(1) If W>«c then the roots «, 0 arc real and distinct. Ifj: «s less than 
either «| or |0 we can expand \/<z-a) and l/(*-0) i» ^een.hng powers «l , 
( , x ,8, If 2 is greater than either «1 «r |0| we must expand ... descending 
powers of ;; while if t| lies between ,«| and J0| one fraction must be «• 
panded in ascending and one in descending lowers of *. 1 he roa^r sl.o dd 

write down the actual results. If \t\ is equal to |.| or |0, then no such 
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(2) If b 2 <ac then the roots are conjugate complex numbers (Ch. Ill 
§ 43), and we can write 

a = P Cis 0, y9=p Cis (-</>), % 

where p ?±= Q ft = c /a, p cos </> = * (<* + £) = - b/a, so that cos<£= - sK&Jac), 
sin <f>=J{l-(b*/ac)}. 

then each fraction may lx; expanded in ascending powers of z. 
The coefficient of z n will be found to be 

\ Jp siii inf) -f- B sin {(n -f 1 )</>} 

' ap" + I sin </> 

If |i|>p we obtain a similar expansion in descending powers, while if j z\=p 
no such expansion is possible. 

20. Show that if j^j< 1 then 

l+2 2 + 3£ 3 +... + (n + l)*"+... = l/(l-z)2. 

[The sum to n terms is .] 

~) 1 ~ 2 


(t 


-/ S‘X ' 21. Expand J,j(z — a) 2 iu powers of z, ascending or descending according 

as [ z | < j a J or I 2 1 > | a I. 


___ 

22. Show that if b 2 =ac and az j < , b | then 

A z + B _ * n 
az- + 2bz + c~^ Q PnZ *' 

where #, = {( — «)", b * + 2 } {(n + \)aB — nbA}\ and tind the corresponding ex¬ 
pansion, in descending powers of 2 , which holds when Ja*|>j6|. 

23. Verify the result of Ex. 19 in the case of the fraction 1/(1 + 2 2 ). [We 

have 1/(1+c i )=S 2 ,, sin {*(« +l)»r} = l-zs + r*-...J _- - 

24. Prove that if jcjcl then 

i +T+> = f 2 " 8in 

25. Expand (1 +z)j( 1 +z»), (1 + 2 2 )/(l + ^) and (1 + 2 + 2 «)/(l+ 2 *) in ascend¬ 
ing powers of 2 . For what values of 2 do your results hold i 

20; 1 f a/(a + bz + cz 2 ) = 1 -f piZ + pp? +... then 

l+p t H+pf* + ...- a+a 


‘wj 

»i^io 10 Sir?: If lim n n = l then 

»»-»•=o 


« -cz « 2 - (6 s - 2 ac) z + 0 - 2 - * 

(Math. Trip. 1900.) 


lim *'± 82 ±-\y± s " = t. 

/c j 

* + *f «V| i I# l. 

[1-et s n ==J + t n . Then we have to prove that + ... + t m )/n tends to 

zero if t H does soft 
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We divide the numbers t x , ... t n into two sets t ,, t,, ..., t p and f p+1 , 
+ f p + 2» •••* ( n- Here we suppose that p is a function of n which tends to ac 
as /<-*- x , but more slotcfy than n, so^that />-*- x and p n-~- 0 : e.o. we niiidit 
suppose p to be the integral part of Jn. 


Let c Vie any positive number. However small c may lie, we can choose 
so that t„+ |, t p + .,,.... are all numerically less than Ac when n >/<„, and so 

„ \(tp*\+tp + -‘+ ••• < A* (» — p); >t < Ac. 

^ 1 ^ 

But, if A is the greatesf of J-Ue^moduli of all the numbers t„, we 
have ' "' ' - . 

t r ' 

, ___ - (t l +t. £ +...+t p )/n\><:pA a, 

and this also^jvrll lie less than Ac wl)en n >»<,,, if />„ is large enough, since 
p/n as n x. Thus 

\(t l +t- i + ... +t n )/'ii < Hi + t 2 +... + t p )/n | + , + ... + t„)/n <t 

when /t > « 0 ; which proves the theorem. 


The reader, if he desires to liecome expert in dealing with questions about 
limits , should study the argument above with great care. It is very often 
necessary , in proving the limit of some given expression to be zero, to s|dit it 
into two parts which have to be proved to have the limit zero in slightly 
different ways. When this is the case the proof is never very easy. 

The point of the proof is this : we have to prove that (r { + /. + ...+ t„)/n is 
small when n is large, the t’s being small when their suflixes are large. We 
split up the terms in the bracket into two groups. The terms in the first 
group are not all small, but their number is small compared with it. The 
number in the second group is not small compared with //, but the terms are 
all small, and their number at any rate less than n, so that their sum is small 
compared with n. Hence each of the parts into which (t t +(■_.+ ...+t n )/n 
has been divided is siuall^whcn n is large.] 


2H. I f (ft («) - (f> (n — l )-*- l as n oo , then $ («)/« 

[If «/»(/t) = #i + s-. + ... + s„ then tfj (/<) — (ji (a— !) = *„, and the theorem re¬ 
duces to that proved in the last example.] 

% 

20. If * n =h 1 * - (“ l)”/. «'» that x„ is equal to 1 or 0 according as // is odd 
or even, then (*, +** + ...+*„)//<-•-.} as 

[This example proves that the c onverse of Kx. 1 ~ is not true : for 
oscillates as «-*-cc .] 

Mr. If c n , s n denote the sums of the first n terms of the series 


then 


\ +cosd + cos 20 + ..., sin 0 + sin 20 + ..., 
lim (c, +c-j+ ... +c„)/n = 0 , lim (*, + * 2 + ... + *„)/n = A cot %0. 



a. 
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CHAPTER V 


LIMITS OF FUNCTIONS OF A CONTINUOUS VARIABLE. 

CONTINUOUS AND DISCONTINUOUS FUNCTIONS 

89. Limits as x tends to oo. We shall now return to 
functions of a continuous real variable. We shall confine our¬ 
selves entirely to one-valued functions*, and we shall denote such 
a function by (f> (x). We suppose x to assume successively afi 
values corresponding to points on our fundamental straight line 
A, starting from some definite point on the line and progressing 
always to the right. In these circumstances we say that x 
tends to infinity , or to oo , and write x -*■ oo . The only difference 
between the ‘ tending of n to oo ’ discussed in the last chapter, and 
this ‘ tending of x to oo is that x assumes all values as it tends 
to oo, i.e. that the point P which corresponds to x coincides in 
turn with every point of A to the right of its initial position, 
whereas n tended to oo by a series of jumps. We can express this 
distinction by saying that x tends continuously to co. 

As we explained at the beginning of the last chapter, there is 
a very close corres pondence between functions of x and functions 
of n. Every function of n may be regarded as a selection from 
the values of a function of x . In the last chapter we discussed 
the peculiarities which may characterise the behaviour of a 
function (p (n) as n tends to oc . Now we are concerned with the 
same problem for a function (p (x) ; and the definitions and 
theorems to which we are led are practically repetitions of those 
of the last chapter. Thus corresponding to Def. 1 of § 58 we 
have: 

* Thus Jx stands in this chapter for the one-valued function + N /x and not (as 
in § 2G) for the two-valued function whose values are + s >x and - N /x. *V 
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Definition 1. The function <f>(x) is said to tend to the limit / 

& 1 

+as x tends to oc if when any positive number S, however small , is 
assigned, a number a: 0 (S) can be chosen such that, for all values of 
x equal to or greater than x 0 (8), <f>(x) differs from l by less than h, 
i.e. if 

j <f> (x) - 1 1 < $ 

when x = *„($)• 


When this is the case we may write 

liin (x) = l, 

.r x> 

or, when there is no risk of ambiguity, simply lii n<f>(x)=l, or 
<f>(x)-+-l. Similarly we have: 


injr DEFINITION 2. The function <f>(x) is said to tend to oc with 
x if, when any number A, however large, is assigned, we can choose 
a number x 0 (A) such that 



when x = x 0 (A). 
We then write 


<f> (x) > A 



Similarly we define <f> (x) -*■ — oo *. 


Finally we have: 


*+ 'M DEFINITION 3. If the conditions of neither of the two preceding 
definitions are satisfied, then cf> (./:) is said to oscillate as x tends 
to co . If <f>(x) is less than some constant K when x ~ ./•„+, then 
<b(x) is said to oscillate finitely, and otherwise infinitely. 


The reader will remember that in the hist chapter we con¬ 
sidered very carefully various less formal ways of expressing the 
facts represented by the formulae <f> (n) /, <f) (n) — x-. Similar 

modes of expression may of course be used in the present case. 
Thus we may say that (f> (x) is small or nearly equal to / or large 
when x is large, using the words ‘small’, ‘nearly’, ‘large’ in 
a sense similar to that in which they were used in Ch. IV. 


• We «hall KoruetimeK find it convenient to write -f* x , /-►fx, 
instead of x , x x , <p (x) x . 

+ In the corresponding delinition of § 02, we postulated that <p (n) <: K for all 
values of n, and not merely when n > w 0 . But then the two hypotheses would have 
been equivalent; for if <p(n)\ < A' when n ^ w Uf then <£(w) < K' for all values 
of ft, where K' is the greatest of *£(1), 4*1-)* ••• • and K. Here the 

^loatter is not quite ho simple, as there are infinitely many values of x less than x t} . 

11—2 
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Examples XXXIV. 1. Consider the behaviour of the following functions 
as x-~-x : 1 /x, 1 + (1 /x), x-> a* [.r], x - [a?], [or] 4- J\x - [a-]}. 

The first four functions correspond exactly to functions of n fully dis¬ 
cussed in Ch. IV. The graphs of the last three were constructed in Ch. II 
(Exs. xvi. 1, 2, 4), and the reader will see at once that [x]-»- ® , x - [x] oscillates 
finitely, and [x] 4- s/{x — [x]} x . 

One simple remark may be inserted here. The function (f)(x) — x — [x] 
oscillates between 0 and 1, as is obvious from the form of its graph. It is 
equal to zero whenever x is an integer, so that the function <£(n) derived 
from it is always zero and so tends to the limit zero. The same is true if 

(ft (x)= sin xjt, <£(n) = sin n»r=0. 

It is evident that <f)(x)-*-l or <£(x)-*-x or <£ (x)-*-— x involves the corre¬ 
sponding property for «^> (/«), but that the converse is by no means always 
true. 


2. Consider in the same way the functions: 

(sinxrr)/x, .rsinxrr, (.rsiiiXTr) 9 , tan xrr, a cos 2 xrr -f & sin 2 xrr, 
illustrating your remarks by means of the graphs of the functions. 

3. Clive a geometrical explanation of Dcf. 1, analogous to the geometrical 
explanation of Ch. IV, § f>9. 


4. If </> (x)-W, and f is not zero, then (f> (x) cos X7r and cf> (x) sin xrr oscillate 
finitely. If </>(.»)-*-x or — x, then they oscillate infinitely. The 

graph of either function is a wavy curve oscillating between the curves 
>/ = (fi (x) and i/ — — <l> (x). 


5. Discuss the behaviour, as x-*-x , of the function 

<'os*X7r 4- F(.r) sin 2 xrr, 

where /(x) and F (.r) are some pair of simple functions («*.</. x and x-). [The 
graph of >/ is a curve oscillating between the curves v //= /*(x), y — F (x).] 


90. Limits as x tends to — cc . The reader will have no 
(litliculty in framing for himself definitions of the meaning of the 
assertions ‘ x tends to — x or ‘ x -»— x ’ and 

lim <f> (x) = l, ^ (x) — x , if) (x) -*■ — ao . 

X-+- — X 

In fact, if x = — y and <f) (x) = <f> (— y) = yjr (y), then y tends 
to x as x tends to — x , and the question of the behaviour of 
<£(x) as x tends to — x is the same as that of the behaviour of 
\jr (y) as y tends to x . 
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91. Theorems corresponding to those of Ch. IV, §8 63—67. 

The theorems concerning the sums, products, and quotients of functions 
proved in Ch. IV are all true (with obvious verbal alterations which the 
reader will have no difficulty in supplying) for functions of the continuous 
variable x. Not only the enunciations but the proofs remain substantially 
the same. 

92. Steadily increasing or decreasing functions. The definition 

which corresponds to that of £ 69‘is as follows: the function <f> (x) will 
be said to increase steadily with x if </> (x 2 ) ></> (.r,) whenever In 

many cases, of course, this condition is only satisfied from a d efi nite v alue 
of jr onwards, i.e. when .r,>.r, The theorem w hich follows in that section 

requires no alteration but that of n into .r: and the proof is the same, except 


for obvious verbal changes. 


If i). the possibility of equality being excluded, whenever 

a .„>. Cl , then <p(.v) will be said to be steadily increasing stricter sense. 

We shall find that the distinction is often important (cf. $$ 108—109). 


«S f * c. i •» V 
( Jo I 


sense. 


The reader should consider whether or no the following functions 
increase steadily with .r (or at any rate increase steadily from a certain 
value of a: onwards): x--x, x+rinx, .r+2sinx, .r 2 + 2sin.r, [a], [.r] + sin.r, 
r^.iq- J\x — [.r]}. All these functions tend to co as .»•-*- x . 

Mo c f — CL 

93. Limits as x tends to 0. Let <f>(x) be such a function c * r —*- 
of 0 that liin <f>(x) = l, and let >/ = 1/s. Then U*. 

<f>(x) = <f> (l/y) = ^(y), 

say. As x tends to oo , y tends to the limit 0, and \fr (//) tends to 
the limit /. 

Let us now dism iss x and consider yfr (//) simply as a function 
of y_ \Ve are for the moment concerned only with those values 
of y which correspond to large positive values of x, that is to say 
with small_jJOsitiye_ya[ues_ of j. And yjr (>/) has the property that 
by making >j sufficiently small we can make \fr (y) differ by as 
little as we please from /. To put the matter mpjv^myiscjy, 
the statement expressed by lim</>(x) = Z means that, "hen any 
positive number B, however small, is assigned, we can choose 
Xo ho that <p (./-) - l < B forddJ values of x _greater than or equal 
to x v . But this is the same thing as saying that we can choose 
/x 0 so that | yfr (//) - / | < B for all .p ositive values ofj/ less than 

or equal to y 0 . 

We are thus led to the following definitions : 
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A. If, when any positive number 8, however small, is assigned , 

we can choose y„ (8) so that \ 

\<f>(y)-l\<8 

when 0 < y g y„ (8), then we say that </> (y) tends to the limit l as y 
tends to 0 bit positive values , and we write 

lim <}> ( y) = l. 

B. If, when any number A, however large, is assigned, we can 
choose y 0 (A) so that 

(f>{y)>A 

when i) < y ^ y 0 ( A), then we say that <f>(y) tends to oo as y tends 
to 0 by positive values, and we write 

(f> (y) oo . *■■»>-»■*■ ® - 

We define in a si ini far way the meaning of ‘ <f> (y ) tends to 
the limit l as y tends to 0 by negative values * , or ‘lim 4>(y) = l 
when y-*- — 0\ We have in fact only to alter 0<y^y 0 (8) to 
— .Vo (S) g y < 0 in definition A. There is of course a corresponding v 
analogue of definition B, and similar definitions in which 

00 

as y +0 or y — 0. 

►f ? jf* |j m 0(y) = / and lim <f>{y) = l, we write simply 

lim </>(y) = /. 

»/ -*■ o 

This case is so important that it is worth while to give a formal 
defini tion. 

If, when any positive number 8, however small, is assigned, we 
can choose y„ ( 8) so that, for all values of y different from zero but 
ntunet'i ctt/ly l ess than or et/ua l to y 0 (8) , <f> (y) differs from l by less 

than 8, then we say that (f> ( y ) tends to the limit l as y tends to 0, 
and write 

lim <f>(y)= l. 

•So also, if (f> (;/)-— =c as y -*• + 0 and also as y — 0, we say 
that cf> (//) oc as y-*■ 0. We define in a similar manner the 
statement that <p ( y ) — ac as y 0. v 
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Finally, if <f> (y) floes not tend to a limit, or to cc , or to 
^ — <x , as y + 0, we say that d> (y) oscillates as y + 0. finitely 
or infinitely as the case may be; and we define oscillation as 
y— 0 in a similar manner. 

The preceding definitions have been stated in terms of a 
variable denoted by y : what letter is used is of course immaterial , 
and we may suppose x written instead of y throughout them. 

94. Limits as x tends to a. Suppose that 4>{y) — L as 
y —> 0, and write 

y = x — a, <f>(y) = <f> (x — a)= yp (x). 

If ry 0 then x-~a and yp (x) l, and we are naturally led to 
write 

lim yp (a) = l, 


I I 


or simply lim yp (x) = l or yfr (x) - l , and to say that yjr (x) tends to 
the Limit l as x tends to a. The meaning of this equation may 
be formally and directly defined as follows: if, yiven 8, we can 
always determine e (8) so that 

| <p (x) — /1 <8 

when 0 < | x - a j ^ <? (8), then 

lim cp (x) = L. 


il 


By restricting ourselves to values of x greater than a, i.e. by 
replacing 0 < \ x - a * e (8) by a < x 2k a + e (8), we define ‘ <f> (x) 
tends to l when x approaches a from the right’, which we may 

write as 

lim (f> (x) = l. 

In the same way we can define the meaning of 

lim cf>(x) = l. 

x -» a - « 

Thus bin (f>(x) = l is equivalent to the two assertions 


a 


bin (f> (x) = /, lim (x) — L. 

x -HI •** 


a - O 


We can give similar definitions referring to the cases in which 
«£(*)—*> or <f>(x)— —x as x-*-a through values greater or less 
than a; but it is probably unnecessary to dwell further on these 
definitions, since they are exactly similar to those stated above in 


y A ^7 ♦ 


♦ 
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the special case when a — 0, and we can always discuss the 
behaviour of 0 (x) as x-+-a by putting x— a — y and supposing y ’■ 
that y-*- 0. 


95. Steadily increasing or decreasing functions. If there is a number 
f such trfat 0 (ar) <L<j> (jr) whenever a - f<.v'<x"<a + f, then 0(.r) will be 


said to increase steadily in the n eigh hour hood of x — a. 

jJ^’*^ < '* A ‘Supposo first that x<a, and put /(a —x). Then y-— co as x-*-a— 0, 
and 0 (x) = yfs (y)^ is a steadily jncre^ta ing fmiction of y, never greater than 0(a). 

that^^.r) tends to a limit*"not greater than 0(a). We 




ttfiaTT wnte 


*■-' .v. 3-. «*!<•, i- 


lira <p (x) = $ (a + 0). 
+ 0 





-C 


We can define 0(a —0) in a similar manner; and it is clear that 


0 (a — 0)^0 (a)^0 (a-f 0). 

It is obvious that similar considerations may be applied to decreasing 
functions. 


If 0 (x‘) <0 (x"), the possibility of equality being excluded , whenever 
(i — t<x'<x /, <a + (, then 0 (x) will be said to be steadily increasing in the 
stric ter sense. 

96. Limits of indetermination and the principle of convergence. 

Much of the jirgument cd §5* 80—84 may l>e applied to functions of a 
continuous variable x which tends to a limit «. In particular, if <f>(x) is 
hounded in an interval including a (i.e. if wo can find e, //, and K so that 
//<0 (x)< K when a - e^.r<u + f)*, then we can define X and v, the lower and 
upper limits of indetermination of 0(.r) os x-+-a, and prove that the necessary 
and sufficient condition that 0(.r)-*-/ as x-*-a is that X = v = ^. We can also 
establish the analogue of the principle of convergence, i.e. prove that the 
necessary and sufficient condition that 0 (.r) should tend to a limit as x-*~a is 
that , when 8 is given, we can choose a {8) so that |0 (x s ) - 0 (a*,) | < 3 when 
0< |.r.j — a| < |.r, - a (6). 

Examples XXXV. 1. If 

0 (•'■) 1, 0(-r) — 

as x-~a, then 0,» + 0(.r ) — l + r, 0 (x) 0 (*)-*-//*, and 0(j?)/0 (.r)-*-///', 
unless in the last case /’ = (). 

[We saw in 5? 01 that the theorems of Oh. IV. §§ 63 ct seq. hold also for 
funct ions of ./• when .»•-*-« or .r -»— cc . Jly putting .r= 1 jy we may extend 

them to functions of y, when y-*~ 0, and by putting y=z — a to functions of z , 
when z-*-a. ' ~ 


For a detailed analysis of the notion of a function bounded in an interval see 

§ 102 . '*** 


* 


OF A CONTINUOUS VARIABLE 


169 


94* — 9 / ] 1 i »*« .........- 

The reader should however try to prove them directly f rom the formal 
^definition given above. Thus, in order to obtain a strict direct proof of the 
first result he need only take the proof of Theorem 1 of £ 03 and write 
throughout x for n, « for x and 0< |.r- a for n S H o-] 




4 


2. If tn is a positive integer then x m — 0 as .r 


0. 


3. If m is a negative integer then x’“-*- + x as x-*- +0, while t or 

+ as x-*- — 0, according as m is odd or even. It /«=<> then x‘‘=\ 

and x"‘ 1 - 

4. 1 im (a + bx + ex' + ... + ts") = «• 

5. lim {(« + &* + ... +tj^)!(a + 6x+ ... + *•**)} = «.'«, unless «=0. If «-0 

and a *0,0*0, then the function tends to + x or - x , as x— + 0, according 
as a and 0 have like or unlike signs; the case is reversed .1 >J‘ C 

case in which both a and <« vanish is considered m Ex. xxxvi. .». l).seu>s he 
eases which arise when «*0 and more than one of the first coothc.ents ... the 

denominator vanish. 

G ii„, .,•"> = «"•, if in is any positive or negative integer. [If m>0. put 

+ ml apply Ex. 4. When ,n < 0, the result follows from Ex I above. 
There is one exceptional case, viz. when «=0 and ». is negative. I* lollows 
at once that lim />(.*) = /*(«), if P(r) »« iin^polynomialj 

7. lim /t(x) = Ii(a), if ll denotes any rational function and a is not one 
of the roots of its denominator. 

8. Show that lim x m = a ,n for all rational values of »», excejit when " =" 

and m is negative.^"[This follows at once, when « is ,H.silive from the in- 

equalities (1>) or (10) of ,s 74. I m .a * „ , i,- , w it ivi‘ 

of the absolute values of au<l ««”- (cf . K,. xxv.n. 4). II « ■» 

we write x= —// nnd a = - 1 hen 

lim jr m = lim ( - l>"•>/’'' = (- 1 )«•//•• = a". ] 

97 The reader will probably fail to see at first that any 

of such results its those of Kxs. 4, 5. G, 7, 8 above is up-ixy. 

He may ask ‘why not simply put *' = <>. «>» x ~ a ' ()l <;oul>e 
we then get a, a/a, a", /'(«>. *<«>’. It is very important that he 

should see exactly where he is wrong. We shall therefore consoler 
this point carefully before passing on to any further examples. 

The statement lh" <f> ( x ) = ^ 


is a statement about the values of <*>(*) * has any value 
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distinct from but differing by little from zero *. It is not a statement 
about the value of <f>(x) when x = 0. When we make the state-y 
ment we assert that, when x is nearly equal to zero, <f> ( x ) is nearly 
equal to l. We assert nothing whatever about what happens 
when x is actually equal to 0. So far as we know, <f> (x) may 
not be defined at all for x = 0; or it may have some value 
other than l. For example, consider the function defined for all 
values of x by the equation </> (#)= 0. It is obvious that 

lim <f> (x) = 0 .(1). 

Now consider the^fundtion yfr(x ) which differs from <f>(x) only in 
that yfr (a:) = 1 when jj f = 0. Then 

' lim yfr (x) = 0 .(2), 

for, when x is nearly equal to zero, yfr (x) is not only nearly but 
exactly equal to zero. But yfr (0) = 1. The graph of this function 
consists of the /xis of x, with the point .t = 0 left out, and one 
isolated point, liz. the point (0, 1). The equation (2) expresses 
the fact that if we move along the graph towards the axis of y, 
from either side, then the ordinate of the curve, being always equal 
to zero, tends to the limit zero. This fact is in no wav affected 
by the position of the isolated point (0, 1). 


The reader may obj ect to this example on the score of 
artificiality : but it is easy to write down simple formulae repre¬ 
senting functions which behave precisely like this near x = 0. 
One is ] 

*(*) = [i - y\~\ 

where [1 — «*] denotes as usual the greatest integer 'not greater 
than 1 — a- 2 . For if a- = 0 then yfr (x) = [1] = 1; while if 0<tf< 1, 
or — 1 < x < 0, then 0 < 1 — xr < 1 and so yfr (x) = [1 — #*] = 0. 

Or again, let us consider 


tTie function 


y = x/x 

already discussed in Ch. II, § 24, (2). This function is equal 
to 1 for all values of x save x = 0. It is not equal to 1 when 
x = 0: it is in fact not defined at all for x = 0. For when we say 

Thus in Def. A of § 93 we make a statement about values of y such that 
0 <// = !/ cn the first of tlio«o inequalities being inserted expressly in order to 
exclude the value V = 0. * 
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that (p (x) is defined for x = 0 we mean (as we explained in Ch. II, 
l.c.) that we can calculate its value for x = 0 by putting x = 0 
in the actual expression of </> ( x ). In this case we cannot. W hen 
we put x = 0 in <£(./•) we obtain 0/0, which is a meaningless 
expression. The reader may o bjec t ‘divide numerator and de¬ 
nominator by x\ But he must admit that when x = 0 this is 
impossible. Thus y — x/x is a function which ditiers from y — 1 
solely in that it is not defined for x= 0. None the less 

1 iin (x/x) = 1, 

for x/x is equal to 1 so long as x differs from zero, however small 
the difference may be. 

A * 

Similarly <f> (x) = '(a? + 1)'*' — l\/x= x -f 2 so long as x is not 
equal to zero, but is un d efined when x =_0. None the less 
lim <f> (x) = 2. 

On the other hand there is of course nothing to prevent the 
limit of (f> ( x ) as x tends to zero from being equal to <f> (0), t he v a l ue 
of (f> (x) for x = 0. Thus if <f> (x) = x then <£(0) = 0and lim <f> (x) = 0. 
This is in fact, from a practi calpoint of view, i.e. from the point 
of view of what most frequently occurs in applications, the 

ordinary case. 


fly, 




Examples XXXVI. 1. lim «) = 2«. 


2. lim (j* n -a"')l(x-a) = "ui"'-\ if m is any integer (zero included). 


X-^ll 


3. Show that the result of Ex. 2 remains true for all rational values 
of m, provided a is positive. [This follows at once from the inequalities 

(9) and (10) of £ 7-L] 

4. lim (^-2j! fi +l)/(A’ s -3-r ! + 2)*l. [Observe that x- \ is a factor of 

X 1 

both numerator and denominator.] 
b. UincxisH the lx-haviour of 

<j> (x) = («„*■*• + “ 4- ... +"i 4 k )l(/>„x" 4- /», e I>,x“ * l ) 

as x ten da to 0 by positive or negative values. 

[If m > «, lim <{> (x) = 0. If ui = m, hi*i <f> (x) = ajb, t . If »j<n_ and n^mjs 
even, (ft (x) -»- + x or </>(*)-*- - <* according as a„/b„>0 or <•» It m < "an< 

n - m is odd, 4 , (x) — 4- x an a ^ 4- 0 and <l>(x)-~- - -c as .r — - <>, or </, x — “ «■ 
9 as and «/»(or)-*- 4 -*> as x—- 0 , according as ajb 0 >0 or <°-J 


(. . 1 ^ 

I 
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Orders of smallness. When jc_ is small x- is very much smaller, 
x 3 much smaller still, and so on: in other words 

lim (.r 2 /.r) = 0, lim (x 3 /x i ) = 0, ... . 

x-M) x-*-0 

Another way of stating the matter is to say that, when x tends to 0, 
.r 2 , .r 3 , ... all also tend to 0, but .r 2 tends to 0 more rapidly than x, x 3 than 
X s , and so on. It is convenient to have some scale by which to measure 
the rapidity with which a function, whose limit, as x tends to 0, is 0, 
diminishes with x, and it is natural to take the simple functions x , x 3 , x 3 , , t . 
as the measures of our scale. * 

-A— 

We say, therefore, that fit ( x) is of the first order of smallness if fit (x)/x 
tends to a limit other t han 0 as x tends to 0. Thus 2.r-f-3.r 2 -f u: 7 is of the 
first order of smallness, since lim ( 2x+3.v 2 +x 7 )/x = 2 . 

Similarly we define the second, third, fourth, ... orders of smallness. It 
must not be imagined that this scale of orders of smallness is in any way 
complete. If it were complete, then every function fit(x) which tends to zero 
with would be of either the first or second or some higher order of smallness. 
This is obviously not the case. For example fit (x) = x TlS tends to zero more 
rapidly than .r and less rapidly than .r 2 . 

The reader may not unnaturally think that our scale might bo made 
complete by including in it fractiona l ord ers of sma llness.. Thus wo might 
say that .r 7 - 6 was of the Jth order of smallness. Wo shall however see later p 
on that such a scale of orders would still be altogether incom plete. Aud 
as a matter of fact the integral orders of smallness defined abovo are so 
much more important in applications than any others that it is hardly 
necessary to attempt to make our definitions more precise. 

Orders of greatness. Similar definitions are at once suggested to 
meet the case in which fit (x) is largo (positively or negatively) when .r is 
small. We shall say that fit ( x ) is of the k th ord er of greatness w hen x is small 
if fit (x)Jx ~ k — x* fit (x) tend s Jx> a limit different from 0 as x tend s to 0. 

These definitions have reference to the ease in which .r-»-Q. There are of 

course corresponding defini tions relating to the ciises in which x-*-cc or x-+-a. 

Thus if .r 1 fit (.«•) tends to a limit other than zero, as .r-*-cc, then we say that 

r/> (.r) is of the Xth order of smallness when x is large: while if (x — a) k fit(x ) 

tends to a limit other than zero, as x-*-a, then we say that fit (x) is of the £th 

order of greatness when x is nearly equal to a. 

C— if rj 3: . «*•>«. **. mo 

■ *7. <t ^lim N /(l +.r) = lim v /(I — .r) = 1. [Put l+.r=y or 1—.r=y, and use 
Kx. xxxv. 8.] • 

8. lim { N /(l +.r) — N /(l — .*•)}/.*•= 1. [Multiply numerator and denominator 
bv s'(l+.r) + ^(l-x).] 

* In the examples which follow it is to be assumed that limits as x-*-0 are 
required, unless (as in Exs. 19, 22) the contrary is explicitly stated. \ 
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9. Consider the behaviour of { K /(l + 
^being positive integers. 

10. lim{v/(l +.<••+j- 2 )- 1}/^= A. 

n. 

N /(l -x-)-x'(l - a-) 


( ft 7 
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- v /(l - x m )\lx n as x-*-0, m and a 


12. Draw a graph of the function 
I 1 1 1 1 1 

Has it a limit ns jr-~ 0? [Here y= 

? 

not defined, and y 1 *-1 as .t -*-0.] 


( 1 1 1 . 1 I 

jar-l + a-i .r-J J-’-i)' 

1 except for -r=l, A, J, j, when y is 


.. sin x 

13. Inn -= 1. 

x 


x [It-is.-proved in hooks on elementary trigonometry <it follows in tact from 
th^definitions of the trigonometrical ratios and of circular measure) t int it 
x is positive and less than hn then 

\ sin r< x< tau x 


I 

4 


\ 


or 


or 


\ 


sin x . 
ci >s .r< < i 

x 


0 < 1 — sll — < I — cos x = 2 sin 2 hx, 
x 


/ sin ,r\ * sin .t 

But 2 sinn.f<2(U->< A.r-. Hcncc^lim y - — J = °> 1111,1 J"" +0 ~ 


= 1 


Ah is an even function, the result follows.] 


x 


1 — cos x x 
14. lim-— =t 




.sin <t.t* 


15. lin.^^-a. Is this true if a = 0? 

X 


10. Uni— 8,,,l '=l. [Put* = siny.] 

X 


.. tin ax arc tanoa*_ 

17. lun = «, I" 11 — Z~ 

a- ^ 


, _ ,. cosec x - cot x , 

18. Inn-- 2- 

. _ .i -r 


.. 1 +cos nx , 

19. 1 nil -7 -.. - — 2- 

hin- nx 


* The definition of circular measure presupposes that ao.v arc of 0 . eircle has ^ 
associated with it a definite number called its l.wjih, and the proof of the ><>• 

which follow depends on certain properties of the • length winch are taken.toc 
geometrically intuitive, us that the length of the are is greater than that of- the 
cho'rd'of iius arc. Some indication of the methods by which such ,,ucst.o..s 
^dittcuHBcd more adequately will be given in Ch. MI. 
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20. How do the functions sin(l/.r), (l/x)sin (1/a?), a?sin(l/a?) behave 

as .r-»-0 ? [The first oscillates finitely, the second infinitely, the third^ 

tends to the limit 0. None is defined when x=0. See Exs. xv. 6, 7, 8.] 

if ->^ U 


21. Does the function 



(si„I)/(ami) 


tend to a limit as x tends to 0 1 [A'o. The function is equal to 1 except when 

sin (l/.e) = 0; i.e. when x= 1/ir, 1 /2-rr ,..., — 1/tt, — l/2*r,.... For these values the 
expression of y assumes the meaningless form 0/0, and y is therefore not 
defined for an infinity of values of x near x =0.] 


22. Prove that if m is any integer then and x — [a?]-*-0 as 

.r-*-?>i-t-0, and 1 , x - pr]-*-l as x-*~ni - 0. 

98. Continuous functions of a real variable. The 

“reader has no doubt some idea as to what is meant by a continuous 
cui've. Thus he would call the curve C in Fig. 29 continuous, 
the curve C generally continuous but discontinuous for x = £' and 

w// 

X = £ . 



Either of these curves may be regarded as the graph of a 
function </> (a?). It is natural to call a function continuous if its 
graph is a continuous curve, and otherwise discontinuous. Let us 
take this jis a p rov isional definition and try to distinguish more 
precisely some of the properties which are involved in it. 

In the first place it is evident that the property of the 
function y = 0 (a?) of which C is the graph may be analysed into 
some property possessed by the curve at each of its points . 
To be able to define continuity for all values of x we must first 
define continuity for any particular value of x. Let us there¬ 
fore fix on some particular value of x, say the value x = 
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corresponding to the point P of the graph. \\ hat are the 
characteristic properties of (x) associated with this value of x ? 

In the first place (f> (x) is defined for x = £. This is obviously 
essential. If (f> (£) were not defined there would be a point 
missing from the curve. 

Secondly <j> (x) is defined for all values of x near x = £; i.e. we 
can find an interval, including x = % in its interior, for all points 
of which <f>(x) is defined. 

Thirdly if x approaches the value £ from either side then <p (x) 
approaches the limit <f>(i;)- 

The properties thus defined are far from exhausting those 
which are possessed by the curve as pictured by the eye of 
common sense. This picture of a curve is a generalisation from 
particular curves such as straight lines and circles. l>ut the) aie 
the simplest and most fundamental properties : and the graph of 
any function which has these properties would, so far as drawing 
it is practically possible, satisfy our g eometrical intuition of what 
a continuous curve should be. We therefore select these propel ties 
as embodying the mathematical notion of continuity. We are thus 
led to the following 

DEFINITION . The function <f>(x) is said to be continuous for 
x=% if it tends to a limit us x tends to % from either side, and 
each of these limits is equal to cf> (£)• ; ‘ a ''*''*“* ' 

We can now define continuity throughout an interval. The 
function <f>{x) is said to be continuous throughout a certain 
interval of values of a; if it is continuous for all values ol x in th at 
• interval. It is said to be continuous everywhere if it is continuous 
for every value of x. Thus [x] Vs continuous in the interval 
( e> i _ where e is any positive number less than £ ; and 1 and ./ 
are continuous everywhere. 

If we recur to the definitions of a limit we see that our 
defin ition is e quivalent to ‘ <f> (x) is continuous for x = f f given h, 
we can choose « (8) so that <f> (x) - \ < 8 if 0 Z \ x - % \ Z e (8)’. 

We have often to consider functions defined oi^:ln_ajj_ililemil 
g a> In this case it is convenient to make a slight and obvious_ 
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change in our definition of continuity in so far as it concerns the 
particular points a and b. We shall then say that <f> (x) is con-^ 
tinuous for x = a if <f> (a -f 0) exists and is equal to (a), and for 
x = b if (f> (b — 0) e xists and is equal to <fr (b). 

99. The definition of continuity given in the hist section may 
be illustrated g eometrically as follows. Draw the two horizontal 
lines i/ = </> (|) — 8 and y = (f> (£) 4- 8. Then | <f> ( x ) — </> (^) | < 8 ex¬ 
presses the fact that the point on the curve corresponding to x lies 



between these two lines. Similarly | x — g I ^ e expresses the fact 
that x lies in the interval (f—e, £+e). Thus our definition asserts 
that if we draw two such horizontal lines, no matter how close 
together, we can always cut off a vertical strip of the plane by 
two vertical lines in such a way that all that part ot the curve 
which •'s contained in the strip lies between the two horizontal 
lines. This is evidently true of the curve C (Fig. 29), whatever 
vr’i.c £ may have. 

Wo shall now discuss the continuity of some special types of 
functions. Some of the results which follow were (as we pointed 
out at the time) tacitly assumed in Cli. II . 

Examples XXXVII. 1. The sum or product of two function s continuous 
at a point is continuous at that point. The quotient is also continuous 
unless the denominator vanishes at the point. [This follows at once from 
*• Ex. xxxv. 1.] 

2. Any p olynomia l is continuous for all values of x. Any rational 
f raction is continuous except for values of x for which the denominator 
vanishes. [This follows from Exs. xxxv. 6, 7.] V 
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3 . Jx is continuous for all positive values of x (Ex. x.xxv. 8). It is not 
define! when x < 0, but is continuous for .r = 0 in virtue of the remark made at 

■•the end of g 98. The same is true of x- ", where >n and n are any positive 
' integers of which n is even . 

4. Tiie function x"'", where n_ is odd, is continuous for all values of x. 

5. l/x is not continuous for x = 0. It lias no value for x = 0, nor does it 
tend to a limit as x—0. In fact l/x— + x or l/x— - x according as x—0 
by positive or negative values. 

G. Discuss the continuity of x ~ where m and « are positive integers, 
for x = 0 . 

7 The standard rational function H (,v) = P {x)M (x) i» discontinuous for 
.*• = «, where « is any root of 0<x> = 0. Thus (x 2 +l)/(x-- 3x +2) is discon¬ 
tinuous for x= 1. It will be noticed that in the case of ratjonajj unctions a 
discontinuity is always associated with («) a fail tire _of _th_o__deluiition for a 
particular value of .r ami (b) a tending of the function t « . » + x or - x as x 
approaches this value from either side. Such a particular kind of point of 
discontinuity is usually described as an infinity of the function. An ‘infinity 
is the kind of discontinuity of most ... occurrence in ordinary work. 


f 

4 


8. Discuss the continuity ot 

Jl(x - a) (b-x)U y {(X - a) (b - x)}, - X)}, y\(x -tt)l(b - x)\ 

9. sin x and cosx are continuous for all values of x. 

[\V e have sin (x + /<)-*in x=2sin \ft cos (x + M), 

which is numerically less than the numerical value of /<.] 

10 . For what values of x are tan/, cot x, sec x. and cosecx continuous 
or discontinuous ? 

II If f(y) is continuous for .y = n , and <f> <x) is a continuous function of 
x which is equal to n when x = f then /[tft (x)) is continuous for x = f 

12. If <t> (x) is continuous for any particular value of x, then any poly¬ 
nomial in <p (x), such as « {<f> (x)p +i» so too. 

13. Discuss the continuity of 

I /(a cos* x + b sin- x), s /( 2 + cosx), ^(1+sinx), l/ s /(l +sin x). 

14. sin (1 lx), x sin(T/x)/and a- sin (1 /x) are continuous except for x -0. 

15. The function''which is equal toixsin (l/x) except when x = 0, and to 
zero when x = 0, is continuous for all values ol x. 

j ^[r] and x-[x] are discontinuous for all integral values of x. 

17 For what (if any) values of x are the following functions discon¬ 
tinuous : [x 2 ], U'x], J(x-[x]), [x]W(x-[x]), [2x], [x] + [-x]? ^ 

n. 
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N£. 18 . Classification of disconttordties. Some of the preceding examples 

suggest a classification of different types of discontinuity. ^ 

( 1 ) Suppose that rp (x) tends to a limit as .r-»~a either by values less 
than or by values greater than a. Denote these limits, as in § 95, by (f> (a —0) 
and (p (a 4-0) respectively. Then, for continuity , it is n ecessar y and s ufficien t 
that (f> (x) should be defined for x = a, and that <p (a - 0 )=<p (a) = <P(a 4-0)- Dis¬ 
continuity may ai-ise in a variety of ways. 

\V (a) (ft (a — 0) may be equal to (a 4-0), but <p(a) may not be define d, or 
& may differ from <p(a — 0) and <£(« + 0). Thus if <b (x) = x sin (llx) and a = 0, 

<p (0 — 0) = (p ( 04 - 0 )= 0 , but (p (x) is not defined for x = 0. Or if <P(x) = [l ~^ 3 ] 
and a = 0, <p (0 — 0) = <p (0 + 0) =0, but <p ( 0)=1. 

O) <p(a- 0) and (a 4-0) may he unequal . In this case c p (a) may be 
equal to one or to neither, or be undefined. The first case is illustrated 
by <P (x) = Q], for which <P(0-0)=-l, <P (0 + 0) = <p (0) = 0 ; the secon d by 
<P (x) =M^i.for which <p( 0 - 0) = -1, <p (0 4- 0) = 1, <p (0)=0; and the third 
by f p (x) = [x] 4- a'sin (1 /.v), for which <p (0 - 0) = — 1, <p (04-0)=0, and <p (0) is . 
undefined. 

In any of these cases we say that <p (x) has a simple discontinuity at 
\y x=a. And to these cases we may add those in which <p (x) is defined onjy 

* on one side of x=a, and <p (a- 0) or (p (a 4-0), as the case may be, exists, but 

' <p ( x ) is cither not defined when .r = « or has when x=a a value different from 

<p (a - 0) or <f> (a 4- 0). 

It is plain from § 95 that a function which increases or decreases steadily 
in the neighbourhood of x = a can have at most a simple discontinuity for x = a. 

(-2) 11 may >»c the case that only one (or neither) of </>(«- 0) and <p(a + 0) 

oxists, but that, supposing for cxamplo <p(a+0) not to exist, <p(x)-~- + co or 
: <p (x)-+- - GO us x-^a + 0, so that (p (x) tends to a limit or to 4- °° or to - » as 

• .r approaches a from either side. Such is the case, for instance, if <p (x) = \/xor 

<P (x) = 1 /x 2 , and a =0. In such cases we say (cf. Ex. 7) that x=a is an infinity 
of <p (x). And again wo may add to these cases those in which <p (.r)-*- 4-« 
or <p (x)-— — oc i\ax—~a from one side, but {x ) is not d efi ned at all o n the 

ot her side of x — a. 

( 3 ) pQjHt, Q f discontinuity which is not a point of simple discon¬ 

tinuity nor an infinity is called a point of oscillatory discontinuity. Such 
is the point ,r=0 for the functions sin (1 jx\ (l/x ) sin (\/x). 


19. What is the nature of the discontinuities at * = 0 of the functions 
(sin x)/x, [.r]4-[-.v], cosec x, J(\/x), {/(I/*), cosec (l/.r), sin (l/x^sin (l/x) ? 

20. The function which is equal to 1 when x is rational and to 0 when 
x is irrational (Oh. II, Ex. xvi. 10) is discontinuous for all values of a-. So too 
is any function which is defined only for rational or for irrational values of ^ 


9!), 100] CONTINUOUS AND DISCONTINUOUS FUNCTIONS 


(vo 

179 


21. The function which is equal to x when x is irrational and to 
^ N /‘i 1*+'/')!' "'hen x is a rational fraction pjq (Ch. II, Ex. xvi. 11) is 
discontinuous for all negative and for positive rational values of x, but 
continuous for positive irrational values. 

22 For what points are the functions considered in Ch. IV, Exs. xxxi 
discontinuous, and wliat is the nature of their discontinuities ? [Consider, 
c . „ t i, c function y = liin x H (Ex. 5). Here >/ is only defined when - 1 <.< < 1 : 
it is equal to 0 when -l<-f<l and to 1 when .r=l. The points x = 1 and 
.r= - 1 are points of simple discontinuity.) 

100 The fundamental property of a continuous function. 

It inav perhaps be thought that the analysis of tlnTldea of a con¬ 
tinuous curve given in $ 9«S -is not the simplest or most natural 
'“possfbhT V7 Amother oTaiiulysiiig our idea of continuity is the 

following. Let A and B be two points on the graph of <f> (.rdwhose 
coordinates are x,„ cf>(j\.) and x lt respectively. 

straight line X which pass?*, between A and B. Then ebrnmoiT 
rtense certainly declares that,if the graph of c p (./•) is continuous it 

must cut A. 

r ■' 1 '“'jf^we consider tjhs property as an intrinsic geometr ical 
property of continuous curves, it^is-eloar that there is no real 
lossoTgencrality in supposi ng X^ to be p arallel j p the axis of x. 
In this ease the ordinates of A and B cannot be equal: let us 
suppose, for definiteness, that (f> (x t ) > <f> (x 0 ). And let X be the 
| int; ,j = V) where <f> (./„) < V < 4> (■*»)• Then to s »y thafc the graph 
of <f> (x) must cut X is the same thing as to say that there is a 

value of x between x 0 and x t for which <f> (x) = r,. 

We conclude then that a continuous function <f> (x) must 
possess the following property: if 

and y < V < )\ then there is a value of x between x„ and x , for which 
fix) = v- ; Li other words as x varies from x 0 to x lt y must assume 
at least o nce even/ va In- between y„ and y x . 

We shall now prove that jf </> (x) is a. continuous function of a- in 
(he 8en jl e d,-fined in% 98 them it does in fact possess this ju^rfy. 

There i&a certain range of values of to the right of x 0 , for which 
rj. For <f>{x „)<v, »nd so <f>(x) is certainly less than v if 
^ 1 J ■ J 
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(f) (x) — <f> ( x 0 ) is numerically less than tj —<f> (x 0 ). But since <p (x) 
is continuous for x = ;r 0 , this condition is certainly satisfied if x is fc 
near enough to x 0 . Similarly there is a certain range of values, 
to the left of x ,, for which d> (x) > tj. 

i S. G.j*» 

We can now easily prove our theorem by a reductio act, 
absurdum. For suppose that there is no value o f x between x 0 
and x , for w hich <f> (x) = tj. Then, for every value of x in the 
interval (x 0 , x^, <p (.r) is eitlier greater or less than tj. 

Let us divide the values of x between x 0 and x x into two classes 
L, R as follows: 

(1) in the class L we put all values £ of x such that <p (#) < tj 
when x — £ and for all values of between x 0 and £; 

(2) in the class R we put all the other values of x, i.e. all 
numbers £ such that either <f> (£) =\ij or there is a value of # between 
x„ and £ for which <p (x) = tj. 

Then it is evident that these 1 ' two classes^^satisfy all the 
conditions imposed upon the classes R of § 1/, and so constitute 
a section of the real numbers. Let £ 0 be*, the number corresponding 
to the section. According to our hypothesis; <f> (£ 0 ) is n °t equal to tj. 

First suppose <£(£„) > tj, so that belongs to the upper class: 
and let </> (£ 0 ) = tj + k, say. Then (f> (£') < tj and so 

\*<& ,>-*(*')>*. 

for a’’ • wlues of less tli$.n £ 0 , which contradicts the condition of 

con ■ ; : i i v for x = £ 0 . 

I.ext suppose <j> (£») = tj — Ic < tj. Then, if is any number 
greater than either </>(£') = tj or we can find a number |* 
between and such that (f> (£") = tj. In any case we can find 
a number as near to as we please and such that the corre¬ 
sponding values of <f>(x) differ by more than k. And this again 
contradicts the hypothesis that <f> (x) is continuous for x = f 0 - 

Hence the hypothesis that <p(x) is nowhere equal to tj is un¬ 
tenable, and the theorem is established. The fact is, of course, 
that (p (g 0 ) must be equal to tj. 

101. It is easy to see that the converse o f the theorem just proved is Qot_ 
true. Thus such a function as the function 0 (x) whose graph is represented* 


i 

V 
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bv Fig. 31 obviously assumes at least once every value between 0 (a*„) and 
0 (. ri ) : yet 0 (x) is discontinuous. Indeed it is not even true that 0 (or) must ^ 
) je continuous when it assumes each value once and once only. Tims let 0 {x) 
be defined as follows from x=0 to .v=l. If x=0 let 0 (x) = 0; if 0 < .r < 1 
let <p(x)= l-.r; and if x=\ let <f>(x) = \. The graph of the function is 
shown in Fig. 32; it includes the points O, C but not the points A, B. It 
is clear that,°as x varies from O to 1 , 0 (.r) assumes once and once only every 
value between 0 (0) = 0 and 0 ( 1 )= 1 ; but 0 (*) is discontinuous for x = 0 and 

x=l. 


A C 




As a matter of fact, however, the curves which usually occur in elementary 
mathematics arc all composed of a finite number of pieces along which g always 
varies in the same direction. It is easy to show that if y = 0 (x) a lwaysjvanes 
same direction, i.e. steadily increases or decreases, as .r varies from 
—7^ t lien the two notions of co ntinuity are really equivalent, i.e. that if 
2 ( x) takes every value between 0 (*„) and 0 (x t ) then it must be u continuous 
function in the sense of § 98. For lot £ be any value of x between and 
x As through values less than $, <p(x) tends to the limit 0(£-O) 

J' 95) _ similarly as x—$ through values greater than £, (x) tends to the 

limit 0(£+O). The function will be continuous for x=$ if and only if 

d> —O) = 0 (£) = 0 (£+0). 




But if either of these equations is untrue, say the first, then it is evident that 
(b(j-) never assumes any value which lies between 0(£-O) and 0 (£), which 
U contrary to our assumption. Thus 0 (x) must be continuous. The net 
result of this and the last section is consequently to show that qurcommon.- 
J MH(1 notion, of what we mean by continuity is qnh-itautiid l r . accurate^ and 
capable of precise statement in mathematical terms. 


102 The range of values of a continuous function. In 

this and the next paragraph we shall state and prove some general 
theorems concerning continuous functions. Let us consider a 
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function <p (x) about which we shall only assume at present that it 
is defined for every value of x in an interval (a, b). 

It may be possible to assign a number K such that ( x ) g K 
for all these values of x, i.e. such that the value of <p (x) cannot be 
greater than K, or, as we may say, (p ( x) cannot surpass K.^ln this 
case we shall say that (p (.r) is bounded above (cf. §§ 80 'et skq.). 


If K can be assigned at all it can be assigned in an infinity of 
wavs: f or if <p (x) cannot surpass K, then it certainly cannot surpass 
any number greater than K. But there is a least number K 
which <p(x) cannot surpass. For if we divide the aggregate of real 
numbers into two classes L, R composed respectively of the numbers 
which (p (.r) can and cannot surpass, t hen L and R constitute 
a section of the real numbers to which corresponds a number M. 

This number M must belong to R . For if it belonged to L, then 
c f > (;r) could assume a value greater than M, say M + 8; and then all 
the numbers between M and M + 8 could also be surpassed, so that 
there would be numbers greater than M and belonging to L, which 
is not the case. Thus M is the least number which <f> (a?) cannot ™ 
^surpass : we call M the upper bound of tp(x) in the interval (a, b).** 9 


Similarly it may be possible to fincT a num ber which —(f>(x) 
cannot surpass; and if this is possible, tlien it is possible to fi nd a 
least number — m which — <p(x) cannot surpass: or, what is the same 
thing, a greatest number m below which the value of <f>(x) cannot 
sink. In this case we say that <p ( x ) is bounded below, and call m 
the lower bound of <f> (x). If both M and m can be determined in 
this way then we shall say that (p (a?) is bounded throughout (a, b). 
And then m and M are the greatest and least numbers such that 

m se <P (x) £ il I 

/ # j, ,' K C^rvwti 

for all values of x in the interval {a, b).y It is evident that if 
a<b<c, and cp(x) is bounded in (a, b), and also in (b, c), then- 
t p(x ) is bounded in (a, c). 

If it is not possible to determine M in the way explained 
above, then <p (a ) has no upper bound : in this case we can find 
values of (p (./•) greater than any assignable number. In the same 
way <p (x) may have no lower bound. 


/ 


THEOREM 1. Jj' <p(x) is continuo us throughout b), then it is 
bounded in (a, b). <Wt **' • =♦?-* **. 






n, : 
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We can certainly determine an interval (a, £), extending to 
* the right from a, in which is hounded. For since *(*> 

is continuous for x = a, we can, given any number 5 however 
small determine an interval (a, £) throughout which <f> (x) lies 
between <f> (a) - 8 and </,(«)+ S; and obviously <*>(*) 1S funded m 

this interval. , 

Now divide the points f of the interval (a, 4) mto two elat es 

£ 7? putting ? in £ if £i£l is bounded in («■_£). *"d in K if this 

U not'the case! It" follow^ from what precedes that £ certa.n jv 

exists ■ what we propose to prow is that R does not. Sl >PP°“ 

th^Tf? does exist, and let 0 be the number co^spondmg to the 

section whose lower and upper classes are £ and It. & » * > 

Is continuous for * - 0, we can, however small 8 maybe, detmmm 
anT^wT/3 -V.0 + V)' throughout winch , " 


3 


*? 




a. ' 'R 

in (B — w B + *?)• But /3 — ^7 belongs to L. 

Tims tb(X) IS DOUIlueu in t/3 'Jx-bLJL-L' , , „ 

1 mm qua; — ; : -, . • , a _ am l therefore it is 

Thom fore <f> (x) is bounded in («, P V)- 

; Tr;h’“ : =s ttt. r &* 'r 

Shows that B does not exist. And so 0 (.) » bounded m the 
"“"T' // H£) » »<«,« Mro^uud (a. 6), «ed * 

ft- <f> (ir) assujnesthtjjalues 

M and m (it le ast once each in the intei val. . 

- Sr given any positive number S. we can find a value* of a 

. . , Af — ch (x) < 8 or l/|il#-*<*>}> V& Hence l/{il/-<M*)l 

which therefore by Theorem 1, is not continuous, 

is not bounded, and tnercioie, uy 

R|1 , w-d>(x) is a continuous function, and so 1/\M 9 (*)!/* 

B f" mf at any point at which its denominator does not vanish 
'xxWlTl/ There must therefore be one such point: at 
( t hfs point *<*>- M. Similarly it may be shown that there ,s a 

P<>i The proof given is aonievsdiaLJSS^tlo and indirect and it 

rfnXaT active lines of proof. It will however he con- 

venient to postpone these for a momentf. 

. ltpmb J mult replace thin interval by <* - * -<1 + n by * throughout 

the argument which follows, 
t See § 101 . 
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Examples XXXVIII. 1. If <t>( jr) = 1 jx except when x=0, and (f>(x)= 0 
when x = 0, then (x) has neither an upper nor a lower bound in any t _ 
interval which includes .v = 0 in its interior, as e.g. the interval ( — 1, 4-1)- 

2. If <b (x) — 1 lx- except when x = 0, and <f>( x) = 0 when x=0, then <h(x) 
has the lower bound 0, but no upper bound, in the interval (—1, +1). 

3. Let 0f.v) = sin (I fx) except when j- = 0 , and $ (:r) = 0 when .r=0. Then 
</> (.r) is discontinuous for x=0. In any interval ( — 6, +5) the lower bound is 
— 1 and the upper bound -+- 1, and each of these values is assumed by (f> (a*) an 
infinity of times. 

4. Let (fi (x) = x - [.r]. This function is discontinuous for all integral 
values of x. In the interval (0, 1) its lower bound is 0 and its upper bound 1. 

It is equal to 0 when x=0 or x= 1, but it is never equal to 1. Thus <f> (a*) 
never assumes a value equal to its upper Inmnd. 

5. Lot (fi (x) = 0 when x i s i rrati o nal, and (.r) = q w hen x is a rationa l 
fraction pjq. Then $ (.r) has the lower Inmnd 0, but no upper bound, in any 
interval (a, b). But if <\> (.»■) = ( — ly*/ when x=p/q, then </> (.r) lias neither an 
upper nor a lower bound in any interval. 

103. The oscillation of a function in an interval. Let 

(>) be any function bounded throughout (a, b), and M and in 
its upper and lower bounds . We shall now use the notation 
M(a, b), m(a, b) for M, m, in order to exhibit explicitly the de¬ 
pendence of M and m on a and b, and we shall write 

0 {a, b) = M ((/, b) — m {a, b). 

This number 0 (a, b), the difference between the upper and 
lower bounds of </>(./•) in (a, b), we shall call the oscillation o f 
in (a, b). The simplest of the properties of the functions AT (a, b ), 
m (a, b), 0 (a, b) are as follows. 

(1) If a = c = b then M («, b) is equal to the greater of M (a, c ) 
and M (r, b), and m {a, b) to the lesser of m ( a , c ) and m (c , b). 

(2) M (a, b) is ini increasing, )n (a,b) a decreasing, and 0(a,b) 
on increasing function of b. 

(3) 0(a,b) mO(a, c) + 0(c,b). 

The first two theorems are almo st immediate consequences of 
(0 our definitions. Let p be the greater of M (a, c) and M (c, b ), and 
let 8 be any positive number. Then (.r) £ p throughout (a, c) 
and (e, b), and therefore throughout (a. 6); and $ (x) > p — 8 
somewhere in (a. c ) or in (c, b), and therefore somewhere in (a, b). ' 
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Hence M (a, b) = p. The proposition concerning in may he proved 
4 similarly. Thus (1) is proved, and (2) is an obvious corollary. 

Suppose now that .1/, is the greater and M.. the less of M (a, c) O) 
and M (c, b), and that m } is the less and t he greate r of m (a, c) 
and m (c, b). Then, since c belongs to both intervals, (cl is not 
greater than M 2 nor less than ni~>. Hence M. = in.,, whether these 
numbers correspond to the same one of the jntervals (a, c) and 
(c, b ) or not, and . 

0 (a, b) = Mi - m, ^ Mi + M 2 — 7/1, - /«,. 


But 0 (cl , c) + O (c, b) = M i + M« — ///, >n2 ’> 

and (3) follows. 


104. Alternative proofs of Theorem 2 of $ 102. The most, 
forward proof of Theorem 2 of § 102 is as follows. Let $ be any number of 
the interval (a, b). The function if («, f) increases steadily with $ and never 
exceeds if. We can therefore co nstruct a sectio n of the numbers £ by , 
putting £ in L or in It according as if(a, g) < if or M («, $) = if. Let 3 bo - 

the number corresponding to the section. If a < <. b, we have 

if (a, p-n)< M, if (a, 0 + n ) = if I J u 


u. 


for all positive values of rj , and so 

M ((3 - n, + 

by (1) of § 103. Hence <f> (x) assumes, for values of x us near as we please to 
/3, values as near as we please to J/, and so, since <f> (x) is continuous, </> (3) 
miLst 1x3 equal to M. 

If B = a then if (a, a + And if /3~6 then M (a, b - r,) < if and 

so Jf(b-t), b) = M. In either case the argument may be completed _om 

before. 


The theorem may also bo proved by the method of repeated bisection </.) 
used in § 7if** If if i» the upper bound of <fj ( x ) in an interval PQ, and I*Q 
is divided into two equal parts, then it is possible to find a half/', in which 
the upper bound of 0 (.r) is also if. Proceeding as in g 71, wo construct 
sequence of intervals PQ, I\ <?,, P*Q%% ••• >»_££»« which the u pper ju m n d 
of <t> (x) is W . These intervals, as in g 71, converge to a point 7, and it is 
easily proved that the value of </> (x) at this point is if- 


105 . Sets of intervals on a line. The Heine-Borel 
Theorem. We shall now proceed to prove some theorems con¬ 
cerning the oscillation of a function which are of a somewhat 
abstract character but of very great ijiipo rtance, particularly, as 
we shall see later, in the t heory of inte gration. These theorems 
^depend upon a general theorem concerning intervals on a line. 
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- t •> *•% 4 l'*#. f ^ vtU # « A |64| J 

Suppose that we are given a of intervals m a straight 
line, that is to say an aggregate each of whose members is an V 
interval (a, /9). We make no restriction as to the nature of 
these intervals; the}' may be finite or infinite in number; they 
may or may not overlap*; and any number of them may be 
included in others. 

It is worth while in passing to give a few examples of sets of intervals to 
which we shall have occasion to return later. 

(i) If the interval (0, 1) is divided into n equal parts then the n intervals 
thus formed define a finite set of non-overlapping intervals which just cover 
up the line. 

(ii) We take ever y point $ of the interval (0, 1), and associate with £ the 
i nterval (£ — c, £ + <) , where « is a positive number less than 1, except that^ 
with 0 we associate (0, «) and with 1 we associate (1 — «, l), and in general we 
reject any part of any interval which projects outside the interval (0, 1). We 
thus define a n infinite set of intervals, and it is obvious that many of them 
overlap with one another. 

(iii) Wo take the rational points pjq of the interval (0, 1), and associate 
with p/q the interval 

, '• ti 9 \q~g 3 ’ ? + <p)’ ^ 

where « is positive and less than 1. Wo regard 0 as 0/1 and 1 as 1/1 : in 
these two cases we reject the part of the interval which lies outside (0, 1). We 
obtain thus a n infi nit e set of intervals, which plainly o verlap with one another, 
since there are an infinity of rational points, other than p/q, in the inter\al 
associated with p/q. ***<»' 

* 7 The Heine-Borel Theorem. Suppose that we are given an‘ % ~ 
■interval (a, b), and a set of^intervals / ^eac/<_ of whose members is 
included in (a, b). Suppose further that^f possesses the following 
properties : u - 

(i) ee point of (a, b), other than a and b, lies insidef at 
least- one interval of 1 ; 

(ii) a is the l eft-hand end point, and fa_ the r ight-hand en d 

point, of at least one interval of I. ^ 

Then it is possible to choose a finite number of ^intervals from 
the set l which form a set of intervals possessing the properties (i) 

. Tf »- »;*-«-1-'-*- •*— l-' t>y »~T-» 

Cl ltd (11 ). - ec*. »• — - * - - *• — • * «*■ •* 


VV I I I i », | — - •• ~ — 

0 ^ 

* The word overlap is used in its obvious s ens e: two intervals overlap if they 
have points in common which are not eud points of oither. Thus (0, and 1) 
Overlap. A pair of intervals such as (0, h) an d (£, 1) may bo said to abut . 

+ That is to say 4 in and not at an end of\ * ; • 
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Wx> knov 
interval of I, 


know that a is the left-hand end point of at least one u+c 


^interval of I, say (a, a,). We know also that a, lies inside at least 
o ne interval of I, say (a/, cl,). Similarly a* lies i nside an interval 
(a 2 \ a 3 ) of I. It is plain that this argument may be repeated iji_- 
definitely , unless after a finite number of steps a n coincides with b. 

If a„ does coincide with b after a finite number of steps then 
there is nothing further to prove, for we have obtained a finite set 
of intervals, selected from the intervals of I, and possessing the 
properties required. N If a n never coincides with b , then the points 
a,, a„, a 3 , ... must (since each lies to the right of its predecessor) 
tend to a limiting position , but this limiting position may, so far 
as we can tell, lie anywhere in (a, b). 

Let us suppose now that t he process just indicated, staiting 
from a, is p erformed in all j ossibltt-Ways, so that we obtain all 
possible sequences of the type a lt u>, a 3 , — I hen we can pro\e 
that there must be at least one such sequence which arrives afb 

after a finite number of steps. \ . f 




/ Fig. 33. / 

There are t wo possibilitie s with regard to any point £ between 
a and b. Either (i) Flies to the left of some point a n of some 
sequence or (ii) it does not. We divide‘ the points £ into ^wo 
classes L and R according as to whether (0 or (n) is true. The 
class L c ertainly . exis ts, since all points of the interval (a, a »> 
belongto L. We shall now prove that R_ doe\ not exist, so that 

every point tj belongs to L. 

If R exists then L lies entirely to the left of A and the classes 
L R form a section of the real numbers between a and b, to 
which corresponds a number £, The point £ 0 lies inside an interval 
of / say (£', £"), and £' belongs to L, and so lies to \the left of 
some term^Tof some sequence. But then we can ta^e <£', £") 
as the interval associated with «„ in our construction 

oF the sequence a,, a,, a„ ... ; and all points to the left of £ 
lie to the left of o„+,- There are therefore p oints of L to_th_e_ 
ri ght of go, and this contradicts the definition of R. \It is 
^therefore impossible that R should exist. 
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every point £ belongs to L. Now b is the right-hand 
end point "of an interval of I, say (6,, b), and 6, belongs to L 
Hence there is a member a n of a sequence Oj, u?, a*, ... such that 
a n > . But then we iiiay take the interval (On', On+i) corre¬ 

sponding to a n to be (6 lf b), and'-so. we obtain a sequence in which 
the term after the ?ith coincides with b, and therefore a finite set 
of intervals having the properties required. Thus the theorem is 
proved. 

It is instructive to consider the oxamples of p. 186 in the light of this 
theorem. 


(i) Hero the conditions of the theorem are not satisfied : the points 
1 /«, 2/n, 3 jn, ... do not lie inside any interval of I. ® 3 * *’•*• 0< " c 

(ii) Here the conditions of the theorem are’ satisfie d. The set of 
intervals 

(0, 2c), (*, 3e), (2c, 4e).(1 -2c, 1), 

associated with the points c, 2c, 3c, ..., 1 - c, possesses the properties re> 
quired. 


(iii) In this case we can prove, by using the theorem, that there are, 
if cTTsmalf enough points ^ (0, 1) wfiich do not lie in any interval of I. 


If every point of (0, 1) lay inside an interval of I (with the obvious 
reservation as to the end points), then wo could find a finite number of intervals 
of I possessing the same property aud having therefore a total length greater 
than 1. Now there are two~ intervals of total length 2c, for which q— 1, and 
q — 1 "intervals, of total length 2e(^—l)/^ 3 , associated with any other value 
of </. The sum of any finite number of intervals of I can therefore not be 
greater than 2c times that of the series 


1 2 3 

^ 2 3 3 3 4 3 ^ ’ x 

~C> ' 



< l — 


which will bo shown to be convergent in Ch. VIII. Hence it follows that, if 
e is small enough, the supposition that every point of (0, 1) lies inside an 
interval of / leads to a contradiction. 


The reader may be tempted to think that this proof is needlessly 
elaborate, and that the existence of points of the interval, not in any interval 
of /, follows at once from the fact that the sum of all these intervals is less 
than 1. But the theorem to which ho would be appealing is (\yhen the set of 
intervals is infinite ) far from obvious, and can only be proved rigorously by 
some such use of the Heine-Borel Theorem as is made in the text. 


106. We shall now apply—ika-JHeine-Borel Theorem to the 
proof of two imp ortant theorems conceming~Thn- oscillation of a 
continuous function. 
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THEOREM I. If <f>(x) is continuous throughout the interval 
4 (a, 6), then we can divide («, b) into a finite number of sub-intervals 
{a, x x ), (it-,, x a ), ... (x n , b), in each of which the o scillation of <f> (x) is 
l ess than an assigned positive number 8 . 


_ f 4' 

Let £ be any number between a and b. Since <b (x) is con¬ 
tinuous for x= £, we can determine an interval (£ — e, £ + e) such 
that the o scillation of cf>(x) in this interval is less than 5. It is 
indeed obvious that there are an infinity of such intervals corre¬ 
sponding to every £ and every 5, for if the condition is satisfied for 
any particular value of 6 , then it is satisfied a fortiori for any smaller 
value. What values of e are admissible will naturally depend upon 
£; we have at present no reason for supposing that a value of «• 
admissible for one value of £ will be admissible for another. We 
shall call the intervals thus associated with £ the 8-intervals of ^_ 


• If £ = a then we can determine an interval (a, a + e), and so an 
infinity of such inleiwATs/hT\ung the same property. These we 
call the 5 -intervals of a. and we can define in a similar manner the 

5 -intervals of b.} 


Consider now the set I of intervals formed b y taking a j j the 
5-intervals of all points of (a, b). It is plain that this set satisfies 
the conditions of the Heine-Borel Theorem; every point interior 
to the interval is interior to at least one interval of /, and " and b 
are end points of at least one such interval. We can therefore 
determine a set £ which is formed by a fi nite number of i n t ervals 
of I, and which possesses the same property as / itself. 

The intervals which compose the set 1' will in general overlap. 

as in Fig. 34. But their end — -- - 

points obviously divide up - — ~ - —. 

(a, b) into a finite set of in- Kit/. 34 . _ 

tervals I" each of which is __—) 


V«un — . .... i - -11 i - 

included!^ an interval of /', and in each of which the oscillation 
of <f> (x) is less than 5. Thus Theorem I is proved. 


THEOREM II. Given any positive number 5, rue can find, a 
number v such that, if the interval (a, b) is divided in any manner 
into tervals of length less than y, then the oscillation of <*> <*) 

in each of them will be less than 8. 
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Take 8, < ^-8, and construct, as in Theorem I, a finite set of sub¬ 
intervals j in each of which the oscillation of </> (x) is less than 8 ,.v' 
Let 7) be the length of the least of these sub-intervals j. If 
now we divide (a, b) into parts each of length less than 77 , then any 
such part must lie entirely within at most two successive sub- 
intervals j. Hence, in virtue of (3) of § 103, the oscillation of <f> (x) 
in one of the parts of length less than ?; cannot exceed twice the 
greatest oscillation of <f> (x) in a sub-interval j, and is therefore 
less than 28,, and therefore than 8. " *- ^ *' 

This theorem is of fundamental importance in the theory of 
definite integrals (Ch. Vll). It is impossible, without the use of 
this or some similar theorem, to prove that a function continuous 
throughout an interval necessarily possesses an integral over that 
interval. 

107. Continuous fimctions of s everal v ariable s. The 

notions of continuity and discontinuity may be extended to 
functions of several independent variables (Ch. II, §§ 31 et seq.). 
Their application to such functions, however, raises questions 
much more complicated and difficult than those which we have 
considered in this chapter. It would be impossible for us to 
discuss these questions in any detail here ; but we shall, in the 
sequel, require to know what is meant by a continuous function of 
two variables, and we accordingly give the following definition. 
It is a straightfo r ward gene rali sation of the last form of the de¬ 
finition* of § 98. 

The function y) of the tiuo variables x and y is said to be 

continuous for x — y = 7/ if given any positive number 8 , how¬ 
ever small, ive can choose e (8) so that 

I ( x > y) - <f> (£, v) j < S 

when 0 = x — £ £ e ( 8 ) and 0 ^ y — 771 ^ e ( 8 ); that is to say if we 
can draw a square, whose sides are parallel to the axes of coordinates 
and of length 2e (8), whose centre is the point (£, rj), and which is such 
that the value of </> (a?, y) at any point inside it or on its boundary 
diff ers from cf (?;) by less than 8.* 

This definition of course presupposes that <f> ( x , y) is defined at 
all points of the square in question, and in particular at the point 


* The reader should draw a figure to illustrate the definition. 
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(£, rj). Another method of stating the definition is this: <p (x, y ) is 5<>(U .. b 
4 continuous for y = y if (x, y) +<p (£, y) when x — £ y-~v 

in any manner. This statement is apparently simpler ; but it 
contains phrases the precise meaning of which has not yet been 
explained and can only be explained by the help of inequalities 
like those which occur in our original statement. 

It is easy to prove that the sums, the p roduct s, and in general 
the ( piotient s of continuous functions of two variables are them¬ 
selves continuou s. A polynomia l in two variables is continuous for 
all values of the variables; and the ordinary functions of a- and y 
which occur in every-day analysis are generally continuous, i.e. 
are continuous except for pairs of values of x and y connected by 
special relations. 


The reader should observe carefully that to assert the continuity of 
^ y ) with respect to the two variables x and // is to assert much more 
than its continuity with respect to each_ varial>le considered . separately . It is 
idld77 that if </> (x, y) is continuous with respect to .r and y then it is certainly 
continuous with respect to x (or y) wl.cn any fixed value is aligned to y 
(or x). But the conferee is by no means true. _ ' 

•±x*f 

</>(•*•, y)= r , + y, 

when neither x nor, is £ r o, andj (~^-S\vhen°either x ory is sere. Then 
if y has any fixed value, zero or not , 4 , (x.y) » a con fun c tion of x 

aiuf in particular"continuous for x = 0 ; for .ts value when x=0 .s *ero«M.d it 
tends ti the limit zero as x~0. In the same way >t may he shown that 
T, r m is a continuous functioned But 4 . (x. y .a no a continuous function 
of x unrfy~for x = 0, y-...~TSValue when x-O, y =0 is zero ; but if X and 
y tend to zero along the straight lino y-ux, then 


— Cl 


<^>(x,y)= n ^. lini 4 * (x,y )=> 

which may have any value between - 1 and 1. ^ 2w ft f- 13 > 

108 Implicit functions. We have already, i«V°Uh. II, met with 
the ufoa of an implicit function. Thus, if .r and y are connected by the 

relati ° n yC- X y-y- X = 0.(1), 

then y is an ‘implicit function’ of x. 

But it iM far from obvious that such an equation as this docs really defi ne 
a function y ofx, or several such functions. In Ch. II we were content to 
take this for granted. -Wo are now in a position to consider whether the 
assumption we made then was justilied. 
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We shall find the following terminology u seful. Suppose that it is possible 
to su rround a point (a, b), as in § 107, with a square throughout which 
a certain condition is satisfied. We shall call such a square a neighbourhood v 
of (a, b), and say that the condition in question is satisfied in the neighbour¬ 
hood of (a, b ). or near (a, b), meaning by this simply that it is possible to find 
some square through out which the cond it ion is sa tisfi ed. It is obvious that 
similar language may be used when we are dealing with a single variable, the 
square being replaced by an interval on a line. 

C1 . 1 . K3 - Theorem. If (i) f(x, y) is^a continuous function of 
l\^J}eighhour/<ood of * 1 J 


x in the 


“ /(«»&) = 0, 


o. 


f (x, y) is, for ; all vajues of ,.r in the neighbourhood of a , a steadily 

< 7 . function oTy. in the stricter sense of § 95, ,fcr 
“ * . /• 1 " 




(in) 

increasing 

then (1) there is ci unique function y = (p (* r ) which, when substituted in the 
equation f (x,y) = 0, satisfies it identically for all values of x in the neighbour - 
/mof/ of a, : - ,c^r • e. 

(2) c/> (.v) ts continuous for all values of x in the neighbourhood of a. 

(0 In the figure the square represents a * neighbourhood ’ of (a, b) through¬ 
out which the conditions (i) and (iii) are [_V 
satisfied, ami P the point (a, b). If we 
take 0 and li sis in the figure, it follows from 
(iii) that f (x, y) is positive at Q and negative 
at It. This being so, and f (.r, y) being con¬ 
tinuous at and at li, we can draw lines (}(/ 
and It It' parallel to OX, so that Iff/ is parallel 
to OV and fix, y) is positive at all points of 
00 and negative at all points of Itlt'i In par¬ 
ticular f(x, y) is positive at (/ and negative at 


If, and therefore, i^i virtue of (iii) and § 100, 
vanishes oiSTJ- and only once at a point P' on 





Q 

■> o 

Qf>o 



P>i ' v=*t- 

(a. 6) 



< o R 

< o 

R'<o 


Fig. 35. 


li'0'. I he same construction gives us a unique point at which f(.v,y) = 0 
on ouch ordinate between liO and Iff/. obvious, moreover, that the 

sainc construction can lie carried out to the left of PQ^j The aggregate of 
points such as P' gives us the graph of the required function y = <f> (x). 

It remains to prove that </>(.r) is cont in uous. This is most simply effected 
by using the idea of the ‘limits of indetermination ’ of <}> (x) as x-—a (§ 96)! t *’* ,v 
Suppose that x-+-a, and let X and ^be the limits of indeteriuination of 0 (.r) 
as o. It is evident that the points (a, X) and («,0) lie on Qlt. Moreover, 
wo can find a sequence of values of x such that <£(.r)-*-,X when .r-*-« through 
the values of the sequence; and since J' {.r, </> (x)}j=G, and f{x,y) is a con- 
tinuous function of x ami y, we have - - 

. /(a,X) = 0. 


)c 


Hence \ = b; and similarly u = 6. Thus cf> (x) tends to the limit 6 as or-^-a, 

, and f so <j>(x) is continuous for x = a. It is evident that we can show in 
f »«? j ^*( A .^ i y - Cf O') ^ <■ / 

f Vy * O , 3>> - 


/•n> 
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exactly the same way that (f> (x) is continuous for any value of x in the 
neighbourhood of a. 

It is clear that the truth of the theorem would not be affected if we were 
to change ‘increasing’ to ‘ decreasing ’ in condition (iii). 

As an example, let us consider the equation' (1), taking a = 0, 6 = 0. It is 
evident that the conditions (i) and (ii) are satisfied. Moreover 

/(•«•> y) -/(•*» /)=(. y-y) 1 ) 

has, when x, y, and y arc sufficiently small, the sign opposite to that of 
y-y'. Hence condition (iii) (with ‘degreasing’ for ‘increasing’) is satisfied. 
It follows that there is one and only oue continuous function y which 
satisfies the equation (1) identically and vanishes with x. 


. 


The same conclusion would follow if the equation were «l. t - 


y- ~ xy-y-x = 0 . 

The function in question is in this case 

y = * {1+ x - 1 + «x + X 2 )}, 

where the square root is positive. The second root^n which the sign of the 
so ..are root is changed, does not satisfy the condition of vanishing with x. 

109. Inverse Functions. SuppoHe m imrticnjm : that y) i» of the 
form F(y)-x. Wo then obtain the following theorem. 

,r F( //) U a function of y, continuous and steadily increase a (or decreasing ), 
in the stricter sensei/ § 95, in the neighbourhood of y = b, fcJ F(b)-a, then 
there iTi'unique Continuous function y = «/>(x) which is equal to b when x=a 
/in<t'satisfies ttiV/wtion /’(y) = x identically in the neighbourhood of x = a. 

The function thus defined is called the inverse function of F (y). , 

Suppose for example tlmt,r»-&«-0, b = 0. Then all the conditions of 
the theorem arc satisfied. The inverse function .s x= Jy. *f 

c- «- If we had supposed that y/^x then the conditions of the theorem woullH^I 
~~Z ot have been satisfied, for & is not a steadily increasing function of y in any \±S_ 
Nerval which includes y=,0: it decrees when y is negative and ...creases 
when y is positive. And in this case the conclusion of the theorem does not 
old L * defines ^ functions of x, v.z. y = Jx and y= both of 

which vanish when x = G, a.W each of which is defined only for ,K>sit.vo values 
of x s., that the equation hip* sometimes two solutions and sometimes none. 

The ’ reader should consider tj.e more gcM.cral_eqnat.gns 

in the s ame way . Another interesting example is given by the equation F t?) 

e- » . \ g *- y - X = O t 

already considered in hx?Xiv. i .• 

r.* Similarly the eqiuition ***** siny = x ** 1 

, 1( „ j „.,. Mulutio .i which vnfahe. with x, viz. the.value of «rc»m * which , } . 
. Q ,.J«lies with x. There are of course ajij.ul.mty of solutions, given by the 
. ot hcr values of arc sin x (cf. ExT^v. 10), which . do mAjatisf y this condition?. 

. ^ •* * • 13 
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The reader will find it very instructive to write out a direct proof of the 
theorem of this section, starting from first principles and not assuming the 
j-^Jgeneraf V&eorem of § 108. [l^^wiltMiml^haTXh almbs t4ntbitive" 

\\then"1ie-dra\ya-thD'^Brai>h He should also prove that the inverse 


u 


function is itself a steadily increasing or decreasing function. 

h Tk;,_cluJ i.K .(.p*. Jm. ^ Ptl) 


«i Tt - S * *••»-*■* K *-» -rp«*- ^ *■ eiJ 

«1 V2.u..t Y i< *'Ff'a) V. t -•*. iy iu.u eC^cf? **i ^,1 


MISCELLANEOUS EXAMPLES ON CHAPTER V. 


Ci> 


1. Show that, if neither </ nor b is zero, then 

u.v n -t- b.r n “ 1 4-... + jfc = c w* (1 + e x ), 
where f x is of the first order of smallness when x is large. 


2. If P (.#.•)== ax n + b.v" and a is not zero, then as x increases 

P (.r) has ultimately the sign of a; and so has P (.r + X) — P (x), where X is 
any constant. 


3. Show that in general 

(ax* + bx n -> + ...+ 1)/( A x" + lix* ~ 1 + ... + K) = « + (/9/.r) (l+« x ), 

where. a=*<ilA, [4=(bA -a/i)/A- y and « x is of the first order of smallness when 
x is largo. Indicate any exceptional cases. 

4. Express (ax 3 + bv + c)/(Ax- + Bx -f C) 

in the form « + (@/x) + (y/x *)(1 +* x ), 

where t x is of the first order of smallness when .c is large. 

- r >. Show that lim Jx { N /(a*+a) — N /.r} = A«. 

x-^ x- 

[Use tlie formula N /(.c+a) — N '.r— a/[ s r (x+a) + N 'r}.] 

<». Show that s '(x + a) = s fx + A (<ij\ f x) (1 4- f x ), where f x is of the first order 
of smallness when x is large. 

7. Find values of a and £ such that N f(a.r s + 2fc.r + c) — ax — {3 has the limit 
zero as x-+-x. ; and prove that lim.r{ v /(o.r 2 + 26a-+c) — «.c—/3J = («c—6 a )/2«. 

8. Evaluate lim x {,/[ v 3 + s f(x* -f 1 )]-.>• x '2}. 

co 


1». Prove that (sec x — tan x) 0 as .r-*- k rr. 

10. Prove that </i (.*•)= 1 — cos (1 — cos x) is of the fourth order of smallness 
when x is small; and find the limit of <fr(x)fx* jus .r-*-0. 

11. Prove tluit t/> (.»•)=x sin (sin .*••) — sin 2 x is of the sixth order of smallness 
when x is small; and find the limit of <f>(x)[.v° jus .r-*-0. 

12. From a point P on n radius OA of ji circle, produced beyond the 
circle, a tangent PT is drawn to the circle, touching it in T, and TX is drawn 
perpemlicuhir to OA. Show that XAjAP -*-1 as P moves up to A. 
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13. Tangents are drawn to a circular arc at its middle point and its 
-extremities; A is the area of the triangle formed by the chord of the arc and 

the two tangents at the extremities, and A' the area of that formed by the 
three tangents. Show that A/A'-*-4 as the leugth of the arc tends to zero. 

14. For what values of a does [a + sin (l/x)}/x tend to (1) * , (2) — co , 
as ,c-*~01 [To x if a> I, to — oc if a<— 1: the function oscillates if 

15. If (ft (x) = 1 !q when x=p/</, and </>(j-) = 0 when x is irrational, then 
</>(.<) is continuous for all irrational and discontinuous for all rational values 

of x. 

IG. Show that the function whose graph is drawn in Fig. 32 may be 
represented l»y either of the formulae 

1 - x + [x\ - [1 —-r], 1 -X- liin (cos 2 " + 1 nx). 

tl -+• oc 


17. Show that the function <f> (x) which is equal to 0 when a=0, to h-x 
when 0</<4, to A when x = $, to g-x when A<.r<l, and to 1 when 
t ._ , assumes every value between 0 and 1 once and once only jis x increases 
from O to 1, but is discontinuous for .r = 0, x = ±, and x=\. Show also that 
the function may bo represented by the formula 

t-x + h[2x]-l[\-2xl 


IK. Let </> ( x) = x when x is rational and </> (x) = 1 - x when x is irrational. 
Show that assumes every value between 0 and 1 once and once only 

as x increases from 0 to 1, but is discontinuous for every value of .r except 

x = A. 

13 . As x increases from - hn to A*r, i/ = h'uix is continuous and steadily 
increases, in the stricter sense, from - 1 to 1. Deduce the existence of 
a f llllC tion x = arcsin,y which is a continuous and steadily increasing function 

of y from ~ * y = 1. 

20 Show that the numerically least value of arc tany is continuous for all 
values of y and increases steadily from -<U to Arr as y varies through all 

real values. 

21. Discuss, on the lines of §§ 108—109, the solution of the equations 

yi-y-x** 0, ,/• - y*-x- = 0, y < -y 2 + x 2 = 0 

in the neighbourhood of x=*0, y = ( J* 


99 If cut: 1 + 'Ibxu + cu- + 2clx 4- 2«y ■= 0 and & = 2bde-uv*-cd*, then one 
value of i. given by y ^ + ^ + y,- (1 V.'J whe.e 

a = - die , fi = A/2e 3 , y = (cd - Ijc) A/2«*, 

fcnd »» of t hc first order of HmaI1,1CMM when x is 
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[If y - ax=tj then 

— 2 erj = <xx- + 2bx ( i) ax ) + c (17 4- or) 2 = A x 1 + 2 Bxrj + Ctj-, 

say. It is evident thut q is of the second order of smallness, xtj of the third, 
and rf of the fourth ; and - 2e n = Ax 2 - (A B/c) x 3 , the error being of the fourth 
order.] 

23. If x=ay + bi/-+cy 3 then one value of y is given by 

y = ax+fix* + yx 3 (1 + O, 

where a = 1/a, 0= - b/a 3 , y=(2i 2 -ac)/a ft ,(and f x is of the first order of small¬ 
ness when x is small. 

24. If x = ay + by n , where n is an integer greater than unity, then one 
value of y is given by y = ax+i3x n + yx 2n ~ 1 (1 where a=l/«, 0 = —b/a n * ’, 
y = nb"/a 2n + l f and t x is of the (n - 1 )th order of smallness when x is small. 

2f). Show that the least positive root of the equation .ry = sin.r is a 
continuous function of y throughout the interval (0, 1), and decreases steadily 
from 7 r to 0 as y increases from 0 to 1. [The function is the inverse of 
(sin x)/x : apply § 109.] 

2<>. 'l’lse least positive root of xy = tan x is a continuous function of y 
throughout the interval (1, x ), and increases steadily from 0 to hn as y 
increases from 1 towards x . 

— : ... X > ( f'l T 


CHAPTER VI 

DERIVATIVES AND INTEGRALS 


110 Derivatives or Differential Coefficients. Let us return 
to the consideration of the properties which we naturally associate^ 
with the notion of a curve . The first and most obvious property 
iTlTs we saw in the last chapter, that which gives a curve its 
appearance of connectedness , and which we embodied in our definl- 
tion of a continu ous function. 

The ordinary curves which occur in elementary geometry, such 
•vs Straight lines, circles and conic sections, have of course many 
other properties of a general character. The simplest and most 
noteworthy of these is perhaps that they have a definite direction » 
at every point, or what is the same thing, that at every point ol 
the curve we can draw a tangent to it. The reader will probably 
remember that in_gls mentar . v g eo metry the tangeni to a curve at 
p is defined to be ‘ the limiting position of the chord I Q, when Q 
moves up towards coincidence with P\ Let us consider piSLM 
im pl ic d i„ the assumption of the existence of such a limiting 

position. 

In the figure (Fig. 30) P is a fixed point on the curve and Q 
a variable point; PM, Q lV are parallel to 0 Y and PR to OX. 
We denote the coordinates of P by a-, y and those of Q by 
£ + h, y + k: h will be positive or negative according as -A lies to 

the right or lelt of M. 

We have assumed that there is a tangent to the curve at P 
or that there is a definite ‘ limiting positio n ’ of the chord PQ. 
Suppose that PT, the tangent at P, makes an angle + with OX. 
Then to say that PT is the limiting position of PQ is equivalent 
to saying that the limit of the angle QPIt is when Q approaches 
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P along the curve from either side. We have now to distinguish 
two cases, a general case and an exceptional one. 4* 



T he ge neral case is that in which \fr is not equal to r, so that 
PT is not parallel to 0 V. In this case RPQ tends to the limit 
ylr, and 

RQ/PR = tan RPQ 


tends to the limit tan \fr. Now 

RQ/PR = (NQ - MP)/MN = {<f> (x + h) - <f> (x)}/h ; 

Urn * ( ?±*>- ii?) = tan + . 


and so 


( 1 ). 


u 


The reader should be careful to note that in all these equa¬ 
tions all lengths are regarded as affected with the p roper sig n, 
so that (e.ff.) RQ is negative in the figure when Q lies to the left 
of P ; and that the convergence to the limit is unaffected by the 
sign of h. 


Thus the assumption that the curve which is the graph of 
<f) ( x ) has a tangent at P, which is not perpendicular to the axis of 
x, implies that <f> (x) has, for the particular value of x corresponding 
to P, the property that {<f> (x + h) — <f>(x))/h tends to a limit when 
h i?nds to zero. 


Tins of courso implies that both of 

{<#> + {0 (x-/•)-$ (x ){/( - h) 

tend to limits when h -*-0 by positive values only, and that the two lhnits 
arc equal. If these limits exist but are not equal, then the curve y = <j> (•*■) 
has an angle at the particular point considered, as in Fig. 37. 

Now let us suppose that the curve has (like the circle or 
ellipse) a tangent at every point of its length, or at any rate everyv 
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portion of its length which corresponds to a certain range ot 

* variation of .r. Further let us suppose this tangent never per¬ 
pendicular to the axis of a-: in the case of a circle this would of 
course restrict us to considering an arc less than a semicircle. 
Then an equation such as (1) holds for all values of a which fall 
inside this range. To each such value of a corresponds a value of 
tan yjr: tan is a function of a, which is defined for all values of 
a in the range of values under consideration, and which may be 
calculated or derived from the original function 0 (a). We shall 
call this function the derivative or derived function of 0 (a), and 

we shall denote it by 

0' (a). 

Another name for the derived function of 0 (a) is the differ¬ 
ential coefficient of 0(a); and the operation of calculating 
A' (X) from 4> <*) is generally knovn as differentiation : these 
names are not very happily chosen, but the reader should be 

familiar with them. 

Before we proceed to consider the special case mentioned 
above, in which * = we shall illustrate our definition by some 
general remarks and particular illustrations. 

Ill Some general remarks. (1) The existence of a derived 
function v (X) for all values of x in the interval « S * S h .mpims 
that <*(*) is c ontinuous at every point of tins interval. For it is 
evident that \<f> (x + h) — 4> (x)\/h cannot tend to a hunt unless 
lim </>(.*+ /') = £(*>■ and it is this which is the property denoted 

by continuity. 

(2) It is natural to ask whether 
whether every continuous curve has a 
definite tangent at every point, and 
every function a differential coefficient 
for every value of a for which it is 
continuous* The answer is obviously 
A r o- it is sufficient to consider the 
curve formed by two straight lines 
meeting to form an angle (Fig. 37). 

• W« W ave out of account the exceptional case (which wo have still to examine) 
in which the curve is supposed to have a tangent perpendicular to OX: apart from 

* tills' possibility the two forms of the question stated above are equivalent. 


the converse is true, i.e. 



Fig. 37. 
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The reader will see at once that in this case {<f> (x + h) — (f> (x)\lh 
has the limit tan/9 when /t0 by positive values and the limit *» 
tan a when h 0 by negative values. 

This is of course a case in which a curve might reasonably be said to have 
two directions at a point. But the following example, although a little more 
difficult, shows conclusively that there are cases in which a continuous curve 
cannot be said to have either one direction or several directions at one of its 
points. Draw the graph (Fig. 14, p. 53) of the function .rsin(l/.r). The 
function is not defined for r=0, and so is discontinuous for x=0. On 

• ■ ■ i m 

the other hand the function defined by the equations 

0 (.r) = x sin (1 /x) (x -+ 0), </> (.r) = 0 (x = 0) 

is continuous for .r = 0 (Exs. xxx\*n?14, 15), and the graph of this function 
is a continuous curve. 


But <j> (x) has no de rivative for .r = 0. For <// (0) would be, by definition, 
liin {<f> (h) - <f> (0)}//t or lim sin (IfA) ; and no such limit exists. 

It has even been shown that a function of x may be continuous and yet 
have no derivative for any value of .r, but the proof of this is much more 
difficult. The reader who is interested in the question may be referred to 
Bromwich’s Infinite Scries, pp. 490-1, or Hobson’s Theory of Functions 

of a loal Variable, pp. 020-5. 

n **u-'*- 

(3) The notion of a derivative or differential coefficient was 
suggested to us by geometrical considerations. But there is 
nothing {OMunetrio nl in the notion i tself. The derivative <f>' (#) of 
a function <M*r) may be defined, without any reference to any kind 
of geometrical representation of 4> (x), by the equation 

4> (a-) = lim ^-} — ; 

/, -*.«» tt- 


and (f> (x) has or has not a derivative, for any particular value of x, 
according as this limit does or does not exist. The geometry of 
curves is merely one of many departments of mathematics in which 
the idea of a derivative finds an application. 


Another important application is in dynamics. Suppose that a particle is 
moving in a straight line in such a way that at time t its distance from a fixed 
point on the line is .< = </> ( t ). Then the * velo city of the particle at time t ’ is 
by definition the limit of 

<f> (/ + /«)- </> (0 

~~h 

as A-*-0. The notion of 4 velocity * is in fact m erely a spe cial cas e of that of 
the deriyati_vc_of a function. 
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Examples XXXIX. 1. If (.r) is a constant then </>'(.r) = 0. Interpret 
^ this result geometrically. 

2. If <f> (.r) == ax + h then </>'(.r) = a. Prove this (i) from the formal de¬ 
finition and (ii) by geometrical considerations. 

3. If tf)(.v)—.v m y where m is a positive integer, then <f>' (:v) = l . 


[For 


• \ — tin N ___ 


cf>' (a-) = liin 




The reader should observe that this method cannot l»e applied to 
where pin is a rational fraction, as we have no means of expressing <>+//)'’ ' 
as a finite series of powers of h. We shall sjiow later on (§ 118) that the result 
of this example holds for all rational values of Meanwhile the reader 
will find it instructive to determine <// (.t) when /a has some special fractional 
value (c.g. £), by means of some special device.] 

4. If <f> (.r) = sin .t”, then 0' (.r) = cos a- ; and if </>(.,•) = cos.,-, t hen 
<P' (x) = - sin 

(For bxarnple, if <p(x) = *in .f, we have 

»</, (.c+/i) - <t> U )\//< = \2. sin \h cos {x+\lt)\lh, 

the limit of which, when //-~0, is cosx, since lim cos (.f + A//) = cos .»■ (the cosine 
being a continuous function) and lim {(sin \h). \h\- 1 < F\. xxxvi. 1- .J 

, r >. Equations of the tangent and normal to a curve ;/ = </> ( < ’. The 

tangent to the curve at the point (.r„, y„) is the line through (.v,„ which 
makes with OX an angle where tan * - <t>’ <■*»)• equation ,s therefore 

y _y <l =(.r-.r il ) </>' (.v 0 ) ; 

and the equation of the normal (the perjiendic.ilar to the tangent at the 
jsiint of contact) is *-*)*'C*) + *--r.-tt 

We have assumed that the tangent is not parallel to the axis oij/. In 
this special cuse it is obvious that the tangent and normal are .r-.v 1( and 

y = resjiccti vely. 

6 Writ, down the «,nations of the tangent and normal at any point of 
the paralxda a-“-4 a y. Show that if *, = *«/»'. *-«/-. «-»■ «» 
at U-,„ i/„) is x= my + (n/m). 

112 We have seen thatjf </> (at) is not continuous for a value 
of a- then it cannot possibly have a Omyaliye for that value of r. 
Thus such functions as I/* or sin (1/at), winch arc not defined for 
X=0, and so necessarily discontinuous for * = 0 cannot have 
derivatives for at = 0. Or again the function [at], which .. discon¬ 
tinuous for every integral value of at, has no derivative for any 

itiiich value of x. 
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Example . Since [a] is constant between every two integral values of x, 
its derivative, whenever it exists, Inis the value zero. Thus the deriva-^ 
tive of f.r], which we may represent by [.r]', is a function equal to zero for 
all values of x save integral values and undefined for integral values. It 

is interesting to note that the function 1 — exactly the same 

° Sin TTil 

properties. 

We saw also in Ex. xxxvii. 7 that the types of discontinuity 
which occur most commonly, when we are dealing with the very 
simplest and most obvious kinds of functions, such as polynomials 
or rational or trigonometrical functions, are associated with an 
equation of the type 

<f> (x) -*■ + cc 

or </> (.r) -<-x . In all these cases, as in such curses as those con¬ 

sidered above, there is no derivative for certain special values of a\ 



Fig. 38. 


In fact, as was pointed out in § 111,(1), all discontinuities of <f>(x) are 
also discontinuities oj' <j>' (x). But the converse is not true, as we 
may easily see if we return to the geometrical point of view of § 110 
and consider t he special case, hitherto left aside, in which the graph 
of t/> (x) has a tangent parallel to OY. This curse may be subdivided 
into a number of cases, of which the most typical are shown in 
Fig. 38. In cases (c) and (d) the function is two valued on one side 
of P and not defined on the other. In such cases we may consider 
tire two sets of values of which occur on one side of P or the 

other, as defining distinct functions «/>, (&•) and the upper 

part of the curve corresponding to (a*). . ’ 
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The reader will easily convince himself that in ( a) 

* {</> (x + //) — 4> (x)]/h — 4- x , 

ns h 0, and in (6) 

[<p (.r 4- h) — (p (x)}/h —— x : 

while in (c) 

{< f >, (x + h) — <f>, (x )}//<-*- 4- x , [</> 2 (x + h) <p_. (x)x , 

and in (d) 

(<£, (.r + /<) - <t>i (x )!/A , { <f>., (x + h)~ </>_. (.'•)!/fi + X , 

though of course in (c) only positive and in (d) only negative 
values of// can be considered, a fact which by itself would preclude 
the existence of a derivative. 

We can obtain examples of these four cases by considering the 
functions defined by the equations 

(a) ,f = x , ( b ) f=-x, (c) y' = x, ( d ) //-■ = - x, 

the special value of x under consideration being x = 0. 

113. Some general rules for differentiation. Through¬ 
out the theorems which follow we assume that the functions 
f(x) and F(x) have derivatives f\x) and F'(x) for the values of 

x considered. 

< 1) If <f> (a) =/(./ ) + F (x), then <f> (x) bus a derivative s 

<f>'(x) =f\x) 4- F'(x). 

(2) If (f> (x) = If (x), where k is a constant, then <f> (x) has a ‘ 

deinvative . „ _ 

<P\x) = kf(x). 

We leave it jus an exercise to the reader to deduce these results 
from the general theorems stated in hx. XXX\. 1. 

(3) If <f> (x) =f(x) F(x), then <f> (x) has a derivative -f 

<b'{x) =/(**) F'(x ) +f(x) F(x). 


For 


,. fix 4- h ) F (x + h)-f (x) F ( x) 
<b'(x)= Imr , 


( , F(x + h)-F(x) „ ( ,f(x + U)-f{x)\ 

= lim I f(x + h) - v h +* (*) h 

= f(x) F'(x) 4 F (x)f'(x). 


4 




CVa. c o rr< * 
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(4) If <p (x) = r , then <f> (x) has a derivative 

J\ x ) 


,,, f( x ) 

* () ~ {/(*)! 2 ‘ 


In this theorem we of course suppose that f (x) is not equal to 
zero for th e particular value of x under consideration. Then 


<f>' (x) = lim ^ h 


f{x) -f(x+h ) j = _ />) 


[ /(X + h)f(x) j- {/(*)[ 


.C 


/<*) 


(5) If <f> (x) = ‘pj-A , then <f> (x) has a derivative 

I (x) 


0 (X) = - • 


This follows at once from (3) and (4). 

>r.) % Jk*, 1 1 

t *. f„-«».*,(6) If <p ( x ) = [f(x) j, Me/i <£ (x) Zois a derivative 


C«j~ *< 


~ - • At, 0 # (.t) = F' (/(•*))/'(*)• 

For let /(■'•) = v, /(.r 4- h) = y 4- k. 

v . i * 


Then /.*-*■ 0 as and Jcjii ~—f'(x). And 



CO f- wc. 



t —r* w 


= lim 
= F‘ 


.IV 


VM) = l»>n F + 7< 

xHn.it) " " 

^ ^ Hc-.W t ,cL ^ -» o QC> 

'Ay)f'(x). *rT^» 4°. «*-*- •« »-ct*»—« k 2^ fc. «<•) «*- e 

f , ‘ •• * O, •• c«' «%(0,«c\r «i »«r. k-*o 

i Inis theorem includes (2) and (4) as spec ial cases , as we see on 
(taking /»’(>) = or F(x) = 1/a-. Another interesting special case 
is that in which f(x) = ax 4- h : the theorem then shows that the 
derivat ive of F (ax 4 - />) is aF' (ax 4- 6). 

Our last theorem requires a few words of preliminary explana¬ 
tion. Suppose that x = x/c (//), where yfr (y) is continuous and 
steadily increasing (or decreasing), in the stricter sense of § 95, in 
a certain interval of values of y. Then we may write y = <f>(&)> 
where </> is the ‘ inverse ’ function (§ 109) of yfr. 

(7) If y = <h (.r), where (f> is the inverse function of yfr, so that 
x = yfr (y), and yfr (y) has a derivative yfr’ (y) which is not equal to 
zero , then (p (x) has a derivative 

<P'(x) = 1 


+'iy) ' 
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For if <f> (x 4- //) = y 4 />', then k — 0 as h —0, and 


* # (.,) _ Hm + (£ + * ) = Jim ± *> -f _ 1 

r o (a?+ /<) — « *-»« ^(y + *) - 'ir(y) ^ (//) 


The last function may now be expressed in terms of a- by means 
of the relation y = <f> (x), so that <£'(•') the reciprocal of yfr'',<f> 0)|. 
This theorem enables us to differentiate any function if we know 
the derivative of the inverse function. 


114. Derivatives of complex functions. So far we have 
supposed that y = <f> (a-) is a purely real function of .r. If y is a 
complex function 0 (.r) + (x), then we define tin- derivat iye of y 

as being <f>'(x) + i\lr’(x). The reader will have no difficulty in 
seeing that Theorems (1)—(5) above retain their validity when 
<f> (x) is complex. Theorems (6) and (7) have also analogues for 
complex functions, but these depend upon the general notion of 
a ‘function of a complex variable’, a notion which we have en¬ 
countered at present only in a few particular cases. 


115. The notation of the differential calculus. We have 
already explained that what we call a derivative is often called a 
differential coefficient. Not only a different name but a different 
notation is often used ; the derivative of the function y = <f>(x) 
is often denoted by one or other of the expressions 

!>■>■ &■ 


Of these the last is the most usual and convenient: the reader 
must however be careful to remember that dy/dx does not mean 
* a certain number dy divided by another number dx ’: it means ^ ^ 

‘ the result of a certain operation D x or d/dx applied to y = </> (x) ,v 
the operation being that of forming the quotient j</> (x + A) — («))/A 

and making h-+- 0. 


Of course a notation at first sight ho peculiar would not have been 
adopted without Home reason, and the reason was an follows. The denomi¬ 
nator A of the fraction {</> (x + A) - <f> (-r)jM the difference of the values x + A, 
x of the independent variable x ; similarly the numerator in the difference of 
the corresponding values <p (x + A), <t> (x) of the de,»endent variable y. These 
differences may l»e willed the increments of .r and y resjieotively, and denoted 
by dx and dy. Then the fraction is dy/dx, and it is for many purposes 
i convenient to denote the limit uf dl»e fraction , which is the same thing as 
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</>'(.r), by dy/dx. But this notation must for the present be regarded as 
purely symbolical . The dy and dx which occur in it cannot be separated^^ 
and standing by themselves they would mean nothing : in particular dy and 
dx do not mean lim 8y and lirn&r, these limits being simply equal to zero. 
The reader will have to become familiar with this notation, but so long as it 
puzzles him be will be wise to avoid it by writing the differential coefficient in 
the form D x y, or using the notation (x), <f>' (x), as we have done in the 
preceding sections of this chapter. 

In Ch. VII, however, we shall show how it is possible to define the symbols 
dx and dy in such a way that they have a n independent meaning and that 
the derivative dy/dx is actually t heir q u otient . 

The theorems of § 113 may of course at once be translated into 
this notation. They may be stated as follows : 


(1) 

<f V = 

!/i + y~-> thei 1 

dy = 
dx 

. d !h , dy*. 

dx dx ' 

(2) 

if U = 

. 

then 

dy _ 

dx 

_ /. dyx . 
dx ’ 

(») 

if y = 

y>y-. 

then 

ii 

-3 

• 

£ 

+ 

£ * 

- 

ll 

(4) 

if y = 

i 

yf 

then 

II 

5m a 
"C 

__1 d£. 

yx dx ’ 

(5) 

if y = 

y> 

y* 

then 

dy 

dx 


(6) 

if y 

' « J 

unction of 

x, a 

nd z a function of y, th 





dz 

dz dy 





dx 

dy dx ’ 

(7) 




dy 

dx 

• 

v i w 

II 


Examples XL. l. If y=y\y>y* then 


dy dy % dy-> d// 3 

<1x=M*£ + M' ~Jx + M*dx> 


ami if y = then 



- .Vii/-* 

r=l 


(hfr 

If r - l if r + I • • • !/n • 


Iii particular, if t/ = z”, then c/y/rf>r= nz n ~ l (dz'dx) ; and if then 

dt/jdx= u:c n ~ l , as was proved otherwise in E^ixxix. 3. 
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2. If y = ...y„ then 


I dy _ \ <lyx + J_ + 
V dx y x dx y 2 c?j- 


1 <A/>. 

■ - M 

</.f 


In particular, if y — z", tlien 


1 dy n dz 


y dx z dx ‘ 


116. Standard forms. 

systematically the forms of 
simplest types of functions. 


We shall now investigate more 
the derivatives of a few of the 


A. Polynomials. If </> (x) = a»x n + a x x' l ~ , + ... + a,„ then 
c f / (x) = mi 0 x u ~ l 4- (w — 1) a x x n ~ 2 + a n — i* 

It is sometimes more convenient to use for the standard form of a 
polynomial of degree n in x what is known as the binomial form, 


II u 


VIZ. 


a 0 x n + (j) a x x"~ l + a.x" -+ ... + 


In this case 

'f' = n |o 0 « n_1 + (” 7 0 (” o ^ </ - a '”” 3 + ••• + «'•->}• 


The binomial form of <f> (x) is often written symbolically as n.b. * 

(op i tii, ..., !)**> 

and then <f> (x)=n(a 0 , a x , ..., 1)" *• 

We shall see later that <f>(x) can always be expressed as the 
product of n factors in the form 

< f > (x) = a 0 (x — a } ) (x a.j) ... (x ®»»)> 

where the as are real or complex numbers. Then 

(f,' ( x ) = a 0 Z(x- a.,) (x -a 3 ) ... (x — or,,), 

the notation implying that we form all possihltt products of » - 1 
factors, and add them all together. This form of the result holds 
even if several of the numbers a are equal ; but of course then 
some of the terms on the right-hand side are repeated. The 
reader will easily verify that il 

( X ) = a u (x - a x )"•• (x - a.)*"* ...(x- a.)"*-, 

4j,en </>' (x) = c/„2 rrC x (x - a,)- 7 " 1 <* “ 


(K.2I 
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Examples XLI. 1. Show tlSt if tf> (-r) is a polynomial then </>'(*) is 

t he coefficient of h in the expansion of </> (x + h) in powers of h. 

-2. * U <}> (x) is divisible by then </>'(x) is divisible by* -a: and 

generally, if 0 (x) is di visible by (x-n) ™, then ft'Qr) is divi sible by (x-a) m _L- 


2 + 3 . ( ,*<inversel y, if </> (x) and </>' (x) are W divisible by a- - a, then c/> (a) is 

divisible by (*-«)>; and if * W W .r-_a,and = *%r) _l'V '■ 

then (f» (a) is divisible by (a - a) m . v 


4. Show how to determine as completely as possible the multi ple reots 
of P(a)=0, where P (a) is a polynomial, with their degrees of multiplicity, 
by means of the e lementary algebraical 

[if //, is the highest common factor of P and P\ H, the highest common 
factor of //, and /", IP that of IP and P", and so on, then the roots of 
//, IP!Ur = 0 arc the double roots of P = 0, the roots of ipip U 3 2 = 0 the treble 
roots, and so on. liut it may not be possible to complete the solution of 
//, ip Ur = O, //..//, Hf = 0, .... Thus if P (a) = (a — 1 ) 3 (a* — a — 7) 2 then 
H x IP //}-= a* - a - 7 and //, /P: II.r = *- 1 ; and we cannot solve the first 
equation.] 


f>. 1’ind.all the roots, with their degrees of multiplicity, s> 

-t l > ( > ‘ i I ( * • *-/ . - , , . o . 1 1 ..9 . -lO i TO_fi 


> v r+ :i.r* - 3.t- — llr — 6 = 0, .v° + ±r' - &r* - 14.C 3 + 1 l.r 2 + +12 — 0. 


(i. If (i.i- + 2b.r + c has a double root , fa. is of the form a (a —a) 3 , then 
2 (ax+ 6) must be divisible by x - o, so that n = - 6/a. This value of a must 
satisfy «/a'- + ^6a + e=0. Verify that the condition thus arrived at is 


7. ThK^matu.n l/(a - a) + l/(a - 6) + I/(a - c) =0 can have a l>air of 
equal roots only if u-6 -^ Tri ?' 1905 *> 

h. Show that + + 3 gt + </ — 0 1*. 




has a iln qblo r»»t if G- + -lII' = 0, where II=ae-b i , O = a-d - 3o6c + *26 3 

(Put, </.,+& = //, when the equation reduces to .y, 3 +3/7y + 0 =0. ^Tbis 
have a root in common with y 2 + //=0.] s -c, + 


l- ® L 

26 3 - = p X "I 


must 


j,.c 9. The reader may verify that if o, 0, y, 8 are the roots of 

ax* 4- 46J 3 + Cf.r'-' + 4 dx + e = 0, 

then the equation whose roots are 

a {(a - 0) (y - 8) — (y — a) (0 - ®)b 

and two similar expressions formed by permuting «, 0, y cyclically, is 


4dJ 3 -5r-.5-</3 = 0, 2UT. X m. 

where • 

It is clear that if two of*!.*^ v. 5 are equal t hen two of the i 


<V </- C 


It is clear that if t wo V.f ipjy, 8 are equal t hen two of the roots of this cubic 
will be equal.' Using the result of Ex. 8 we deduce that g-/ - 27g 3 s = <>• 


2 - 2.1 
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10 Rolle’s Theorem for polynomials. If <P (x) « “ n 2/ polynomial , 
,/*» between any pair of roots of 4> (x)-0 lies a root of $ 0*0 = 0. 

\ general proof of this theorem, applying not only to polynomials hut to 
other classes of functions, will he given latSSf The following is an algehrm ca l 
proof valid for polynomials only. We suppose that are two Miccessue 

roots, repeated respectively m and a times, so that 

(.c) = (x - a)”' (x - fi) n 0 (x), 

where tfixWs a polynomial which has tljesamc^ign, say the positive sign, for 
a < r < 0. Then 

r ( (, _ a)" 1 (X - 0)" 6’ (x) + {m (X - ar - * (x - 0)" + « (x - «)~ (x - 0)" " M * <*) 

= (.r - «)»• - > (x - 0)" '' [(x - a) (x - 0) 0’ (x) + {m ( x- 0) + « (x - a)} * (x)] 

= (i-o)“’ , (x-|S) n " , W ^ - ~ ' 

w F( a \~m(a-’0)O(a) and F(0) = /« (0-«)0(0), which have 
^ ns ‘ H c ,W'(x), and so <#»' (x), vanishes for some value of x between 

a iind tf. 

117 B Rational Functions. If 

) - Q (*) ’ 

where 1" and Q are polynomials, it follows at once from § 113, (5) that 

P' (x) Q (x) - P (x) Q' (x) 

... ld this formula enables us to write down the derivative of any 
. • „ .1 function. The form in which we obtain it, however, may m 
ril ‘ be the simplest possible. It will be the simplest possible il 
and Q'(^ have no common factor, i.e. if Q(.) has no repeated 
Bl , t if O(a) has a repeated factor then the expression 

which we obtain for IV <«) will bc'bapablc of further reduction. 

It is very often convenient, in differentiating a rations 
function, to employ the method of partud iraetmn, Wo sha 


X 11^**- * I ^ ^ 

expressed in thej’orm 


+ 



- a,y ‘ . 

.. (x - a. 



treatises 

on Algebra* 

that 

(X) 

i UM) 





1 ^ i 

, 2 

A 

1 

), HI, 


+ . 

a x (x — 

V + ' 

*1 )- 

(./• - 

- O.)"* 1 


■ +.— 
a.. (x — 

■;>= 1 • 

A 
(x - 

-\ "»i 

«,r* 

"f" • • • • 
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where 11 (x) is a polynomial; i.e. as the sum of a polynomial and 
the sum of a number of terms of the type 

A 

(x — aV' ’ 

where a is a root of Q (&■) = 0. We know alread\ r how to find the 
derivative of the polynomial: and it follows at once from Theorem (4) 
of § 113, or, if a is complex, from its extension indicated in § 114, 
that the derivative of the rational function last written is 

pA (x — a)P~ l _ pA 
\x — «)*» — _ (x — a) p+l ‘ 

We are now able to write down the derivative of the general 
rational function R (.r), in the form 

I j -. , A ^ 2A l>2 __ 2A^» 

(x— a ,) 3 (x — a ,) 3 (x — a .,) 2 (x — a,)* 

Incidentally we have proved that the derivative of x m ts 
fur all integral values of m positive or negative. 

The method explained in this section is particularly useful 
when we have to differentiate a rational function several times 
(see Exs. XLV). 


Examples XLII. 1. Prove that 

d ( x \ 1-j- 3 d 4a- 

dx U -i-.r-7 ~ (1 + .T 3 )-’ dx Vl +aV (1+a- 2 ) 3 * 


2. Prove that 

d / ax 3 + 2bx 4- c \ 
dv \.f.r 2 + 2B.v + CJ 


(ax + b) ( Bx -f- C) — (bx + c) ( A x + /!) 
(A.x- + 2JJx+ C ) 3 


3. If (J *lias a factor (.r — a)”*, then the denominator of R' (when R' is 
reduced t<> its lowest terms) is divisible) by (a* —n) m + 1 but by no higher power 
of x — a. 


4. In no case can the denominator of R' have a simple factor x—a. 
Ilcnce no rational function (such as 1/a-) whose denominator contains any 
simple factor can be the derivative of another rational function. *■** 

118. C. Algebraical Functions. The results of the pre¬ 
ceding sections, together with Theorem (6) of § 113, enable us to 
obtain the derivative of any explicit algebraical function whatsoever. 

The most important such function is x m , where m is a rational 
number. We have seen already (§ 117) that the derivative of this < 
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function is m.r "* -1 when m is an integer positive or negative; and 
l* we shall now prove that this result is true for all rational values 
of m. Suppose that y — x' n = x 1 ’ where p and 7 are integers and 
7 positive ; and let z — .r‘ so that ./• = z^ and y = zi\ Then 

<!.'/ = (dy\j, = /' = __ 

dx \dz)I \dz) q • 

This result may also be deduced as a corollary from Ex. xxxvi. 
8. For, if <t> (•<•) = we have 


. / / . .. (.r + It y - a 

0 (./ ) =11111 -- f ~ 

h h 


.m 


in 


= lim * = rnx m ~' 


. £"* — 

• » * % ^ 

It is clear that the more general formula 

d 


dx 


(ax + b) ,n = mil (ax + b) m 1 


holds also for all rational values of 111 . 

The differentiation of implicit algebraical functions involves 
certain theoretical difficulties to which we shall return in Ch. VII. 
Hut there is no practical difficulty in the actual calculation of the 
derivative of such a function : the method to be adopted will be 
illustrated sufficiently by an example. Suppose that y is given by 
the equation 

j:' + y' — tiaxy = 0. 

Differentiating with respect to x we find 


and so 


<V 

dx 


.X - 2 3 - ay 
if - ax 


Examples XLIII 1. ldml the derivatives of 

2. Prove that 

,/ ( X | «* ±_ ( X 1 = 

dx J “ («* + x*)** * dx V(«* - x*)f (a* - xf- * 

3 . Find the differential coefficient of y when 

(j; ax 2 + 2 /ixy + 0y i + -2yx + 2fy + c=O, (ii) x i +f-Hax s f=0. 

14—2 
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119. D. Transcendental Functions. We have already 
proved (Ej£°xxxix. 4) that 

j D x sin x = cos x, D x cos x = — sin x. 

By means of Theorems (4) and (5) of § 113, the reader will 
easily verify that 


D x tan x = sec 2 x. 


D x cot x = — cosec 2 a?, 


D x sec x = tan x sec x, D x cosec x = — cot x cosec x. 

And by means of The&r&m J{7) we can determine the derivatives 
of the ordinary inverse trigonometrical functions. The reader 
should verify the following formulae: 

D x arc sin x = ± l/\/(l — &*)>. arc cos a; = + 1/V(1 — &*)> 

D x arc tan x — 1/(1 4- X s ), v arc cot x= — 1/(1 4- x 3 ), 

D x t\rcsecx= ± 1 / [a; \/ (or* — 1)}, J D x arc cosec x = + l/j^v^ 3 “ !)}• 

In the case of the inverse sine and cosecant the ambiguous sign 
t he sam e as that of cos (arc sin a:), iri the case of the inverse 
cosine and secant t he sam e 1 as that of sin (arc cos x). 
t The more general formulae ^ f—— ^ v o ^ 

* D x arc sin ( x\a ) = ± 1/ — x 2 ), D x arc tan ( x/a ) = a/{or 4- a a ), 

which are also easil}' derived from Theorem (7) of § 113, are also 
of considerable importanc e. In the first of them the ambiguous 
sign is the same as that of a cos {arc sin (#•/«)}, since 

« V{ 1 — (ar'/a 3 )] = ± V(a 2 — a?) 

according as a is positive or negative. 

Finally, by means of Theorem (6) of § 113, we are enabled to 
differentiate composite functions involving symbols both of alge¬ 
braical and trigonometrical functionality, and so to write down 
the derivative of any such function as occurs in the following 
examples. 

Examples XLIV.* 1. Find the derivatives of 

eos m x, sin”* .r, cos.*”*, sin.r m , cos (sin a?), sin (cos .<•)> 

,, o , . cos j' sin .v 

«/(« 2 COS J X + b 2 sin- x), ^ : . , ■ , , 

cos- .v + b 1 sin 2 .v) 

.r arc sin x 1 — x 2 ), (1 + .r) arc tan s / .r — N /u*. 

■* In these examples m is a rational number and a, b, ... , a, /9, ... have such 
values that the functions which involve them are real. 
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2. Verify by differentiation that arc sin arc cos x is constant for all 
• ^ 

values of x between 0 and 1, and arc tan .r+arccot x for all positive values 


of x . 

3. Find the derivatives of 

arc sin N '(l -X s ), arc sin {2u- N '(l -a- 2 )}, arc tin • 

How do you explain the simplicity of the results ? 

1. Differentiate 


1 a.r + !> 

. —rs: arc tan . ... , 

ac — b*) K '(ac-h -) 


1 ax + /> 

-n - N arc sin ~ lTr -: . 

\'(-«) s '(b--ur) 


it. Show that each of the functions 


//v-S\ //.r — /3\ . 2 v /{(n—.r) (•»'-#)} 

2 arc sin • 2 arc Un V (a~S) ’ ,m58,n a-0- 


has the derivative 
6. Prove that 


1 



- « 


ys 

that 


_ _ J wiit 

jo y (^?)} = y(co,*«»3u) ■ 


30 


- 



cos 30 

(Math. Trip. 1904.) 


1 <1/(C(ax*+c)\ "I _1_ 

s /; C (Ac — a C)\ (lx [ UrC C ° S \/ U(Axi+C)) J (Ax- + C) J(ax- + c) ’ 


arc cos 

3>’\r)*l 8. Each of the functions 


j(j-F‘) c ° a Cv*^)’ v(" ! ’- &*) arc — 1 {y c+t) 

has the derivative 1 /(« 4-&cos x). H 

if A'=« + b cos .r + esin .»•, and 


tin A.» 


2-k - 









l 


arc cos 


«^_„2 + fe3 + c » 


'/=^_g 2 i: c - 2 ) — ~xuw^) 

then dyfdx= MX. 

10. Prove that the derivative of /'’[/{«/> (a)!] is/”[/(0(.r)}] / </>'(*), 


and extend the result to still more complicated cases. 

11. If u and v arc functions of x, then 

/), arc tan (u/v) = ( vD x u - uD x v)/(u s + V s ). 

1 2. The deri vati ve of y = (tan a- + sec x) m is my sec .r. 

13 . The derivative of y = cosa -+i sin x is iy. 

14 Differentiate x cos x, (sin x)/x. Show that the values of x for which 
the tangents to the curves y=x cos a-, .y = (sin x)/x are parallel to the axis of x 
,i,c roots of cotx = x, tanx=x respectively. 
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15. It is easy to see (cf. Ex. xvii. 5) that the equation sin x=ax , where a 
is positive, has no real roots except .r=0 if a >1, and if a < 1 a finite number of ^ 
roots which increases as a diminishes. Prove that the values of a for which 
the number of roots changes are the values of cos £, where £ is a positive root 
of the equation tan £==£. [The values required are the values of a for which 
y — ax touches y = sin x.] ■ 

1G. If tf>(x) ^.r 2 sin (l/.r) when .v * 0, and <f> (0) =0, then 

<P' (x) = 2x sin (l/x) - cos (1/x) 

when .r+0, and <£'(0)=0. And <£' (.r) is discontinuous for .r = 0 (cf. § 111, 

(-))• 

17. Find the equations of the tangent and normal at the point (.e 0> yd) 
of the circle .v 2 +y- — a 2 . 

[Hero y = N '(« 2 - .c 2 ), dyjdx= - x/ s f(a 2 - X s ), and the tangent is 

y~y»= (•*-*o) {“■*o/-/(«--- r o')}» 

which maybe reduced to the form xx 0 +yya=d 2 . The normal is xy 0 — yx 0 =0, 
which of course passes through the origin.] 


18. Find the equations of the tangent and normal at any point of the 

ellipse (xJo)* + = 1 and the hyperbola (.r/a) 3 - (y/fc) 2 = 1. • 

19. The equations of the tangent and normal to the curve x=rf> (0, 
y = ((), ;it the point whose parameter is t , are 

", (x- <f> (0! V (<> ■+ <y - + (01 (0=o. 


120. Repeated differentiation. We may form a new function 

<f>" (x) from <f> (x) just as we* formed <f> (x) from <f> (x). This 
function is called the second derivative or second differential 
coefficient of <£ (.r). The second derivative of y = <f> (x) may also 
be written in any of the forms 



In exactly the same way we may define the nth derivative or 
nth differential coefficient of y — <f> (x), which may be written in any 
of the forms 





But it is only in a few cases that it is easy to write down a 
general formula for the nth differential coefficient of a given 
function. Some of these cases will be found in the examples 
which follow. 


V 

• X 
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Examples XLV. 1. If <f>(x)=x m then 

0< n *(j-) = w *( />j - — » +1) x ,n ~". 

This result enables us to write down the nth derivative of any polynomial. 

2. If (f> (x) — (ax + b)' n then 

c/!><"> (x)=m (m — 1) ... (in - n 4- 1) «“ (ax + b)"‘ ~ ". 

In these two examples m may have any rational value. If m is a positive 
integer, and n>m t then <£("> (.r) = 0. 

3. The formula 

(d y j± _ + A 

\dx) (x-a)» ' 7 (x — a) * n 

enables us to write down the wth derivative of any rational function expressed 
in the standard form as a sum of partial fractions. 


4. Prove that the nth derivative of 1/(1 - a 3 ) is 

a (»i) i(i -x)~ D"(i +*y 

5 . Leibniz’ Theorem. If >/ is a product ut\ and we can form the 
first n derivatives of u and r, then we can form the nth derivative of j/ by 
means of Leibniz’ Theorem, which gives the rule 

(ut>) n =H n V + ^ (,.) + 

where suffixes indicate differentiations, so that u H , for example, denotes the 
ath derivative of u. To prove the theorem we observe that 

(«»),= U..V + 2«, 1», 4- Jtt’a, 

and so on. . It is obvious that by repeating this process we arrive at a 
formula of the type 

(uv) n — v n v I w„— 1 »l + ,, n, 2 U n - 2 V 2 + — +“«.r K «-/ l V + f + Ut V 
Let us assume that r =(") 2 > - »" a,,d « how if ( this 

then «„ + 1 . r=(”^ 1 ) f,,r re=1 * 2 ’ •• ”* Ifc wil1 41,0,1 fo,low h y tho 
principle of mathematical induction that «».,. = (“) for all values of a and r 
in question. 

When wo form *-»y differentiating (uv) n it is clear that the coefficient 

of « M + l -r*V i« 

«„.r + «-.r-. = (") +( r ",)=(” r 1 )* 

] i i m e»tabliHhcH the theorem. 


IK HO 
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6. The ?ith derivative of x"' f (x) is 

the series being continued for n + 1 terms or until it terminates. 


7. Prove that D x n cosx = cos (x+biir), D x n sin x = sin (x + bur). 

8. If y = A cos mx + B sin mx then D x 2 y 4- mhf =0. And if 

y = A cos nix + B sin mx + P u (x), 

where P u (x) is a polynomial of degree », then D x n + 3 y + m 2 D x u + l y = 0. 



9. If X s D x 2 y + x Dy+y = 0 then 

.r 2 D x » + 2 y + (2n + 1) x D n +1 y + (**■4 1) D x n y = 0. 
[Differentiate n times by Leibniz’ Theorem.] 


10. If U n denotes the wth derivative of (Lx+if/ftx 2 — 2B.V+C), then 
x--2Bx+C 


hi 


n -' + p -=°- <*■*• JV * 1BOO > 

[First obtain the equation when 7« = 0 ; then differentiate n times by 
Leibniz’ Theorem.] 


11. The 7ith derivatives of a'(a 2 + x-) and •*/(«* d-* 8 )- Since 

<* , 1 /_1_LJ\ _1 ( _L_ + 

a 3 -+■.t 3 2?’ \.r — a i" .7' 4 a i) ’ a 2 4 .»' 2 2 \.r — at .r 4 at/ ’ 


wo have 

D „ /« \ (^^t! f _1_2_1 

* V« a +rV 2i* \(.r — ai) n * 1 (x + aO n + , |’ 

and a similar formula for D x n {af/(a 2 4-.r 2 )}. If p = \ / (-t 2 + « 2 ), and 0 is the 
numerically smallest, angle whose cosine and sine arc xjp and a/p, then 
x + ai = f> Cis 6 and x — ai=p Cis ( — 6), and so 

D x " {«/(«*+.**)} = {( - l )" n ! !'2i) p ~ - ~ 1 [Cis {(n 4 1) <9} - Cis {- (n 4 1) 0}] 

= ( - 1)” 7t! (.r 2 4 a a )“(" + *>* sin {(w 41) arc tan {a/x)). 

Similarly 

D x n {.r/(« 2 4 x-)} = (- 1)" /i! (.»- 2 4 a-) - (•» + ») -* cos {(n-fl)arc tan {a/x)}. 

These results enable us to write down the «th derivative of (X.r4p)/( J,a + a ")» 
that of (\x+p.)l(A.^ + '2Bx+C), whore IPcAC, so that the roots of the 
denominator are complex, may be found in the same way if wo first make 
the substitution Ax + B=At. When the roots are real the function can bo 
expressed in the form {H/{x—a)} + {K/{x — ,3)}, where //, K, a , @ are real, aiic^ 
the ?itli derivative can bo written down immediately in a real form. 
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L2r Prove that 

D r n {(cos.»')/•''} = !cos (.»• + + <?,, sin (.' + ixrr) + 

D" {(siu x)/x} =.{ P n sin (x + inrr) — Q n cos (x 4- Amit)}/x" * l , 
where and Q a are polynomials in x of degree n and n - 1 respectively. 


13. Establish the formulae 


£-i 

di/ 


t(dy\ cPx dh, /(dy\ 3 (Px _ _ j^y dy 

/ \dx) ’ rfy- (/// W ’ <*y J )dx ( dx \d.K*J$/\dxJ 


14. If y: = 1 and y r =(l/r !) />/?, *•«(!/< 0 Ac'*. tliei 

2 

4 i 


l 

r* 


‘i 

z » 


2-.' 

Z-, 


I .V-J 

j/ - ya m 


. •* 




I 


(JA/M. 7V/>. 1905.) 


15 If I V (y z u) = y z u •, drt-slie.s denoting differentiations with 


y 

/' 


u" 


o 4 *♦ 2 *rrj 


respect to x> then 


then 

and 


,r <* «>-✓ >'■ (>• ft;r»:5-71, 

ax 8 + 2/ixy + by- + 2yx + 2fy + c = 0, * |> J ~ j*r ^ * j i jf • • 

dy'dx = -(a.»' + Ay +^r)/(/'•'' + by+/ ) 


“ ^ J £ « ** 


d 2 y/d.v 2 = - ("be + 2fyh - "/- - by-- < h-);(/>.<■+ by +f) 3 . 


A. > 


121. Some general theorems concerning derived fnne- 
**' v » u tions. In all that follows we suppose that <f> (x) is a function of 
, c which has a derivative [for all values of * in question. 

This assumption of course mvofyEs the continuity; of 


S t r*^» i * ^ 
**►**» •**-* ? 


The meaning of the sign of *'(*). THEOREM A. 7/ “ 

am a 


,► ». 4>' (*.) > 0 Men 0 O) < 4- (O f> r " U values °f * ,ess than *• 6u( 

1 s utHcientli/ near to and <*> («) > <*> (■''.)/«'• «« «•*«« »/ * 
t/ian sufficiently near to x„. 

For \<b (^o + /<) - (f> <*.)}/* converges to a positive limit (./•„) as 

/< 0 This can only be the case if </> (.r 0 + /<) —</> (•*'«) an< * ^ have 

the same sign for sufficiently small values of /». and this is precisely 
what the theorem states. Of course from a g eome tr ic a l pomt ol 
view the result is i ntuitive, the inequality *'<*>>0 expressing 
A the fact that the tangent to the curve y = $ (x) makes a positive 
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acute angle with the axis of x. The reader should formulate for 
himself the corresponding theorem for the case in which <f> (x) < 0. 

■A.n immediate deduction from Theorem A is the following 
important theorem, generally known as Rolfe’s Theorem. In view 
of the great importance of this theorem it may be well to repeat 
that its truth depends on the assumption of the existence ‘of 1 tKe 
derivative (x) for all values of x in question. G.-S. u>ar •' • (*.-\ )*'» 

I heorem B. Ij (f> ( a ) = 0 and <f> (6) = 0, then there miis^be at ** -*2 
least one value of x which lies between a and b and for which «■ 
<f>' (x) = 0. 


There are two possibilities: the first is that <f> ( x ) is equal to 
zero throughout the whole interval (a, b). In this case <£' (x) is 
also equal to zero throughout the interval. If on the other hand 
is not, alway s equal to zero , then there must be values of x 
for which (f> (x) is positive or negative. Let us suppose, for 
example, that <f> ( x ) is sometimes positive. Then, by Theorem 2 of 
§ 102, there is a value £ of .r, not equal to a or b, and such that cf> (£) 
is at least as great as the value of (f> (x) at any other point in *, 
the interval. And <£' (£) must be equal to zero . For if it were 
positive then </> (.r) would, by Theorem A, be greater than for 

values of x greater than g but sufficiently near to £, so that there 
would certainly be values of <£ (x) greater than <£(£). Similarly 
wo can show that (£) cannot be negative. 

Cor. 1. If <f> (g) = (&) _= k, then there must be a value of x 

between a and b such that <h\x) = 0. 

We have only to put tp (x) — k = i/r (.r) and apply Theorem B 
to (./•). 


Cor. 2. If <£'(./•) > 0 for all values of x in a certain interval . 
then <f>(x) is an increasing function of x, in the sti'icter sense of § 95, 
th rough out that internal. 


Let x i and x., be t wo values of x in the interval in question, 
and a, < We have to show that (f> (.r,) < </> (a^). In the first 
place <f> (a*,) cannot, be equal to <f>(xf); for, if this were so, there 
would, by Theorem B, be a value of x between x t and x 2 for which 
<£ (;c) = 0. Nor can </> (.r,) be greater than <£ (<r a ). For, since 
is positive, (f> (.c) is, by Theorem A, greater than <f> (x x ) when x is 
greater than x x and sufficiently near to x t . It follows* that there is 
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a value x n of .r between x x and x., such that <f>(; r 3 )= <£(.r,); and so, 
V Theorem B, that there is a value of x between x x and x 3 for 
which <f>' (x) = 0. 

Cor. 3. If <t>\x)> 0 throughout the interval (a, b), and <£( a) = 0, 
then <f> (x) is positive throughout the interval (a, b). 

The reader should compare the second of these corollaries very carefully 
with Theorem A. If, as in Theorem A, we assume only that </>'(.«•) is positive 
at a single point x = x 0t then we can prove that <f> (.r 3 ) when x t and .v., 

are sufficiently near to .r 0 and x t < x 0 <.v,. For </> (.r,)< and ><p (.»•„), 
l,v Theorem A. But this d ocs not prov e that there is anv interva l including 
.r w throughout which <t> (x ) is a st eadily increasin» function, for the assumption 
that .»•, and .v« lie on opposite sides of x„ is essential to our conclusion. We 
shall return to this point, and illustrate it l»y an actual example, in a moment 
(JP24). 


122. Maxima and Minima. We shall say that the value </>(£) 
assumed by <f> (x) when x = f is a maximum if </>(£) is greater than 
any other value assumed by </>(**) in the immediate neighbourhood 
of (e, if we can find an interval (f-e, £+e) of values of 

such that </>(£)><£ (x) when %- € <x<% and when f < .r < f + e; 
and we define a minimum in a similar manner. Thus in the figure 



Fie. 39. 


the function whose graph is there shown. It is to be observed that 
the fact that Aj corresponds to a maximum and B x to a minimum 
is in no way inconsistent with the fact that the value of the 
function is greater at B x than at A 3 . 


or 


Theorem C. A necessary condition for a maximum 
minimum value of <f>(x) at x=£ is that <f> = 

• A function which is continuous but has no derivative may have maxima and 
minima. We are of course assuming the existence of the derivative. , , 

2 rL _ f %° a ^ .1- e-o 

0 > 


+— 

> a*. _ 




{ 


p # 4 - • 





C> 


^ f 

o —| 

£#****- -f f 
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•ci) This follows at once from Theorem A. That the condition is not 

sufficient is evident from a glance at the point C in the figure-^ 

* lor ~ c * Thus if y = x 3 then <f>' (x) = 3a?, which vanishes when x = 0. But 
x = 0 does not give either a maximum or a minimum of X s , as is 
obvious from the form of the graph of af (Fig. 10, p. 45). 

But there will certainly he a maximum at x = g if (f) = 0, 

<f> (x) > 0 for all values of x less than but near to £, and <p' (x) <0 
for all values of x greater than hut near to £: and if the signs 
of these two inequalities are reversed there will certainly he a 
minimum. For then we can determine an interval (f* — e, £) 
throughout which <f> (x) increases with x, and an interval (£, f + e) 
throughout which it decreases as x increases: and obviously this 
ensures that <f> (£) shall be a maximum. 

This result may also be stated thus. If the sign of (#) 
changes at x=£ from positive to negative, then x = g gives 
a maximum of <f>(x): and if the sign of <f>'"(x) changes in the 
opposite sense, then x=£ gives a minimum. 

$ 

123. There is another way of stating the conditions for a 
maximum or minimum which is often useful. Let us assume 
that </> («c) lias a second derivative <£"(#): this of course does not 
follow from the existence of <f> (x), any more than the existence of 
4>' (■*■) follows from that of </>(#). But m such cases as wej rp 
li kely to meet with at present the condition is generally satisfied. 

Theorem D. If <£'(£)=0 and <£"(£) =|=0, then <f>(x) has a 
incu'iinum or minimum at x = £, a maximum if <f> " (£)<&> a 
m in im n m if (£) >0. 

Suppose, e.g., that <f>" (£) < 0 . Then, by Theorem A, (x) is 
negative when x is less than £ but sufficiently near to |f, and 
positive when x is greater than £ but sufficiently near to f. Thus 
x = f gives a maximum. 


; 


124. In what has preceded (apart from the last paragraph) we have 
assumed simply that </> (j-) h as a derivative f or nil values of .c in the interval 
under considpgatmm If this condition is not fulfilled the theorems cease to 
be true. Thus Theorem B fails in the case of the function 

* .y = 1 - *'(**), «= l- |>d m 
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where the square root is to be taken positive. The graph of this function is 
^shown in Fig. 40. Here 0 ( — 1) = 0 (I) = 0: but 0'(.r) , as is evident from the 
hgure, is equal to 1 if x is negative and to — 1 if x is positive, and never 
vanishes. There is no derivative for .r = 0, and no tangent to the graph 
at P. And in this case x = 0 obviously gi ves a max imum of 0 (.<•), l»ut 
<p' (0), as it does not exist , cannot be 
equal to zero, so that the test for a 
maximum fails. 

The bare existenc e of the derivative 
0' (x), however, is all that we have as¬ 
sumed. And there is one assumption 
in particular that we have not made, 
and that is that <f>' (x) itself is a con ¬ 
tinuous f unction. This raises a rather 

subtle but still a very interesting point. 

< ' . .... , 




_ i A 



Can a function cft(x) have a derivative ^ ., 

for all values of x which is ik£ itself continuous l In other words can a 
curve have a tangent at every point, and yet the direction of the tangent 
not vary continuously / The reader, if hconsiders what^thc question means 
and tries to answer it in the light of common sense, will probably incline 
to the answer jYo. It is, however, lydC difficult to see that this answer is 


wrong. 


Consider the function"JotO’defined, when £4=0, by the equation 

0 (x) =.a ,J sin (1/a-) ; 

and suppose that 0(0) = 0. Thed 0(.r) is continuous for all values of 

If j; + 0 then fs *—a---* 

0' (x) = 2x .4in (1 /x) — cos (1 /x) ; m 




^ Ov A Wy J>. 






*- * 


i./rwtWiUlj.it (^, 0 ) 


while 


</>'( 0) = lim 


//-.sin (l//) 


- 0 . 




'rims 0' (x) exists for all value^of x. Hut <j> (x) is discontinuous for .< =0; 
for 2.esin (l/x) tends to 0 as .t -*-0,'iv|id cos (1 /.v) oscillates between the limits 
of'nTdetermination -1 and 1, so that <J>'(x) oscillates between the same 

limits. * .. 

What is practically the same example' enables us also to illustrate the 
point referred to at the end of $ 121. Let v _ 

<l> (.«.') = x 1 sin (l/x)+a.l\ 

whore 0<«<1, when a + 0, and 0(O) = O. Then' 0 (0) =« >0. Thus the 
conditions of Theorem A of $ 121 are satisfied. But if x4=G then 

0' ( x ) = 2 . 1 -sin (1 /x) — cos (1 /x) + a, 


which ^illattai- between 'the'l iinits of indeterminatmir a - 1 and a+1 as.« —0. 
As a -1'< 0, we can find values of x, as near to 0 as we like, for which 
- 0' (x)< 0; and it is therefore i mpossible to find any interval , including a =0, 

A throughout which 0 <*) is a steadily increasing function of x. 
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It is, however, i mpossible that eft' (x) should have what was called in 
Ch. V (Ex. 7 4cxxvii. 18) a 1 simple' discontinuity ; e.g. that <f >'(.?)-»-a when. 

+ <j)'(x)-+-b when x-^-0, and #'(0) = c, unless a = b=c, in which case^ 

<f)' (j*) is continuous for x=0. A proof of this will l>e given in a moment. 2 - r ’ J 

Examples XLVI- 1. Verify Theorem B when 0 (x) = (x-a)’ n (x-b)"_ or 
<P (x) = (x—a) m (.r- b)"(x- cy\ where m , h, />ure positive integers and a<b<c. 

[The first function vanishes for x=a and x=b. And 

<£' ( x) = (.r - a) ,n ~ 1 (.r - b) n ~ 1 {(>n + n) x — mb-na } 

vanishes for x=(>nb + n(t)l(in + «), which lies between ci and b. In the 
second case we have to verify that the quadratic equation 

O + H + p) x 2 - {m (b + c) 4- n (c + a) +p (a + &)} x + mbc + nca +pab = 0 
has roots between a and b and between b and c.] 

: 2 !. Show that the p olynomial s 

2x 3 + 3j~ - 1 2.r + 7, 3x* 4- S.i J - Or 2 - 24.r + 19 

are positive when j*> 1. 

3. Show that x- sin x is an increasing function throughout any interval 
<.f values of x, and that tan x - x increases as x increases from —itn to jev. 
For what values of a is >tx — sin ,r a steadily increasing or decreasing function 

... •. - *<. >0 * *- LO \ "A) 

ot X I O - J . 

- 1 . Show that tau.r — x also increases from x=hn to x=$7r, from x— S 7r 
to x=:’7r, and so on, and deduce that there is one and only one root of the 
Kpiation tan.r = .r in each of these intervals (cf. Ex. xvii. 4). 

Deduce from Ex. 3 that sin or — a*<0 if ^*>0, from this that 
ens.c- 1 + ia“>0, and from this that sin x — x+&x 3 >0. And, generally, 
prove that if 

V s a* 2 ”* 

C‘m — cos x — 1 + Y\ -•••-(” 1 ) w 2^1 ’ 

+ i = sm * “ - r + 31 “ • • • “ ( “ 1 )"*(2^r+l)! ’ 

ami .r>0, then C» m and >% m + x are jjositive or negative according as m is odd 
or even. 

* % 

(>. If (* r ) and \J" (.>•) arc continuous and have the same sign at every 
(>• i 1 1 of an intervaT(a, 6), then this interval can include at most one root of 
either of the equations fix) = 0,/'' (.r) = 0. 

7. The: functions ?/, v and their ; derivatives v\ v arc continuous 
throughout a certain interval of values of a-, and uv' — u'v n ever vanishe s 
at any point of the interval. Show that between any two roots of u*= 0 


lies one of v = 0, and conversely. Verify the theorem when u = cos x, r=sin.r. 

[If v ctocs not vanish between two roots of u«=0, say a and f3 , then the 
function u/v is coii^inuo^is^ throughout the interval (a,/3) and vanishes at its 
extremities. Uence^(n/r)' = (wV — uv f )/v 3 must vanish between a and /9, which 
cont rat 1 iets oilr liy jk> thesis. ] 
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7 • r-^ 

r 8 ‘ Determi,,c the ma xima, ami minim a (if anvi of j -i.. 

^ 2 t' J — 3./-' - 3(U- +10, 4.r ( — J8.i - 4- -7.r - 7, 3.r*-4.v4l, l.^< + 3.~ Yn oad, 

I < .se sketch the form of the graph of the funct ion. -j.-. 


I [Consider the last function, for example. Here </>".v = oYvY'-q u |,i, li 

vanishes for ,r= -3, x=0, and x = 3. It is easy to see that -3 i,v,s 

maximum and x = 3 a minimum, while .r=0 gives neither, as ,b ,s ne-atiw 

j_ on both .sides of x = 0.J 

•). Discuss the maxima and minima of the function ,_>-«/ .»* where 

n, and a are any positive integers, considering the different cases which occur 

- cZfr,p ? * Skctch t, "‘ °f the function. 

r 10. Discuss similarly the function (.v -</)(.>- bfu - c)\ distinguishing 
/ tlie different forms of the graph which correspond to different hypotheses a: 
j to the relative magnitudes of a, b y c. tf 


i ~ 
« 


■ 2-0 2 - 


-tm 


I Show that (ax + b)j(rx + </) has no maxima or minima, whatever 

values a, b, c, </ may have. Draw a graph of the function. 


a 


Utz Discuss the maxima and minima of the function 


1/ = (ax- -f 2bx -f- c)j(A x* 4- 2/h 4- c), 
when the denominator h.is complex roots. 

• [We may suppose a and A positive. The derivative vanishes if 

(ax 4 - b) (/J.v 4- C) -(.1x4- H) (bx 4- c) = 0.(1). 

This equation must have real roots. For if not the derivative would always 
have the same sign, and this is impossible, since y is continuous for all values 
of x, and y-^a/A as x-*-4- x or x-^ - x . It is easy to verify that the curve 
cuts the line y = a/A in one and only one point, and that it lies above this 
line for large positive values of x, and below it for large negative values, or 
rice versa, according as b/a > fi/A or b/a<IJ/A. Thus the algebraically 
greater root of (1) gives a maximum \\ b/a> /{/A, a minimum in the contrary 
case.J 

The maximum and minimum values themselves are the values of A 
for which ax* + 2bx + c- A(/lx 2 + 2lix 4- C) is a perfect square, fill is is the 
condition that y = A should touch the curve.] 

r 14. In general the maxima and minima of It (x) = I*(x)/</ (x) arc among 
/the values of A obtained by expressing the condition that I* (a*) — (.?•) = o 

I should have a pair of equal roots. 

15. if Ax' J -h 2JJx + C=0 lias real roots then it is convenient to proceed as 
follows. Wc have 

y - (a/A ) -- (\j: + p)l{A (Ax« + 2/J.c + C)}, 

where A =bA—a/i, fi = cA —uC. Writing further £ for und >) for 

(A /A 2 ) (Ay - a), we obtain uii equation of the form 

l n = €/{(€-p)(€-y)l- 
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This transformation from (x, y) to (£, 77) amounts only to a shifting of the 
origin, keeping the axes parallel to themselves, a change of scale along each^ 
axis, and (if X < 0) a reversal in direction of the axis of abscissae; and so a 
minimum of y, considered as a function of x, corresponds to a minimum of 17 
considered as a function of £, and vice versa, and similarly for a maximum. * 

The derivative of 77 with respect to £ vanishes if 

or if £2 =pq. Thus there are two roots of the derivative if p and q have the 
same sign, none if they have opposite signs. In the latter case the torm of 
the graph of 77 is as shown in Fig. 41 a. 



Fig. 41a. 



When p and q are positive the general form of the graph is as shown in 
Fig. 416, and it is easy to see that £ = J(pq ) gives a maximum and £ = - \(pq) y 
a minimum.* 


In the particular ease in which p = q the 
function is 

1 **£/(£—■/»)*» 

and its graph is of the form shown in Fig. 41c. 

The preceding discussion fails if X=0, i.e. 
if a/A = bjli. But in this case we have 
y - (a/A ) =p/{A (Ax 2 + 2 Bx+C)} 

=W { -1 2 (A' - •*'i) (- r - 



say, and dyfd. r=0 gives the single value x=h (-i'i+Xs). On drawing a graph 
it becomes clear that this value gives a maximum or minimum according as 
fi is positive or negative. The graph shown in Fig. 42 corresponds to the 
funner ea.se. 


| A full discussion of the general function y = (ax 2 +2bx-\-c)l(Aj Ji + 2Bx+(?)y 
by purely algebraical methods, will be found in Chrystal’s Algebra, vol. 1 , 
pp. 404-7.] 


10. Show that (x -a) (x — {3)/(x — y) assumes all real values as x varies, if 
y lies between a and , 2 , and otherwise assumes all values except those included 
in an interval of length 4 N /( |« - y | j /3 — y |). 


* The maximum is - l/( s 'p - N /</) a , the minimum 
latter is the greater. 


- l/( v 'l» + of which the 
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17. Show that 


j, J + 2.r +c 
^ _ .r 2 + 4.r + 3c 


«“ oaaume any real value if 0 <e < ., and draw a graph of*. faction » 
this case. v 

18 Determine the function of the form (ax ! + 2bx+c)/(Ax a +'2Bx+ C) 
which has turning values (£«. maxima or minima) 2 and 3i when x-1 and 
Xsa -1 respectively, and lias the value 2-5 when x=0. (Math. Trip. 1 JUS.) 

19. The maximum and minimum of (x + a)(x + b)l(x-a) (x-b), where a 
and b are positive, are 


{Ja + Jb's* ( Ja-J 1> Y 

“W«-% ,b )' W«W*/' 


20. The maximum value of (x- \) i /(x + l) 3 is -fr 

21. Discuss the maxima and minima of 

.r (x - 1 )l(x i + 3-r + 8), *»/(* - 1) (x - 3) J , 

(x-1 )* (3x 2 - 2x - 37 )/(.»• + 5) J (3x 2 - H.i -1). 

(Math. Trip. 1898.) 

rif the last function he denoted by P (x)IQ(x), it will be found that 
P Q _ pq >= 72 (X - 7) (a- - 3) (* - 1) (x + 1) (x + 2) (x + 5).] 

22. Find the maxima and minima of a cos *4- b sin *. Verify tberesnlt 
by expressing the function in the form A cos (x a). 

23. Find the maxima and minima of 
eW* + &W*. A cos 2 x + 2/I cos.r sin x + H sin* x. 


__ f **r •> HZ 

— VST* " ClinID 



H -< 


etion. 


25 . Show that the function 

sin-x 


»« 4 w tv ; “ --- ^ 


x O if **—* #r — 4, 

- . v wil|!8 ' r -(0 < a < b < n )SCW f -• ■ - 2)1 

sin (x + «)sm (x + b) .1 , |\ y'Y-'*~?v 



(VT |V. 

.. 7Vi/^c».) n 


27. Show that tan 3x cot 2x cannot lie between i and it. 


2 , Show that, -un-of^ ^ tho byj--™- Tj5 . 

f „: sr— - - ««. ->■ >«•> 

» A line ie drawn through a 6». ^ <“■ *> » “ £/." 

in 1> and ft Show that the minimum values of / ft 0/ + Oft 

are reaped! vely («»> +W. “»<* «“*• 


II. 
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30. A tangent to an ellipse meets the axes in P and Q. Show that the 
least value of PQ is equal to the sum of the semiaxes of the ellipse. 

31. Find the lengths and directions of the axes of the conic 

ax- + 2kxy + by-=\. 

[The length r of the semidiameter which makes an angle 6 with the axis 
of x is given by 

1 Jr- = a cos 2 6 -+- 24 cos 8 sin 6 + b sin 2 6. 

The condition fora maximum or minimum value of r is tan 20=24/(a — b). 
Eliminating 8 between these two equations we find 

{a-0/r 2 )} {6-(!/#*)}-** ] 


32. The greatest value of x m y n , where x and y are positive and 
x+y=k, is 

m m n H k m + **/(«. + 7i) m * n . 

33. The greatest value of ax + by, where .r and y are positive and 
x- + xy + >r = 3 k -, is 

2k V(« 2 - ab + 6-'). 


[If uv + by is a maximum then a + b(dy/dx) = 0. The relation between x 
and y gives (2x+2/) + (x + '2y) (dy/dx) = 0. Equate the two values of dy/d. r.] 

g- 

34. I f 8 and r/> are acute angles connected by the relation asoed + bsec(f>=c, 
where a, b y c are positive, then a cos 8 + b cos 0 is a minimum when 8 = <f>. 


125. The Mean Value Theorem. We can proceed now to 

the proof of another general theorem of extreme importance, a 

theorem commonly known as * The Mean Value Theorem or ‘ The 

* 

Theorem uf the Mean \ 


Theorem. If </> (a:) has a derivative for all values of x in the 


interval ( a . b), then there is a 
value g of x between a and b, 
such that 

<t> (4) - <f> (a) = (b - a) <f>' (£;. 

Before we give a strict proof 
of this theorem, whicli is perhaps 
the most important theorem in 
the Differential Calculus, it will 
be well to point out its obvious 
g eometrical meaning . This is 
simply (see Fig. 43) that if the 
curve APB has a tangent at all 



points of its length then there 
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must be a point, such as P , where the tangent is parallel to AB. 

For <f)' (£) is the tangent of the angle which the tangent at P 
*makes with OX, and \4>(b)-<t> («){/(& - «) the tangent of the angle 
which AB makes with OX. 

It is easy to give a strict analytical proof. Consider the a. f t. 


function 


<f> (b) - (f> (x) - !</> (&) ~ $ (")}> 


which vanishes when x = a and x = b. It follows from Theorem B 
of §121 that there is a value £ f or whic h its de rivative vanish es. 

But this derivative is 

4, (bj-tja) _ (r) . 

b — a 


q n 


which proves the theorem. It should be observed that it has not 
been assumed in this proof that (x ) is continuous. 

It, is often convenient to express the Mean Value Theorem in 

l,im $ (b) = <f> (a) + (b - a) <f>'{a + 0 (b - a)\, 

* where 0 is a number lying between 0 and 1. Of course a + 0(b-a) 
is merely another way of writing ‘some number £ between a and b’. 
If we put b = a + b we obtain 

</> (« + h) = <f> («) + h<f>' (a 4- 0b), 

which is the form in which the theorem is most often quoted. 


Examples XLVII. I- Show that 

</> (b) - <t> {*) - {<P (0 - </> («)) 

is the difference between the ordinates of a j>oint on the curve and the 
corresponding point on the chord. 

2. Verify the theorem when 0(x) = a J( and when <f>(x) = x 3 . 

[In the latter case we have to prove that (6 s — a 3 )/(6 — a) = where 

a <b • t.e. that if J (6* + «6+ «*)-£* then £ lies between a and 6.] 

* U.L 

Establish the theorem stated at the end of § 124 by means of the Mean 
Value Theorem. 

[Since </»'(0 ) = c, we can find a small positive valueof x such that 
i(b(x)-<b(0))/x is nearly equal to c; and therefore, by tho^theorem, a small 
positive value of $ such that </>'(() is nearly equal to e, which is inconsistent 

- with lim <\>\x) = a, unless a = c. Similarly b = c.} 

. *-~+o 


15—2 
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4. Use the Mean Value Theorem to prove Theorem (6) of § 113, assuming 
that the derivatives which occur are continuous. 

[The derivative of F {/(a*)} is by definition 

lim F { f (x + h )-f( x )\ 

h 


Iiut, by the Mean Value Theorem, f{x+k)=f(x) + hf (£), where £ is a number 
lying between x and x + h. And 


*'{/(*)+*/'(Z)} = F{Ax)}+hf (t)F' (I,), 

where £, is a number lying between/(.r) and f{x) + hf (£). Hence the deriva¬ 
tive of F } f (.c)} is 

lim/'(ft *"(*,)-/'(*) 

since and £\-*-f(x) as 


126. The Mean Value Theorem furnishes us with a proof of a 
result which is of great importance in what follows: if <J>' (x) = 0, 
t hroughout a certain interval of values of x, then tf> (.c) is constant 
throughout that interval. 


For, if a and /> are any two values of x in the interval, then 

<f> (l>) — <f> (a) = (b - a) <}>' [a + 6 (6 — a)} = 0 . 

An im mediate corollar y is that if tf>' (a) = yfr' (x), throughout a' 1 * 
certain interval, then the functions <f> (#) and ^(x) differ through- 
,u ^Hit that interval by a constant. 

3o ^ TV • • t - .* */<«< 

127. Integration. We have iu-this chapter seen how we can 
find the derivative of a given function <f> (x) in a variety of cases, 
including all those of the commonest occurrence. It is natural to 
consider the converse question, that of determining a function ' 
whose derivative is a given function. 

Suppose that y\r (x) is the given function. Then we wish to 
determine a function such that <f>'(x) = yj/ (x). A little reflection 
shows us that this question may really be analysed into three 
parts. 


(1) In the first place we want to know whether such a 
function as <£(.r) actually exists. This question must be carefully 
distinguished from the question as to whether (supposing that 
there is such a function) we can find any simple formula to 
express it. 


(2) We want to know whether it is possible that more than 
one such function should exist, i.e. we want to know whether our 


125-127] 


DERIVATIVES AND INTEGRALS 


229 


. problem is one which admits of a unique solution or not; and 
if not, we want to know whether there is any simple relation 
between the different solutions which will enable us to express all 
of them in terms of any particular one. 


(3) If there is a solution, we want to know how to find an 
actual expression for it. 

It will throw light on the nature of these three distinct ques¬ 
tions if we compare them with the three corresponding questions 
which arise with regard to the differentiation of functions. 

(1) A function <f> (x) may have a derivative for all values of x, 
like x m , where m is a positive integer, or sin x. It may generally, 
but not always have one, like y,/x or tana- or secar. Or again 
it may never have one : for example, the function considered in 
Ex"* xxxvil. 20, which is nowhere continuous, has obviously no 
derivative for any value of x. Of course during this chapter we 
have confined ourselves to functions which are continuous except for 
some special values of x. The example of the function S/x, how¬ 
ever, shows that a continuous function may not have a derivative 
for some special value of x, in this case x = 0. Whether there 
are continuous functions which never have derivatives, or con¬ 
tinuous curves which never have tangents, is a further question 
which is at present beyond us. Common-sens e says No : but, as 
we have already stated in § 111, this is one of the cases in which 
higher mathematics has proved common-sense to be mistaken. 

But at any rate it is clear enough that the question ‘ has <f>(x) 
a derivative <f>'(x)V is one which has to be answered differently 
in different circums tance s. And we may expect that the converse 
question ‘ is there a function <f> (x) of which yjr (x) is the deriva¬ 
tive?’ will have different answers too. We have already seen 
that there are cases in which the answer is No: thus if yfr(x) is 
the function which is equal to a, b, or c according as x isjess than, 
equal to, or greater than 0, then the answer is No (Ex.’xlvii. 3), 

unless a = b = c. 

This is a case in which the given function is discontinuous. 
In what follows, however, we shall always suppose yfs(x) continuous. 
And then the answer is Yes: if yjr(x) is continuous then there is 
always a function <f> (x) such that <f>' (x) = yfr (, x ). The proof of this 

will be given m’Ch. VII. 
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(2) The second question presents no difficulties . In the case^ 
of differentiation we have a direct definition of derivative 
which makes it clear from the beginning that there cannot 
possibly be more than one. In the case of the converse problem 
the answer is almost equally simple. It is that if <f> ( x) is one 
solution of the problem then <f> ( j :) + C is another, for any value of 
the constant C, and that all possible solution s are 
the form <t> (x) -+ C. This follows at once from § 126. 


comprised in 


(3) The practical problem of actually finding <f>' (x) is a fairly 
simple one in the case of any function defined by some finite com¬ 
bination of the ordinary functional symbols. The converse problem 
is much more difficult. The nature of the difficulties will appear 
more clearly later on. 


Definitions. If \fr (a.) is the derivative of 4>(x), then we call 
$(./;) an integral or integral function of i/r (x). The operation 
of forming yfr (x) from (f) (x) we call integration. 

% 

We shall use the notation 

<f>(x)= I ifr (x) (lx. 

It is hardly necessary to point out that j...dx like d/dx must, at 
present at any rate, be regarded purely as a symbol of operation : 
the J and the dx no more mean anything when taken by them¬ 
selves than do the d and dx of the other operative symbol d/dx. 


128. The practical problem of integration. The results 
of the earlier part of this chapter enable us to write down at once 
the integrals of some of the commonest functions. Thus 


wn+i 

x' n dx = -- 

m -+- 1 


j cos xdx = sin x, 


I sin xdx = — cos a;. ..(T). 


These formulae must be understood ns meaning that the 
function on the right-hand side is one integral of that under 
the sign of integration. The most general integral is of course 
obtained by adding to the former a constant C . known as the 
arbitrary constant of integration. 
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There is however one case of exception to the first formula, that 

* in which ni = — 1. In this case the formula becomes meaningless, 

2 10 

as is only to be expected, since we have seen already (Ex. XLII. 4) 
that l/x cannot be the derivative of any polynomial or rational 

fraction. 



That there really is a function F (x) such that D x F(x) = 1/a? 
will be proved in the nexT*chapter. For the present we shall be 
content to assume its existence . This function F (x) is certainly 
not a polynomial or rational function; and it can be proved that 
it is not an algebraical function. It can indeed be proved that 
]T( X ) is an essentially new function, independent of any of the 
classes of functions which we have considered yet, that is to say 
incapable of expression by means of any finite combination of the 
functional symbols corresponding to them. The proof, of this is 
unfortunately too detailed and tedious to be inserted in this book; 
but some further discussion of the subject will be found in Ch. IX, 
where the properties of F(x) are investigated systematically. 


Suppose 


first that x is positive. Then we shall write 
- v.*** 




J a. 


and we shall call the function on the right-hand side of this 
equation the logarithmic function : it is defined so far only for 

positive values of x. 

Next suppose x negative. Then - * is positive, and so log (-x) 
is defined by what precedes. Also 

^log 


so that, when x is negative, 

f — = log (- *).(3). 

J X 

The formulae (2) and (3) may be united in the formulae 

j~ = log (± x) = log M .(4), 

- where the ambiguous sign is to be chosen so that _±£_ is positive : 
* theae formulae hold for all real values of * other than x = 0. 
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1 he most f undamenta l of the properties of log x which will be proved in 


C'h. IX are expressed by the equations 

iysr 3c.a 

log 1=0, 1og (1 /x) — - logo.-, log xy = log x +log y, 




^of which the second is an obvious deduction from the first and third. It is 
fioV really necessar y, for the purposes of this chapter , to assume the truth of 
any of these formulae; but they sometimes enable us to write our formulae 
in a more compact fo rm than would otherwise be possible. 

It follows from the hist of the formulae that log.r 2 is equal to 2 log x if 
.r> 0 and to 2log ( — .v) if.r<0, and in either case to 2 log \x |. Either of the 
formulae (4) is therefore equivalent to the formula 


J 


^ = A log x 2 


(5). 


1 he five formulae (1)—(3) are the five most _ 

standard forms of the Integral Calculus. To them should be 
added two more, viz. 


/’ dx f dx . 

= arc tan / 77|-= ± arc sm a;*.(6). X 

m. A.C. VI toi I.) io '' 

Also ^ co"'x •• •• j^( •- — ) .. 

129. Polynomials. All the general theorems 3 of § 113 may of 
course also be stated as theorems in integration. Thus we have, 
to begin with, the formulae 

I {f (a) + F (x)} dx= [f (x) dx -f fF{x) dx .(1), 

f k f (*) das = k jf (x) dx .(2). 

Here it is assumed, of course, that the .ar bitrary constant s are 
adjuatad- p j a p ed y. Thus the formula (1) asserts that the sum of 
am/ integral of f(x) and any integral of F (x) is an integral of 
t {x) + F (a*). 

These theorems enable us to write down at once the integral 
u&Jofanv function of the form X A „ f u (x), the sum of a finite number 
of constant multiples of functions whose integrals are known. Tn 

pa rticul a r we can write down the integral of any polynomial: 
thus 



( 


,n 


+ ... + Cl n X . 


(<Vr" + + ... + «„) dx = 

u + 1 n 
m. 

See § 119 fur the rule for determining the ambiguous sign. 
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i 130. Rational Functions. After integrating polynomials 
it is natural to turn our attention next to rational functions. 


•et us suppose R(x) to be any rational function expressed in the 
s tandard form of § 117, viz. as the sum of a polynomial II (x) and 
a number of terms of the form A/(x — «r)f\ 

We can at once write down the integrals of the polynomial iso . t 
and of all the other terms except those for which p = 1, since 


/ 


_ — _ d.x = _—_-_ 

(x — a)** p — 1 (x — a)P~ l ' 


whether a be real or complex (§ 117). 

The terms for which p = 1 present rather more difficulty. 

It follows immediately from Theorem*^(i) of § 113 that i 



J 


f KlfWf <*) dx = F \f(x)}.... .(3). 

^ ^ w _ a ~rr ~ 






-li.t t'K- f 


In particula r, if we take*/^.Qr) = ax -f b, where a and b are real, / 
and write <f>(x) for F (x) and' ''yjr (x) for F'(x), so that <f> (x) is an' 
integral of -yfr (x), we obtain “• (*-i ‘-t-- (4? <•’ c * fc ~- 


b 


(ax + b) dx = - <f> (ax + b) .(4). 

Cl 


Thus, f or example , ■» moj •- 


/ 


0 # 


^ 6 = a Iog I + 6 1* 


and i n particular , if a is real, 

dx 


It 


/ 


= log\x- a |. 


x — a 

We can therefore write down the integrals of all the terms in 
R (x) for which p = 1 and a is real. There remain the terms for 
which p = 1 and a_is complex. 

In order to deal with these we shall introduce a r estrictive 
hypothesis , viz. that all the coefficients in R (x) are real. Then if 
a = y + Si is a root of Q (x) = 0, of multiplicity //<, so is its con¬ 
jugate a = y — Si; and i£a partial fraction AJ(x — a) p Occurs in 
the expression of R (x), so does A p f(x — ct) ;> , where A /t is conjugate 
to A p . This follows from the nature of the algebraical processes 
by means of which the partial fractions can be found, and which 
are explained at length in treatises on Algebra*. 

• See, tor example, Chrystare Algebra , vol. i, pp. 151-9. 
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Thus, if a term (X + y.i)/(x — y — Si) occurs in the expression 
of R (x) in partial fractions, so will a term (X — — y + Si ); ' 

and the sum of these two terms is -- 2 ~A & »* 1 r*r .’(* y— 

2 [\ (x-y )~ fiS I/ ]>* *.*-*,** ** Vfe 

- I') 5 ■+ 55 A fi; -£ 

This fraction is in reality t he most genera l fraction <^f the form / 

Aar+B 


■aa? + >2bx + c’ ' ( ' 

' ' ' • 

where b- < ac. Thg, leader will easily verify' -the equivalence of 


the two forms, the formulae which Express X', p, y, 8 in terms of 


A, B, a, b, c being 


X =‘A/2a, /x = — Z)/(2a A /A), * 7 = b/a, 8 = \/A/a, 

where A = ac - 6 3 , and V = aZ? — 6.4 <. 

r m'T' * ^ * n (3) we suppose i 7 { /’(a-)} to be log I fix) , we obtain 

uum? < , v 

• Jj^clxLloglfWi .( 5 ); 

1 • ^ f V-Lia* * ^ 

and it we further suppose that'/(.r) = (x — X ) 3 +/x 3 , we obtain 

l $ r z\y + ^ ‘ dr “ Io f «* - x )’ + 

A / 

A-ihI; in virtue of the equations u ( 6 ) of 5 128 and (4) above, we 
have • -A «-.# t ^ 

f /— a = ^25 arc tan (-—. * 

J (x—\y+fA « , » s \ p ) 

These two formulae enabK* us to integiN^te the sum of the two 
terms which we have been considering in tlVe expression of R(x); 
and we are thus enable*! to write down the v integral of any real 
rational function, if all,the factors of its denomihator can be deter¬ 


mined. The integral of any such function is composed of the sum 
of a polynomial, a number of rational functions of the type 


, A 1_ 

oo^y ■' /> - l («r - a)*- 1 ’ 

a number of logarithmic functions, and, a number of inverse tangents. 

It only remains to add that if a is complex then the*"rational 
tunctionjust written always occurs^m conjunction with another m 
whicfwl and a are replaced by the complex numbers conjugate to ^ 
t hem,and that the sum of the two functions is a real rational function. 
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. Examples XLVIII. 1. Prove that 

t 3> I dx+Z? , 3 . |.J /) . „ ,/■>• -t- 6 - N '( - A 

j a x 2 + 2bx + c dV 2a ° g l A P" 2a y '( -A) S I o r + 6 + N /( - A 

(where X = ax 2 -f 2bx 4- c) if A <0, and 

f . **+» dx = ± ,„M+ ° arc tan (?£+*) 

J ax i -\-2bx -\-c 2a • I a X 'A V v A / 

if A > 0, A and I) having the same meanings ;is on j>. 234. 

the particular case in which ac = b- the integral is 

r A O-l V a R-irA . w 




-i\ + 4 Io gl rtj: + & l- 


7 . f \ i-17 lv, b * * i 

/ ,'o(«j; 4-6) o 

3. Show that if u'o roots oV~^{a’) = 0 are all real, and distinct, and P(x) 
is of lower degree tl/au Q (x), then 

, ' jll(x)dx=^ log | X - a |, 

/ * 

the summation applying to all the/roots a of Q(x) = 0. 

fTlie 4orm of the fraction corresponding^to a may be deduced from the 
s->4Facts tljat / \ ^ % *• 

*&-*&&->*<*-$&• I u Jt :: 

as a/-*- a. ] , 


* qV) ' 


(l. if a H the roots of £ (x):aro real and n_is a double root, the other roots 
be% simple roots, and P(x) fa of lower degree than Q(x), then the integral 
is A J(x — a.)-\r A' log \ x — a\4-2 If log \ x — fi\, whore 

2 P(a) 2(3 P'(a) Q" (a) - P (a) V" (*)} 

A = ~ Wja) ’ A 3 {</' («)}* V (& 

and the summation applies to all roots p of Q (x) — 0 other than a. 


/{(*“ 


f dx 

Z. Calculate J (x *+ 1 )}* * 

[The expression in partial fractions is 

i _j_ j i 

4(*-l)* 2(x-\) 8 (x-ip 8 (x-i) 

and the integral is 


* 2 “* , » , 2 + t 

x~C? + 8 (a- - 0 8 (x+lH* 8 (* + 0 * 


4(x-l) 4 (x* 4-1) 


- J log | .r- 1 | + i log + !) + i arc tan **.] 


6. Integrate 


(x--a) {x-b) (x~-^)' (^WTx^bY (x — a)* (x-b)*' (*-«)” 

x a ?-a 3 J- 3 ~ 

(** + «*) (**+£*) ’ (.r*+ «*)(•**+&)*’ '^(^ + « 2 ) ' ^(^ + « a ) r 
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7. Prove the formulae: 

/&.-A{ 

m-rM -<-(inms)"-<-(fs>}- 

/l +$• +-v* = 4^73 {'' 3 lo 8 (I - i +S) + 2arctan (rip)} • 

131. Note on the practical integration of rational functions. 

1 he analysis of $ 130 gives us a general method by which we can find the 
integral of any real rational function It (.r), prodded we can solve the equation 
Q ( J ) = 0. In simple cases (;ts in E\. 5 above) the application of the method 
is fairly simple. In more c omplicated cases the labour involved is some- 
tjmesju-olhbitive, and other devices have to be used. It is not part of the 
purpose of this book to go into practical problems of integration in detail. 

I he reader who desires fuller information may Ikj referred to Goursat’s Cours 
d>Analyse, vol. i, pp. 234 et seq., Bertrand’s Calcul Integral , and Dr Bromwich’s 
tract Elementary Integrals (Bowes and Bowes, 1911). 

If the equation Q (a-)=0 cannot be solved algebraically, then the method of 
partial fractions naturally fails and recourse must be had to other methods* 

132. Algebraical Functions. We naturally pass on next to 
the question of the integration of algebraical functions. We have 
to consider the problem of integrating y, where_g_is an algebraical 
function of x. It is however convenient to consider an apparently 
more general integral, viz. 

<• I 

J R If) dx, 

where R (./•, y) is any rational function of x and y. The greater 
generality of this form is only apparent, since (Ex.*xiv. 6) the 
function R (x, y) is itself an algebraical function of a*. The choice 
of this form is in fact dictated simply by motives of convenience: 
such a function as 

px 4 - <{ 4 - y/jax 1 + 2 b.r + c ) 
px + <[ — y/fax* 4- 2 bx 4- c) 

is far more conveniently regarded as a rational function of a? and 
the simple algebraical function + 2^ + c), than directly as 

itself an algebraical function ofa\ 

See the author's tract The integration of function* of a single variable , pp. 10 4 

et net/. This does not often happen iu practice. ** 

r c - ## 
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133. Integration by substitution and rationalisation. 

It follows from equation (3) of § 130 that if / yjr (x)dx = <£(.,> tlu-n 



;/(O}/'(0 dt = <f> [fit)) 



1 his equation supplies us with a method for determining the 
integral of \fr (. r) in a large number of oases in which the form •»! < 
the integral is not directly obvious. It may be stater) as a rule as 
follows: put x = / (t ), where f ( t ) is am/ function of a new variable 
t which it may he convenient to choose: multiply by f'(t), am/ 
determine {if possible) the integral of \f [f{t)\f (t ); express the 
result in terms of x. It will often be found that the function of'/ 
to which we are led by the application of this rule is one whose 
integral can easily b e c alculated . This is always so . for example, 
if it is a rational function, and it is very often possible to choose 
the relation between ./• and t so that this shall be the case. Thus £ 
the integral of R (y'a), where It denotes a rational function, is 
reduced bv the substitution x = t- to the integral of 2 tR(t-), 
i.e. to the integral of a rational function of t. This method of 
integration is called integration by rationalisation, and is of 
e xtiemely wide application . 

Its application to the problem immediately under consideration 
is obvious. If we can find a variable t such that x an d // are both 
r ational functions of t, say x = lift), y = Rft), then 

J It (x, y) dx = Jr lR l (t), lift)} R x \t)dt, 


and. the latter integral, being that of a rational function of t, can be 
calculated by the methods of § 130. 

It would carry us beyond our present range to enter upon any 
general discussion jis to when it is and when it is not possible to q. 
find an auxiliary variable t connected with x and y in the manner 
indicated above. We shall consider only a few simple and inter¬ 
esting special cases. 

- - , — ' 

134. Integrals connected with conics. Let us suppose 
that x and y are connected by an equation of the form 

ax a -4- 2 hxy -f- by 7 -f 2 gx + 2 fy + c = 0 ; 
in other words that the graph of y, considered as a function of a-, 
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is a conic. Suppose that (£, 77) is any point on the conic, and 
let x — £ = X, y — 77 = Y. If the relation between x and y is 
expressed in terms of X and Y, it assumes the form 


aX* + 2 hXY + bY 2 + 2GX + 2FY = 0 , 

*•'*' c *♦ O-C*-) -* 2_X (G, -♦ f=t> “■ O 

where X = /*£ + bj) +/ G = a £ + hy + g. In this equation put 
Y = tX. It will then be found that X and Y can both be 


expressed as rational functions of t, and therefore x and y can 
be so expressed, the actual formulae being 

\£ 

Ft) 


2 (G + Ft) y _ _ 2t(G -+• 

, X * a -f 2 ht + bt- * ^ 77 a + 2ht -f bt 2 

+X.l(ti*C) = -tP 


Hence the process of rationalisation described in the last section 
can be carried out. 


The reader should verify that 

F-* *-X-t Kr't - f ' 


hx + by + f = — \ (a 4 - 2 ht + btr) 


dx s i-* 


dt ’ 


/©*" O.HH 

•f X - J Y 


so that 


/ hx 


dx 


= " 2 /a- 


dt 


+ by +f ~ J a + 2/it + bt 2 ' 

When h- > ab it is in some ways advantageous to proceed as 
follows. The conic is a hyperbola whose asymptotes are parallel 
to the lines 

ax 1 + 2 Jury + by 2 = 0, 
or b (y - yx) (y - y!x) = 0, 

say. If we put y - ax = t, we obtain 

y - far = t, 


y ^ 

v bt 


and it is clear that a? and y can be caiqulated from these equations 


as rationaLfun ctions of t. We shall illustrate this process by an- 
application to an important special case. , '' 


dx 


135. The integral j / (ax* + 2 bx^.cj Oppose ihv particular that 

?r = + ~]>x + c, where a > 0 . „ Hr will be found that, if wo pet y-\-x*Ja=>t. 

we obtain - * 4p *‘** s 


-x/«. - 


and so 


9 dx _ (P-f c) Ja -4- 2 bt 
dt~~ 


2 y= 


1 V 


7.-1 


(t N /« + by- ’ 

1 ducr 

1 

t ja + b ~ s fa 102 


(t* + c) v /« -f 2bt r-i _ 


t Jd + b 

b 


..i— . -cTV 


xja+y + 


z d - 


~b &/*.■«( 


s /a 


■*% 

- 

> 
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If in particular a = 1. 6 = 0, c=a 2 \ or « = I, 6 = 0, c= -a 2 , we obtain 

rf ' C f) =l°g{^+v'(^ + a 2 )},| = lQ g I* W(*»- a») 1 ...(2), 


J «/(•** 

equations whose truth may l>e verified immediately by differentiation. With 
these formulae should l>e associated the third formula 


/; 


</.r 


= arc sin (x/a) 


(3), 


which corresponds to a case of the general integral of this section in which 
a < 0. In x (3) it is supposed that « >0; if a <90 then the integral is arc sin (.v /1 a !) 
(cf. § 1\19). In practice we should evaluate the general integral by reducing it 
(as in the next section) to one or other of these standard forms. 

N 

The formula (3) appears very different from the formulae (2): the reader 
will hardly be in a position to appreciate the connection between them until 
he has road X. 


136. Th^ integral - cfa. This integral c. 


in 


/ 


be integrated in all cases by means of the results of the preceding 
sections. It is nWst convenient to proceed as follows . Since 

Xx + /j. = (X/a) (ax + b) + fx- (Xb/a), 

j. , .v dx = + 26a- + c), 

*J{aar -f Ibx 4 c) 

we have 

f 0&+jMplic_ = X ^ + 2hx + c) + / _ X6\ f- dx - 

In the hist integral a' may be positive or negative. If a is 
j iositive we put x \/a + (b/\ki) = t, when we obtain 

f <*-* __ J_> _ 

v« y v(> + ’ 

where k = (ac — b J )/a. If a. is \negative we write ^4 for — a and 


^ ^ — ——- 

put x-JA — (b/y/A) — t, when we obtain 

f ~ - 1 r_^_ 

N /(-a )) ^(- K -ry 

It thus appears that in any case the calculation of the integral 
may be made to depend on that of the integral considered in 
§ 135, and that this integral may be reduced to one or other 
of the th ree forms 

r dit f dt f dt 

J V(i* + «*) ’ ~ «*) ’ i V(a* - O ‘ 
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137. The integral f(\.v + t i)J(ax 3 + 2bx + c')dx. In exactly the same 
way we find 

j (A x + n) ^'(a.r 2 + 2 bx + c)dx= (ax 2 + 2ft.r + c) 3 - 

4- I jy/(ax 2 +2bx+c)dx; 

and tlie last integral may be reduced to one q^othcr of the three forms 

In order to obtain these integrals it i.vconvenient to introduce at this point 
another general theorem i n integration. 

1 / 

138. Integration by parts. The theorem of integration by 
parts is mei'elv another way of stating the rule for the differentia ¬ 
tion of a Ip roduct proved in ^ 113. It follows at once from 
Theorem (3^) of § 113 jtliat 

J(>»') F(x)*lx = f(x) F (.r) — l'f(.e) F' (x) dx. 

It, may happen th;U the function which we wish to integrate is 
expressible i\n the Yorm /' (x) F(.r), and that / (x) F' (x) can be 
integrated. Kup^Ose, for example, that 4>(x) = aryjr (x), where yfr (#) 
is the s econd derivative of a k nown function % (<r). Then 

f * (■' ) (lx =j ‘I X X O ) lIx = x x (* r > -fx (*) dx = x x 0*0 - X 0*0- 

Wo can illustrate the working of this method of integration hv applying 
it to the integrals of the last section. Taking 

’ /(x)=^±rx+h, F(x) = JUtx 2 4- 2bx + c) = y, 

we ohtaip ' > - <*. <- ^ 

l r , • . , S* fiitx + b) 2 * .. f . . fdx 


J w 

a J ydx = b)y - J 


dx=(ax + b)y-ajydx + (ac - b 2 ) Jy , 


.so that 


L dx = < a - t + *> +. " c '- V -[ dx , 

X 2a 2 a J y 


" ' *•>* 

ami wo have seen already (5$ 135) how to determine the last integral. 
Examples XLIX. 1. Prove that if n>0 then 

I \'(x- + a-)cLv=hx K '(x 2 + a 2 ) +1 a 2 log {.*.* + >/(.r* + « a )}» 
f - « 2 )dx = *x s /(x 2 - a 2 ) - A« 2 log | .r + */(** -a 2 )}. 


t » > u <**1 J x /(a* — x-) dx = ttxij(d 2 — .r 2 ) + la 2 arc sin (.r fa). ~ ' 

.c^yr-(x- - zj y *■ 
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137, 138] 
f 
■6 


.-IK 


2. ^CJalculatc the integrals f jfitzjpy bj 


means of the 


' *- ^ f 1 MjT 

way8, viz. (i) by integration by parts, (ii) by the substitution (x+ a)"' = t. and 


(iii) bv writing (.r+a)-a for x ; and verify that the results agree. 

,<r - - - 

4. Prove, by means of the substitutions ux+b=l/t a nd ,r=l/», t hat (in 

tljejiohition of §§ 130*and 138)*’3'" s jc 


c*-(i•* c* a) i-* At')-* fdx ax + b fxdx bx + c {~ \ " - 7~37Z 

* „c■/»- — -. ) v _.' •*!! j u vi^.. ctv . 

v.ioo./• " tST - To- 

^ ct» t 5. Calculate I-r-yy-—r, where b>a, in three ways , viz. (i) by 

£*• »pi*. y vK J ~ tf ) 

the methods of the preceding sections, (ii) by the substitution (b-x)ftx—a)=( i , 

• and (iii) l!y’tHe* substitution x=n cos 2 0 + /.»sin 2 <J; and verify that the results 

agree. A, “ 0r * w/ “ 1 ' ,,A x '*= 


(I. Intcgrate, s / {(.v-a)(6-j-)) and ^{(b — x)/(x - a)}. 1 


0- -x 


-MU-H) 


V.%. I 3u 


7r 'Show, by means of tlie substitution ix + a + b = h (<t — 6) + (1 /Q 2 ] 


br by m ultiplying numerator and denominator by %/(>v + <t) — s f(x + 6), that if 

U(x+a) + J(x+b) ^ /i g- 

“— r 8. Find a substitution which wilt reduce L c+ ~ ^i + ^_ (l ya to l * ,c 


1-3 V* 


integral of a rational function. 


(JA/M. Trip. 1899.) 


7 9. Show that/£{.r, ^(aj:+fc)} <£r is reduced, by 

+ 'to^the integral*^ a rational function. 


the substitution 


b^ c n"’ 


10. Prove that 


: (, s r .rC» . f 

I f" (x) F(x)dx=f' ( x) F(.v)-f(x) F (x) + J f(x) F"(x)dx 


and generally 

j fin)(jc)F(x)dx-/*- l Hx)FW-/ ln ~*(*)* m (x) + ...+{ - l) n J/(x)F<")(x)dj 


f by 

1 I. The integral 1(1 +xfxfldx t wherejMUidj^are rationa l, can^lsj found 
„ tl.r ee ciihcb. viz. (i) if p i* an integer, (ii) if <j is an integer, and (iii) if 


p + l/ j H an integer. [In case (i) put where * is the denominator of y ; 

ii. case (ii) put 1 f x=t‘, where s is the denominator of p ; and in case (in) put * -' t 17T“-‘ AX V-« 


1 j , = ,f where $ is the denominator of p.] 

■j) .. f/ h^rr±r. 4 

fj* C«) - ^' -' r c'_ 

% -Ml ((,+ »$ “i?C0^=? I* “ 


= -4—^-) 


*«.-*> = «.*-<.»«.-* ^| ^ > <^>» - --S «-•> 

" -pC^^/242 oJ(t--^) DERIVATIVES Z 
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^ I 


^f _ I * 1 / \ /• 

“-) i-jt" ( r,Ht )l2?* x The v v integral I x” 1 (ax'* -f b) q dx can be reduced to the preceding 

v J - <*x'.-i-* 4 '* 1 a. in-j*. » 

integral by tile .substitution q.r" = 6/. [ In practice it ~ fi — --- 


tR(3 substitution qx" = 6/, [ In practice it is often most con¬ 
venient to calculate a particular integral of this kind by a ‘ fomnda of 
reduction ’ (cf. M^sc? j£'x'. *3$).] 

oUjx»v 4 i-vt# 

13. The integr;d I /f fx, J(a.v+b\ J(cx + d)) cLr can be reduced to that of 

o<- =. -V(t+ £) - -£= ( r - £».)-♦«<- * - £ fc ~ 

ai,< £^a rational function by»th<^subsJ^tution 


- _ <rt^ er-* 










4.r=>-(b!a){t + (\lt)y--(cl/c) 

****«■(£ c-* i • - tv •* 4 rrfJ *=• -i < c 'i 




where ?/- (x — v) = x 2 , to the integral of a ratioha] 
T) j v c**. 1 i i - tV = > i ' . 



y 1 x ' +.V 2 = < (x - //), when wtj'ol .tain .r = a-t(t- + a 4 ), y = ci-t (i 2 - a 2 )/(t* + a 4 ).] 

" 3 C ^ ^ ^ mm ^ 

*£ „ w'Lj 1 ' 1 If -/(.<■ -y)*i'/tlie .■ log ((*-?)*-I}. 

C*--» / 

17 . * - - * v,(^? s ). 


139 


The general integral J /£ (x, y) rfx, where y*=ax 3 +26x+ 


c. 


The most general integral, of the typo considered in § 134. and associated with, 
the special conic //- = «.r 2 + 2 &x-f e, is 


Co» co^ 1 «. 


f 


II (.r, v'-V) </-»• .(1), 

j"- ' j t —j co^ I «- 

whero^A =y- = ax !i + 2bx + c. We suppose that It is a rea/ function. 

The subject of integration is w ’form 1*1 Q, where P and Q are poly¬ 
nomials in x and S !X. It may therefore be reduced to the form 

-1 + B JX _ (d + B S IX) (C-D JX) 

C+DJX ' (P-D-X “ - ■ ! 

where .1, Z/, ... are rational functions of x. The only new problem which 
arises is that of the integration of a function of the form F sjX, or, what is 


the same thing, G/^fX, where G is a rational function of x. And the integral 

a 


I 


J v'-v 


d.r 


( 2 ) 


can always be? evaluated by splitting up (w_ i nto partial fraction s. When we 
ih> this, integrals of three different t_vi>ea m ay arise. 

(i) In the first place there may he integrals of the type 


i 


X"‘ 

j Z'-y d v 


(3), 


•s 
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, ■ , itivo integer The cases in which »»=0 or m = l have »>een 

of in t( * ca,CuUtC thG intCgralS COrreSPOndU,g ^ 

d - (.«•■'-' s/-V) = (»* - 1) x "'' 8 *' A + ~rx n'-V 

^ whose values mav be easily calculated. It is clear 

where V !^ te thl ci,nation, we obtain a rclationJ^ttmaUbre!: 

, °f tl,<- *vi)C 13) -'Vs we know the values of the integral 
auc coHtiYft ItlW gab ‘ delate in t umits values for all other values of m. 


, in I„ the second place there may be integrals of the type 

dx 


/ 


.(4), 


Lx+‘ ]f __ d.> 

+ 6 r )J(aj* + 2 b.c + c) 




where , is red. If we malce U« suhslti.l £=£= MJ^ this integral is 

reduced to an integral in t of the type (3). 

w . „ a llorp luftV be integrals corresponding to camiidex_routs of the 

(m) . Y^i'o We shall confine ourselves to thejumidesy^ that in 
denominator of - .W^roots. In this ciuse^fof con- 

:l s ;:it ^ '«><• * «° f *■ *>- 

J(A^+2fi* 

In order to evaluate this integral we put 

/it + v 

, = r+ r } 

wherej*_andji are so chosen that cU ^ 

apv + b ( M + v ) + c « 0 , A h v + /J(M + *) + C ~0 • 

8 o that M and , are the roots of the equation ^ 

( a n-bA)i a -(cA-aC)i + (l>C-cB)=°. t*'*,<-*.[> «*— c 

• i rt iinlv real roots, for it is the same equation as 

This equation 1m J anJ it i8 therefore certainly l>oy iljl e . t o hml . 

TwhJsofp ill^fulfdling our requirements. 

u »il i .j t^i^ing outU.0 Substitution, that the integral (5) 

assumes the form ^ -«■ - 





The second of these integrals is rationale 

t 


the .substitution 




= u 



* 


O 


which kdve-s - j u 

l(ac- + fi)+ Jff + (a 8 -fi y)*** 


16—2 


M* LM 4 f ~ • 
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Finally, if we put 1= 1/m in the first of the integrals (6), it is transformed into 
an integral of the second type, and may therefore be calculated in the manner,? 
just explained, viz. by putting «/ N /(y + 8u 2 )=^ i.e. l/ s /(yt 2 + 8) = v.* 


Examples L. 1. Evaluate 


f dx f dx f 

JxJ(a*+2x + 3)' ]( x -l) K r(x3 + \)' ) 


dx 

(.r + 1) N /(l + 2x - x 2 ) ' 


2. Prove that 


f __ _ 2 /( X ~V\ 

J (*-</)} q-p V \x-p) ’ 


3. If ag- + ch- = — »- < 0 then 


f _ <h 

J {hx + g) K 


j. — 5 —“\ = — ~r arc- tan 
'(ax- + c ) s /i> 


i rj{»(a*+c)y 


ch — agx 


f dx 

4. Show that j -— , where w 2 =<&**+ 26x+c, may l>e expressed in one 

J \ x — * r o) V 

or other of the forms 


_ I lug | + *>(x+x 0 )+c+yy 0 2 arc ton I' <^.r 0 4-6(.r4-J- 0 ) + c l 

yo | x — x 0 ’ 2b l VH /’ \ 

according as ax 0 2 + 2fc.r 0 + e is positive and equal to y 0 * or negative and equal 

t(> — 
w • 

5. Show by means of the substitution y = ^(ax 2 + 2bx + c)/(x — p) that 

f dx [ dy 

)(*- p) J(ax 1 + 2 bx + c) J —fO ’ 

where =B op 2 + 2bp + c, p—ac- b-. [This method of reduction is elegant but 

less straightforward than that explained in § 139.] 

1 Show that the integral 

J x s '(Zx* + 2x+l) 

is rationalised by the substitution x=(l + ?/*)/(3-y 2 ). (J lath. Trip. 1911.) 


(Math. Trip. 1911.) 


7. Calculate 


f (.r+l)c£v 

J(**+4) s /(x* + 9) m 


The method of integration explained here fails if a/A=blBi but then the 
integral may be reduced by the substitution ax -f- 6 = t. For further information 
concerning the integration of algebraical functions 6ee Stolz, Grundzilge der 
DijferenliaUund-intctjralreclinuufiy vol. i, pp. 3B1 et seq.\ Bromwich, Elementary 
Integral* (Bowes and Bowes, 1911). An alternative method of reduction has been 
given by Sir G. Greenhili: see his A Chapter in the Integral Calculus, pp. 12 et 
**<!-> aud PP- 24 et seq. of the author’s tract quoted on p. 236. JM < 
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8. Calculate 


f dr _ 

J (to* +12* + 8) v '(5*2 + 2-r - 7) 


j v -■ 

, j „f S H9 The equation satisfied by and »' >s 

[APP^ the n "; 1, d \ a.^ the appropriate substitution is 

l = _ {2t + i)/(< + l). This reduces the integral to 




dt 


f (dt 

T4) " J (4<*+lW(9<*-4) 


_ (4^+1) n/(9<* 

Th „ first of these integrate may be rationalised by patting «/^ 
the second by putting 1/J(9fi- 4)-v.] 


— 4) = m and 


y. Calculate 

\ * 

(2^-2jr+l)^- 2 -* 2x + 1 ) 


/: 


/ 


(* -1) rfa- 


(2*2-~6* + 5) n'C^- 22*+19) • 

(Math. Trip. 1911.) 


, • . i {n(T »)<Lr where y s = or*+26*+ration- 
10 . Show that the integral I R (*>!/) tf r » •' 

, liscd by ^ '’ y 

* :Zi 

» f r=rs 

a few classes of transcendental functions 
whose integrals can always be found. 

w ss: r=:-'rrc 2 *. 

finite number of terms such as 

A cos m sin”* cos" bx sin bx ..., 

, „ ■ are positive integers and a, b, ... any real 

where m. m ^ P ^ a term can bo expressed as the 

: u m of a finite number of terms of the types 

a cos [(pa + <jb+- ..)*1. ^sin ((po + qb + 

and the integrals of these ter,ns can be written down at once. 
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Examples LI. 1. Integrate sin 3 .r cos 2 2.?. In this case we use the 

formulae 

sin 3 .r=£(3sin jr — sin 3a?), cos’ 2x=i (1 +cos 4x). 

Multiplying these two expressions and replacing sin x cos 4x, for example, 
hy i, (sin b.v — sin 3.r), we obtain 

lV f (~ v ~ ft sin 3j- + 3 sin 5x - sin 7x) dx 

= - t 7 s cos V +/g- cos 3x — ^ cos 5.r + t [it cos 7x. 

The integral may of course be obtained in different forms by different 
methods. For example 

I sill 3 .*• cos 2 ±vdx = f(4 cos 4 x-4 cos 2 a.- + 1) ( 1 - cos 3 x) sin xdx, 
which reduces, on making the substitution cos.r=£, to 

+ 5t- — 1) dt = i cos 7 x - £ cos 5 a* + § cos 3 x - cos x. 

It m.i\ he \orified that this expression and that obtained above differ only by 
a constant. 

“• in tegrate by any method cos ax cos bx, sin ax sin bx t cos our sin bx, 

cos-j*, >in-.r, coshr, cos x cos 2x cos 3x, cos s 2a?sin* 3Lr, cos 5 a*sin 7 .r. [In cases of 

tlii.N kind it is sometimes convenient to use a formula-of reduction (Misc. 
Ex. 39).] 

142. The integrals j x n cos x dx, j x n .sin x dx and associated 

integrals. The method of integration by parts enables us to 
S c ’- dice the preceding results. For 

J x n cos x dx = x n sin x — nj a;'* -1 sin x dx, 

J x n sin x dx = - x" cos x + n j" a.”- 1 cos x dx, 

and clearly the integrals can be calculated completely by a 
lepetition of this proccs. 1 - whenever n is a positive integer. It 

follows that we can always calcula te J x n cos ax dx and J x H sin axdx 

il n is a positive integer; and so, by a process similar to that of 
the preceding paragraph, we can calculate 


/ 


P (x, cos ax, sin ax, cos bx, sin bx, ...) dx, 
where P is any polynomial. 
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_143] XJC^lXl » All * ^ “• “ —- 

Examples LII. 1. Integrate xsinx, x*cosx, x* cos 2 *, .r 2 sin 2 .r sin 2 2*. 
x sin 2 .r cos 4 x, x 3 sin 3 J.r. 

2. Find polynomials P and Q such that 

j _ 1 ) cos x + (1 - 2*) sin x) (lx = P cos x+ Q sin .r. 

3 Prove that Jx" cos xdx= P„ cos x + Q n sin x, where 
P H = nx n ~ l — n („ —1)(« — 2)**“ 3 +...» <? f ,=.r»-M<«-l).r"- 2 + — 

143 Rational Functions of cos x and sin x. The integral 

of any rational function of cos* and sin* may be calculated by 

the substitution tan hx = t. For 

l -< 2 . _ 2 1 < 1 -^ _ 2 

cos * = , sm x ~ i +t *’ dt 1 + <* ’ 

so that the substitution reduces the integral to that of a rational 

function of t. 

Examples LIII. 1. Prove that 

/ sec xdx= log | see .r+tan * |, fcoscc xdx= log | tan |*|. 

[Another form of the iirst integral is log 1 tan (i*r+$* )! 5 «■ thirdform is 
A log |(1+ H *n x)/( 1 — sin x) |.] 

2. fta.nxdx= —Iog|cosa|, foot arfa-loglsin x\, Jscc**<ir=tnn x, 
fcosoc’.rrfa- -cot*, Jtan.rsec*</.r=scc*, 

' fThcso integrals are included in the general form, but there is no need to 
use n substitution, as the results follow at once from * HO and equation (.,) 

of S 130.] 

that the integral of l/(« + b coh x), where « + b •» positive, may 
I*. expressed in one or other of the forms 


- ¥) ar ° 


tjii ‘ f J (£+i)} ’ ,/('>* - «*) Iog 


J(b+a) + tJ (l > -« ) 

v /(6+ a)-t*J(l>-a) 


' " «tan according .»« « 2 > A* or «*<**. If a*-A» then the integral 
reduces to a constant multiple of that of hoc 2 A* or cosec 2 *.r, and its value 
at once be written down. Deduce the forms of the integral when u + b 

in negative. 

4 Show that if y is defined in terms of * by means of the equation 

■ V 'I I 'I 


L O 


{<1 + 1/ cos x) {a-b cos y) — a l — b' 1 , 
whore a is positive and d‘>!r, then » a- varies from 0 to w one value of , 

111 1 .... A 1 . a. 4 


Uho varies from 0 to tr. Show also that 

J(ai-W)Mi\y Hin* dx 


sin y 


*'"* = ,,-bci/Hy ' a + hconxdy a-b cony’ 
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and deduce that if 0<x < n then 

dx 1 


h 


arc cos 


( a cos x + b\ 
a + b cos x) ' 


+ b COS x s !{a- — b-) 

Show that this result agrees with that of Ex. 3. 

5. Show how to integrate 1 /(« + /, cosx+c sin x). [Express /,coyx+cainx 
in the form J(b- + c-) cos (x- a ).] 

6. Integrate (a + b cos x + c sin x)/(a +3 cos x+y sin x). 

[Determine X, p, i> so that 

a + b cos x+c sin x= X +p (a + ,3 cos x + y sin x) + „ (-£ sin x+y cos x). 
Then the integral is 

dx 


fix + v log a+p COS x+y sill x[ + A J - 


T— .] 


+^ cos x+y sin x 

7. Integrate l/(« cos 2 x+26 cos x sin x+c sin 2 x). [The subject of inte¬ 
gration may he expressed in the form 1/(A +5cos ir+Csin 2x), where 

A = l {•' + c), B= * (a - c), C=b : hut the integral may l>e calculated more 
simply by putting tan x= t, when we obtain 

f _see- x dx _ f dt 

J a + -2b tan x + c tan'-’ a- - Ja + 2 bt + ct- '■* 

144. Integrals involving arc sin x, arc tan x, and log x. The 
integrals of the inverse sine and tangent and of the logarithm can 
easily he calculated by int egration by parts . Thus 

Jarc sin x dx = x arc sin x - f ^ = , v arc sin x + N /(I - x s ), 

Jarc tan x dx = x arc tan x - j = .* arc tan x - 4 log (1 + x 3 ), 

J log x dx = x log x - f dx = x (log x - 1). 

I It is easy to sec that if we can find the integral of y =/(x) 
then we can always find that of «- <f>(y), where cf> is the function 
inverse to/ For on making the substitution y = /*(x) we obtain 

I <f> 0/) dy~ I xf (x) c lx = x/(x) - l'f(x) dx. 

1 he reader should evaluate the integrals of arc sin y and arc tan y 
in this way. ’ ^ ‘'3’“"'’^ *-* •-=•>* ■*-<* - -♦ 

Integrals of the form 

f p ( x, arc sin x) dx, f P (x, log x) dx. 


143-145] 
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where P is a polynomial, can always be calculated. Take the 
-f first form, for example. We have to calculate a number of integrals 

of the type f z m (arc sin x) n d.r. Making the substitution x = sin y, 

we obtain Jy n sin m y cos ydy, which can be found by the method of 
§ 142! In the case of the second form we have to calculate a number 

4 

of integrals of the type / a”‘(lo gx)“dx. Integrating by parts we 
obtain 

/‘-(log *)” * - - m -Vx / *“ ^ 

and it is evident that by repeating this process often enough we 
shall always arrive finally at the complete value of the mtepal. 

145. Areas of plane curves. One of the most important^ 
application s of the processes of integration which have been 
explained in the preceding sections is to the calculation of areas 
of plane curves. Suppose that Pfr (Fig. 44) is the graph of 
a ^tfnuo'us^ curv'e y ),“> Vcmg the point (x, y) and P the 

point (x + h, y + k), and It being either positive or negative (positive 

in the figure). T ° 

P' 
k 
R 


j>r*o : 



P R 
Fig. 44 a. (^.zso) 


The reader is of course familiar with the ideiLof an ‘area and 
in particular with that of an area such as OXPP„. This idea we 
shall at present rate for granted. It is indeed one which needs 
and has received the most careful mathematical analysis: later olirn 
.4 we shall return to it and explain precisely what is meant by 
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ascribing an ‘area’ to such a region of space as ONPP 0 . For the 
recent we shall simply assume that this and similar regions have 
associated with them definite numbers ‘ w rfich we call their areas, 
and that these areas can be compounded in the manner indicated 
by common sense, e.g. that 

(. PRP') + (NN'RP) = (NN’P'P) , (N,tt rr t )*.(J 

and so on. 


Taking all this for granted it is obvious that the area O NPP 0 
is a function of x ; we denote it by <I> (#). Also 4> (x) is a 
continuous function. For 

<I> (x + //)-<£> (.r) = ( NN’PP) 

= {NN'RP) + {PRP') = h(f> (x) 4- {PRP'). 

As the figure is drawn, the area PRP' is less than hk. This is 
not however necessarily true in general, because it is not neces¬ 
sarily the case (see for example Fig. 44 a) that the /arc PP' 
should rise or fall steadily from P to P'. But the i^fea PRP 1 
is always le ss than h A. (h), where A .(h) is the greatest'distance of 
any point of the arc PP' from PR. Moreover, sin/e <p (x) is a 

continuous function, A.(/<)—0 as h-^0. ! 

» 

Thus we have / 

(x + h) — (x) = ft [(f) (x) + g. (h)), / 

• / 

where /x (h )] < A (h) and A (/f)-*-0 ’^is h — 0. From this it follows 
at once that <I> (.r) is continuous. Moreover 

l 

■ , . <!> (x + h) — d> (a 1 ) / . . . , . \ 

<1> (a-) = Inn --- hm [<f> (x) -t- /x (//)} = rf> (x). 


h —o 


■o 


Thus the ordinate of the curve is the derivative of the area, and the 
area is the integral of the ordinate. 

We are thus able to formulate a rule for determining the 
area ONPP n . Calculate 4>(.r), the integral of <f> (x). This involves 
an arbitrary constant, which we suppose so chosen that <i> (0) => 0. 
Then the area required is <!> {x). 

If it were the area .V, .YPP l which was wanted, we should of course 
determine the constant so that «I> (.»•,) = 0, where .i\ is the abscissa of P j. * 
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145, 146] UKKIVAI1VM ..« . 

146. Lengths of plane curves. The notion <>1 the length 
y of a curve, other than a straight line, is m r e a li t y-* nioiv difficult cf 
one even than that of an area. In fact the assumption that 1\P 
(Fig. 44) has a definite length, which we may denote by S(x), 

'-asesTnot suffice for our purposes, as did the corresponding as¬ 

sumption about areas. We can not even prove that S (u) is con¬ 
tinuous, «.e. that lim [S ( P') — S (P)| = 0. This looks obvious 
enough in the larger figure, but less so in such a case as is shown 
in the smaller figure. Indeed it is not possible to proceed ffirthor, 
with any degree of rigour, without a careful analysis of precisely 
what is meant by the l ength of a curv e. ^ f 1 ' 

It is however easy to see what the formula must be. Let 
us suppose that the curve has a tangent whose direction varies 
continuously, so that <j>' (x) is continuous. Then the assumption 
that the curve has a length leads to the equation 

p<« + /,)-*»)//< = \PP'\lh=(PP'lh) x (I PPMPPf 

where [PP'\ is the arc whose chord is PP’. Now 

* PP' = fiPIP + W) = h s/( l + W ’ 

an< j /„• = <f> (x + h) - <f> (•*) = H' (£)> 

where £ lies between x and x + //. Hence 

lim (PP’/h) = li ,n v/{! + (#'(£)]*i = + W 

If also we assume that 

lim \PP )/PP' = I. 

we obtain the result 

S' (x) = lim \S (x + h) - S (x)}/h = v '! 1 + [<f>' OOP! 


and ■ 


so 


8(x) = f V{1 + !>'(*)]*} dx. 


Examples LIV. 1. Calculate the ami of the segment cut oft from the 
parabola hy the ordinate and the length of the arc which 

lxniwln it. 

•2. Answer the same questions for the curve = showing that the 
length of the arc is ^ 

27'iv + W r 

3. Calculate the areas and lengths of the circles x l + tf i = a* t .<*+//* = 2ax 
p hv means of the formulae of §§ 145—140. 


.isn. 
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4. Show that the area of the ellipse (ar*/a 2 ) + (y 2 /& 3 )= 1 is -rrab. 

7 

T>. Find the area bounded by the curve y = s\\\x and the segment of the 
axis of x from x=0 to .r=2rr. [Here <f> (.r) = — cos .r, and the ditierence 
between the values of —cosor for .r = 0 and x=2j r is zero. The explanation of 
this is of course that between x= rr and x=-2n the curve lies below the axis 
of x, and so the corresponding part of the area is counted negative in applying 
the method. The area from .r = 0 to x=ir is — cos tt + cos0 = 2; and the 
whole area required, when every part is counted positive, is twice this, 
i.e. is 4.] 

0. Suppose that the coordinates of any point on a curve are expressed 
as functions of a parameter t by equations of the type x = (f>(t) y = 

<f> and \[r being functions of t with continuous derivatives. Prove that 
if x steadily increases as t varies from t 0 to t ly then the area . of the region 
bounded by the corresponding portion of the curve, the axis of .r, and the 
two ordinates corresponding to t 0 and t iy is A(t t ) — A (t 0 \ where 

-t(0= jyir(t)4>\t)dt = <*• 

•t 

7. Suppose that C is a closed curve formed of a single loop and not 
met by any parallel to either axis in more than two points. And suppose 
that the coordinates of any point Z* on the curve can Ik? expressed as in Ex. 6 
in terms of t % and that, as / varies from to P moves in the same 
direction round the curve and returns after a single circuit to its original 
position. Show that the area of t he loop is equal to the difference of the 
initial and final values of anv one of the integrals 

this ditierence being of course taken positively. 


8. Apply the result of Ex. 7 to determine the areas of the curves 
,'iven bv 

2t 

a \ + 7 -’ 


x 1 - 1 - u 

° } a “ 1 +7-’ 


( ii) x = a cos 3 t, y=bs\\\*t. 


i . 


i). Find the area of the loop of the curve x 3 4- y 3 = Saxy. [Putting 
j/ = /x we obtain x= 1 + / 3 ), y = :iat- (1 As t varies from 0 towards 

oc the loop is described once. Also 

J /Y ,, . f 0 d / f/\ , . f 9a* e* , 9a* 

which tends to o as (x . Thus the area of the loop is 3a 2 .] 

i. 

10. Find the area of the loop «.f the curve .r 5 = bax-y-. 

*+ 

11. 1 rove that the area of a loop of the curve .r = a sin 2(, y = ci sin t is 

& a ~ m (J fat/i. Trip . 1908.) 


v 
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12. The arc of the ellipse given bv j := a cos t, y=bsii\t, between the 
points t = and t=t>, is F(t t )~ ,), "here 


F{t) -aj v '(l -sin* () tit. 


e being the eccentricity. [This integral cannot however 1* evaluated in 
terms of such functions as are at present at our disposal.] 

13. Polar coordinates. Show that the area bounded by the curve 
r=/(6), where f(0) is a one-valued function of 0, and the radii 6-6 x , 0-0;, is 

F<0, ) -F(0 ,), where And the length of the correspondin 

arc of the curve is 4> (d 3 ) - 4» (dj), where 


if 




Hence determine (i) the area and perimeter of the circle 
(ii) the ami between the pambol. r=*/ S eeOd and its latus rectum, and the 
length of the corresponding arc of the parabola; (in) the area of the limason 
r=a + li cosd, distinguishing the cases in which a>l, a=l’, and ■<<.'< , 
and (iv) the areas of the ellipses eos’« + 2A cos flsn. 6 + bmr<> and 

f/,= l+scos«. [In the last case we arc led to the integral J^ + ” c ^ji> 

which may I* calculated (cf. Ex. u.U) by the help of the substitution 

(1+ecos d)(l -ecos<f>)=\ -«*•] 

ll Trace the curve 2and show that the area bounded 
by the radius vector ami the two branches w nc , ^.) 

r = a, 0=1, is na*(p m - U • 

\\ A Cll| . ve is given by an equation />=/V), r being the radius vector 
and p the perpendicular from the origin on to the tangent Show that t .e 
ealeidation of ’the area of the region bounded by an the curie and two 

radii vcctorca depends upon that of the integral k j ' 


MISCELLANEOUS EXAMPLES ON CHAPTER VI. 

s 

A 1 A function f(x) is defined as being equal to 1 +x when x <0, to .«• " hen 
oA<i to 2 - -r when lfixfiS, and to 3x-x* "hen -r>2. 1 »«ciih* the 
continuity of f(x) and the existence and continuity of /'(-0 Jor J 

and x = 2. 

2 Denoting «/, ax+b, ax- + 2bx + f, ... by « 0 , « 2 , » how t,Mt 

W( * u .j _ 3 «/ w m, u-j + 2u t J and t t ot , t -4u l ih + 3«f are inde^ndent of .r. 
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3. If rr 0 , cr lt ..., a 2n are constants and £7 r =(<7 0> «j, or r $.*% l) r » then 


U< i U in -»nU l U in - l + 2 «( 2 « 1 ) p t O an -,-...+ Uin l7 0 


1 •> 
1 . — 


> 


{Math. Trip . 1896.) 


is independent of .r. 

[Differentiate and use the relation U r ' = rU T ~ j.] 

4. The first three derivatives of the function .arc sin (jl sin x) — x, where 
/i 2 >l, are positive when 0^.x^^7r. 

X 5. The constituents of a determinant are functions of x. Show tliat its 
differential coefficient is the sum of the determinants formed by differentiating 
the constituents of one row only, leaving the rest unaltered. 


L 
- / I* 


u 6. If t\ y fi , t\ , f\ are polynomials of degree not greater than 4, then w*+*x**.i 

/ . " 6l6.AC<H 


/ rr *r> 

!«;• f r f. w i 
f: fi" 


A 

A 

A 

A 

A 

A 

A 

A 

K 

A' 

A' 

A' 

\ A'” 

A" 

A" 

A" 




A, c*.*. ‘ 

is also a polynomial of degree not greater than 4. [ Different iate^hve times, 

using the result of Ex. 5, and rejecting viinishing determinants.] 


10 


/. 




If y 3 -f 3y.c+2-r 1 = 0 then .1^(1 +x 3 )y" — 2.ry +y = 0. {Math. Trip. 1903.) 

‘Verify that the differential equation y = <£ (^ (y^} + A {.r - \1/-(y,)}/**^?^ 



• ^ T * * 0 » V * r . ||| 

where /y=</>(a)/a and a is any root of the equation <b(a) — a<b'(a) = 0. r 


10. If u.r + //y + c = 0 then y 3 = 0 (suffixes denoting differentiations with 
respect to .r). We may express this by saying that Me general differential 
equation of all straig ht lines ii ry 2 = 0. Find the general differential equations 
of (i) all circl es with their centres on the a xis of ,i\ (ii) all parabolas with 
their axes along the axis of x y (iii) all parabolas with their axes panUIel .to. 
the axis of y, (iv) fill circles, (v) ajl parabolas, v vi) all conics. 

[The equations are (i) 1+y l 2 +y//-=0, (ii) yr+yy 2 =0, (iii) y 3 =0, 
(iv) (1 4-yr)y 3 =3y,y.j'- 1 (v) 5y 3 - = 3y 2 y 4 , (vi) 9y 2 -y- - 45y 2 y 3 y 4 + 40y 3 3 = 0. 

In each case we have only to .^vritc down the geueral equation of the curves 
in question, and differentiate until we have enough equations to eliminate all 
the arbitrary constants.] / 


11. Show that the general differential equations of all {Kirabolas and of 
all conics are respectively / 

iV(y 3 ~-' 3 )=o, */V(y,-^)=o. 





^ "M r f y = *s=^, *£**;J.— *•£ . -a--)- -*.-•/* 
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[The equation of a conic may Ik? put in the form 

y=«.»■ ■+ /> ± n /(/m c ’ + -7 r + r )- 


From this we deduce 

y.. — ± (P r ~ 7 2 )/(ft v ~ + “'i v + r ) 1 '■ 
If the conic is a parabola then ;> = 0.] 

p' . c/J‘ 1 d*y‘ 1 flPy 1 d*V 


/>' ^ .. 4'/ 1 <*V/ _L “J' _L ... bv b </, !>, c, ... and — 

D r t,,,g 5; ii*" 3! 

dx' 1 drx 1 d z :c 1 tPx i $ y . show that y M - <0 


*C*«-*■ IV 


W^p.A-fS 


dx' \ d?£ l_** f by r«,V)IC-h«w that^vW^W 

rfy’ 2! rfy*’ Slrfy 31 4 v : /V’-4*-r^v>,^V T 

5 = *(4«y -),t-ii-= -(&r-ar)li*. 

Establish sindii^omiulae for the WcttTnai «*rf -;^ - 2£ (1+<*)*“ 2"*'. s I t L 
2ct-5ftb. IT t Tl I- *1 


•a.O* 


, X/ 


abllSIl Similar iun»ui*w —* — .™ 

- ;W>. (t iXf ^ 

13 . Prove that, if >/ k »» the /th derivative of y = sin (// arc 

(i - .r 2 ) y*+ i- (** ■+ 1 ) ♦!+("'•- x ’ s ) y*“ °- 

[Prove first when 1=0. and differentiate * times by Leibniz’ Theorem.] 




<7 14. Prove the formula 


vI) x n u = D,” («r) - uD, n ~ 1 («/>,«•) + n( ” 2 1 ' /) ' M - 2 <" /) '' V) 


y where n is any positive integer. [Use the method of inducti on,] 

M .. . 1 . 




- r >- ft. A curveisgiven bv } .. i=i o.(-U|H#* 1 /c ....... M 

f? tTie x=: ( 2cosAcoh 20, y = .(2sinr-sin2n.-^ - -yxWfJ-*. > 

». >> ■ ” X *^ . /T . i!._ fti.A f.Kiirnnt uni! normal, at tllO lK)illt 


.‘JTiV.r Prove jtiftimt the equations of the t angent ami norma l, at the point /> 
„hose Ammeter is (, are r~ 

LL* '" c Vsh! A < +.y cos A / = a sin i! /, a-cos A t-y sin A t = *a cos »r; 

. . .i . /> ,n»pis the curve in the points V, ft whose l>ara- 




”1!^, ^. riglit angle s and intersect on the circle .r^y^u-'; that tl.e 
, ^Js at /TomuLft are commrrent and ...tersect on the circle *-+** = •>« ■ 

(vi) that the equation of the curve is 
■ + y, (j* + y : + 1 2-ac + Ha 1 )- = 1 " (±r + :h/) 3 . 

Sketch the lorn, of ttacurjo^ , ^ -_y^V e . ‘ * ~ - ■ «• i 

! 'S“r'sho7 U^ V tTo i S?St\W” ; Seh define the curve »r&nJ5 may 

• I.. .enlaced hv £/« = *« +<1/* S >, ,/«-(*/•)+«•. » hcrc «?'+»'• ''=' -.Vh 

K ={3ie I- Show that the tangent and normal, at tlio point defined by a, are 

u*$ - «7 = « (a 3 - 1), »*£ + «7 = 3a («* 3 + *). 

and deduce the properties (ii)—(v) of Ex. 15. 


,|-.U VYf 1 Show that the condition that, .C + 4p.d - 4,,a - 1 =0 ahould l.,<Tc r'r^' -f 

..till! furm-f v + V '"1 







^ * 


i: £ = : * *■< i 

*,*-*!} «_V L**-*•-- i«-k. > 


T 
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**• "* 18. The roots of a cubic /(.r) = 0 are a, fH, y in ascending order of magni- 

tude. Show that if (a, /3) and (/3, y) are each divided into six equal sub-intervals, 
then a-root of f (x) = 0 will fall in the fourth interval from /3 on each side. $ 
What will l>e the 



nature of the cubic in the two cases when a root of /' (.r) = 0 
s at a point of division? ~ Trip. 1907.) 

i-°l 3 ‘ r *" * 

19. Investigate the maxima and minima of f(x), and the real roots of 


n-*« ai 


y(.r) = 0, f{x) being either of the functions. -*-*■ 

— 2_C" T * _ n —** T • • 

y * .r — sin o' — tan a (1 — cos .r), a: — sin or — (a — sin a) — tan Aa (cos a — cos or). 

y' r , * 

al 1 d x a~an'angleTje tween 0 and 7r. Show that in the first case the condition 

:*y4lquble root is that tan « — a should be a multiple of n. 

% tx-- x-LO .*» %. X 

74. •• 2*^-4 !.«•. — - -“ 


for 


>6^20. Show that by choice of the ratio X : p we can mako the roots of 
A (a.r + k + c) + /a( aV + i'r + c) = 0 real and having a difference of any mag¬ 
nitude, unless the roots of the two quadratics are all real and interlace; and 
that in the excepted case the roots are always real, but there is a lower limit 
for the magnitude of their difference. (J lath. Trip. 1895.) 

3 '"•?***. [Consider the form of the graph of the function (oar 2 + bar+c)/(a' a 3 -+- b\v+ d): 
cf. Exs. xlvY. V2 et seg.] _ ^ ,c = v_ 

siiS 


21. Prove that 


TT < 


.r (1 - x)^ 


\ rex ? *_c - 

4 >■ 551T=7 <r , Li 

... 1 - _ v* I 
H . * .r y h* • 


- o 


when 0 < .r < 1, and draw the graph of the function. ^6: W o 


oo 



Draw the graph of the function _ ■ ' 

J r .w eotwx-i- -^-- 5 

ir*-. 

•Sketch the general form of 

)(-r-l) s (^+1) 3 



»» 

O 

1 

X. 

/ 



-<-3l 


L HM 4 *-i- ' 

1 - u n n ,4 ^ • 


-/£-V"£' A; 

- .. — - # 

u.t/. •.•ackvii vnw uvtivtt.i ui vf the graph of y« given that i _ - ' 

' K . (iiV b£YmJ> 


I } 

24. A sheet of 


.r 3 

n f c »-«r t ***• 

paper is folded over so that one corner just reaches the 
opposite side. Show how the paper must bo folded to make the length of the 
crease a maximum. 


25. The greatest acute angle at which the ellipse (x 2 /a 2 ) + (y 2 /6 3 ) = 1 can 
Ik> cut by a concentric circlo is arc tan {(a* —6 2 )/ 2ab}. {Math. Trip . 1900.) 

20. In a triangle the area A and the semi-perimeter s are fixed. Show that 
any maximum or minimum of one of the sides is a root of the equation 
^(.r-a) .r + 4A* = 0. Discuss the reality of the roots of this equation, and 
whether they correspond to maxima or minima. 

['Fhe equations a + b + c=2s y s {s - a) (s — b) {s — c) = A 2 determine a and b 
us functions of t\ Differentiate with rcsj>ect to c, and suppose that clajdc^O. 
It will Ikj found that 5 = c, s - b = s — c = ia y from which we deduce that 
s(a-s) a 2 + 4 A- = 0. 
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This equation has three real roots if .< 4 >27 a ;! , and one in the contrary 
case. In an equilateral triangle (the triangle of minimum perimeter for a 
jrjvcn area) s 4 = 27A-'; thus it is impossible that .< 4 <27 a-. Hence the 
equation in a has three real roots, and, since their sum is positive and their 
product negative, two roots arc positive and the third negative. Of the two 
positive roots one corresponds to a maximum and one to a minimum.] 

27. The area of the greatest equilateral triangle which can be drawn 
with its sides passing through three given points A, B, C is 

a* + 6*+c* 


2A + 


2 S '3 


«, b y c being the sides and A the area of ABC. (Math. Tnp. 181)1).) 

28. If A, a' are the areas of the two maximum isosceles triangles which 

can l»e descrilied with their vertices at the origin and their lvi.se angles on the 
cardioid r = a (1 + cos 0), then 256AA' = 25« 4 >/">. (Math. Trip. 1907.) 

29 . Find the limiting values which (x 3 — 4y + 8)/(#/- - Gx + 3) approaches 

as the point (x, y) on the curve -A.r-A.cy+y* + 16x-2y-7=0 ap¬ 
proaches the position (2, 3). (Math. Trip. 1903.) 

[If we take (2, 3) as a new origin, the equation of the curve becomes 
£-' r/ _£- + , 7 - = 0, and the function given becomes (f J + l$- 4iy )/(»r + Gq -Of). If 
we put r, = t$, we obtain £ = (1 -/*)//, r ) = \-t‘ t . The curve has a loop branching 
at the origin, which corresponds to the two values t = - 1 and t= 1. Expressing 
tlie given function in terms of t, and making t tend to - 1 or 1, we obtain the 
limiting values - i|, - $■] 

1 1 


30. 

then 


If 


/ (*) = 


sin j' — s in <i (x -a) cos a ’ 


— { lim /(.t )i - lim f (jr) = Jsec^rt - ,'l i sec a. 
dU X ~“' *** (Math. Trip. 1890 .) 

31 . Show that if 0(.r)= 1/(1 + x 3 ) then 0< n ' (x) = Q n (.r)/( I +•**)" + l , where 
Q n (x) is a polynomial of degree n. Show also that 

(i) + i = +.V 1 ) <)n - 2 (n + 1) x(} n y 

(ii) ^n + 2 + 2 ( n + 2) , +(« + 2) (n -f 1) (1 + X 3 ) Q H = 0, 

(iii) (1 +•*•*) Q,;' - In*(in + »(»fl) Qn = 0, 

l (n +1) n(n — l) 2 1 

(iv) <?„-(- l)«#»!|(/t + l)*"- 3 I-* + •••/> 

( V ) all the roots of <i„ = 0 arc real and separated by those of Q n -\ = 0 . 

[To prove (ii) differentiate the equation (1+X 2 ) <ft (x)= 1 by Leibniz.’ 
theorem: (iii) follows from (i) and (ii): and (iv) can be deduced from 
(iii) or by writing 0 (a) in the form (l/ 2 t)l{l/(jf-*)}-{l/(* + «')}] before 
differentiating. Finally, to prove (v), we observe that <?, 1 + i has the sign of 
<i n ' when <i n = 0 , in virtue of (i), and that the sign of Q n when .r is numerically 

. large is that of ( - 1 )" x".] 

r * 17 

H. 
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32. If / (x), (f> (x), ^ (x) have derivatives when a < x < b, then there is 
a value of £ lying between a and b and such that 


/(«> 

/(*> 

/'(*) 


<M«) 

0(ft) 

<*>'(£) 


*(«) 

*(*) 

*'(£) 


=o. 


[Consider the function formed by replacing the constituents of the third 
row by f(x) 9 </> Or), y\r (.r). This theorem reduces to the Mean Value Theorem 
($ 125) when 0 = and ^ (.r) = 1.] 

33. Deduce from Ex. 32 the formula ) 

/(&)-/(«> /'(a 

«*> (ft) - <p («) <*>' («) ‘ * 

34. If </>' (.v)-*~a as .r-*-ac, then (f> (x)/x-*-a. If «£'(.r)-*-ao then 
rf> (x)-+- oc . [Use the formula 0 (.r) - 0 (a- 0 ) = (a- — .r 0 ) 0' (£), where *•„ < £ < .r.] 

35. If (fj (x)-*-a as .r-*- ao , then 0'(jr) cannot tend to any limit other than 
zero. 

30. If rf) (.r) +- «/>' as .»•-►- co , then (x)-*-a and <f>' (x)-*-0. 

[Let <fi(.v) = a + yfr(x), so that \fr (x) + yfr'(x)-*-0. If >// (x) is of constant 
sign, say positive, for all sufficiently large values of x, then ^ (x) steadily 
increases; thus >//• (x) tends to a limit 1 or to oo, and so \jr’ (.r) to — £ or 
to -=c, which is impossible (Exs. 34, 35) unless 1=0. If ^ (x) changes 
sign for values of .r which surpass all limit, then these are the maxima and 
minima of \fs (x). If x has a large value corresponding to a maximum or 
minimum of ^ (x), then (x) + ^ (x) is very small and yjr’ (x) = 0, so that 
yjs (.r) is very small. A fortiori are the other values of yfr (.r) very small when 
x is large.] 

37. Show how to reduce jit {*, ^(jgg) , ** *o 

the integral of a rational function. [Put »t.e + n=l/f and use Ex. xjlix. 13.] 

38. (’alculato the integrals : 
dx 


l dx f / fx-\\dx f xdx 

J{ 1+^*) 3 ’ JVKr+iJf Js'(i+x)-y 


W+*>' 


I \/ + J( l, ‘ + ^)j djr * I cosec 3 x dx, f — - J - ^ r + 6 dx, 

J V l V \ X J) J J 2 cosx + siiKr+3 

_ ^ / cos x sin xd.r f 

(2 —sin 3 ur)(2+8inx—sin*.i?)’ J cos 4 .r+sin 4 #’ J coseo x N /(sec 2a?) dx, 

f _ ( J: V _ [x- ■fsin.r f f 

J J{(1 + sin x) (2+sin a-)}» / l+co^r r ’ J arc sec r «**♦ / ( rtrc si, ‘ 

/,arc, iu , rf ,. 
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f' « b - i * ctr 


39 . Formulae of reduction, (i) Show that 

■i- , f d* _ * + ±P_ 

2(n-l)(q-ip ) J (jJi+px + q )H (x*+px+q) n ~ 1 

+(2 ”" 3) /(^+px^r-- 
[Put # + */> = *, 7 -ip 2 = X:.then we obtain 

/• _ 1 /■ If <*«* 

J(^Txv*“xj(iw> X J+X)» 

\ f dt 1 f / — / 1 I 7, 

= x J («* + X)“- 1 + 2X"(« - 1) J dt l(^ + X)"-'J ' ’ 

and the result follows on integrating by parts. 

A formula such jus this is called a formula of reduction. It is most useful 

when « is a positive integer. We can then express in terms 

f ** and so evaluate the integral for every value of « in 

J (x*+px+q) n ~ 1 ' 

turn.] 

(ii) Show that if /,„,■= Jx*il+x)fd x then 

(p+ 1) Jp.i = • rP * 1 ( 1 + - r ) 7 - Hh ♦!.«-> > 

and obtain a similar formula connecting „ with sbow also « b >’ 

means of the substitution x= - >//( 1 +y) , that 

(iii) Show that if A'=« +fcA Ticn 

jxX-'Pdx- - 3 (3a - 2M A' ,w /106 a , 

J or 2 A - ,<J t/a- = 3 (9a* - 6a6x+5&*r s ) A 2 ' 3 /406*. 

j.*A'" 14 dx = (4« - 3&r) X 3, *l2\b* t 

jaPX- lli dx=4(Z2a*-24abx + 2\b*x t ) A' S/4 /2311 3 . 

(iv) If t llcn 

(v) If /. = cos fix dx and d n - J x" sin fix dx then 

fil n *=x n a\upx-nJ„-\, fMn = - a** eos£j:+ /</„_ i- 
► 17—2 
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(vi) If /„= j cos" xd x and ./, 


„ = j sin n X< 


dx then 


7i/„ = sin x cos" “* .*?+(#» — 1) /„_ 2 , nJ n = — cosxsiu" _1 x-l-(n — 1)«7 n _ 2 . 
(vii) If 7„ = j tan" xd x then (n- 1) (7 n + 7„_ 2 ) = tan n-1 x. 

(viii) If / nu „ = j cos"' x .siti" xd x then 

(>« + «) 7 m , n = -cos m + , xsin"- , x + (a - l)/ m ,„_ 2 
= cos'''-*xsin" + «x + (m-l)7 m _ 2 , n . 

[We have 

(»i + 1) I m% n = — ^sin" - 1 .r ~ (cos”'♦ 1 .r) dx 

= — cos”'* ‘xsin" -1 x+(« — 1) j cos m + 2 xsin n ~ 2 xdx 

= - cos’ 11 * 1 x Hin— * a- + (n - 1) (7 rn , „ _ 2 - /„ K „), 
which leads to the first reduction formula.] 

(> x ) Connect /, ll%n = ^ sin m or sin c/ o: with / m - 2 .n> {Math. Trip. 1897.) 

(x) If /,i = J■ >-•*** cosec" x dx then 

( /J — 1 ) ( /J — -) An,n = (a — 2)- / 1 „,n_s+»l (/« - I) 7,„- 2 , n _2 

- a" 1 “ * coscc" -».r {/a sin x + (a - 2) x cos x}. ( Math. Trip. 1896.) 

(xi) If l n = j (a + b cos x) ~ n dx then 

(a - 1) (a 2 — l>‘)f n = - b sin x(a + b cos .r) “<"-•> + (2a - 3) «/„_, - ( n - 2) 7„_ a . 

(xii) If 7„= /( « c os 2 x+2/i cos x sinx -+ b sin 2 x)~ "dx then 

4a (a + I) {ab - h-) /„ + ... - 2n (2a + 1) (a + b) 7„ + , + 4a 2 / n = - — . 

cLv* 

{Math. Trip. 1898.) 

(xm) If n = f X " (logx)"d x then (m + l)7„., n =x»» + 1 (logx)"-»i7 mtn _,. 


40. If a is a positive integer then the value of J x”* (logx)" dx is 

t ..„ * , /(jog-'•)’* _ «_(logx)»~ 1 a (a - 1) (log x)"“ 2 . ( - 1 )» n ! ) 

\m+l (m+lf (at4-1 ) 3 + * 

41. Show that the most general function <£(x), such that <£" + a 2 <£ = 0 for 
all values of x. may be expressed in cither of the forms A cos «x + B sin ax, 

p cos (ax + r), where A, &, p , « ar e constants. [Multiplying by 2<f>’ aud^ 
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integrating we obtain 4 /*+«***-«***, where b is a constant, from which we 

* . ( d<f> ! 

r deduce that ox = j _ ^ij • J 

40 Determine the most general functions y and such that i/' + o>: = 0, 
and 7 _ wy = 0 , where « is a constant and dashes denote differentiation with 

respect to x. 

43 The area of the curve given by 

¥ sinocos^ 

. 1 - = cos (f> + iZT cos ?axm'<t>' J ' * 1 - cos " n ’ 

where a is a positive acute angle, is U( 1 +sin af/sina. 7W/>. 1904.) 

44 The projection of a chord of a circle of radius « on a diameter is of 

constant length 2a cos 0 ; show that the locus of the middle point of the chord 
consists of two loops, and that the area of ether ,s - ^ 

45. Show that the length of a quadrant of the eurve W ") 1 + W 4 ) ! 

(a 3 + ab + lr)l(a + b). * 

40 A point A is Inside a circle of radius a, at a distance b from the 
, ‘ sh ‘ v that the locus of the foot of the perpendicular drawn from 

“ to a'tangelto the circle encloses an area w («« + W‘). P™. ^ .909.) 

47 . Prove that if (a, b, c, /,y, A**, jr, 1 ?-<> is the equation of a conic, then 

_ t!X - -,-j,=a log IJ'+A. 

j (lx + my + ft) (Ax + by +/) 1 1 

where />7’, PT’ are the perpendiculars from a point /> of the conic on the 
tangents a’t the end, of the chord - * * “^190,) 

ax 1 + 2 bx + c 

48. Show that (A*+*Bx + C? 

will be a rational function of * if and only if one or other of AC-B* and 
aC+cA —2bli is zero* 

49 . Show that the necessary and sufficient condition that 

/<*) 


J. 


cLc 


f 




., dx t 


. rn / and F are polynomials of which the hitter has no repeated factor 

f a COH X+0MU x + y dx 

J (1 -eoosx)* 

is a rational function of cosw and sins; if and only if „ e + r = 0^and .ktermine 
the integral when this condition i« aatwfiod. ( P 

* See the author’s tract quoted on p. 230. 


50. Show that 




wC % * cC* K. U C« » ? f* A r«% ( K«. **»•«.4 %^;rk 

* * k '*4 C **>k.C^V ( A4^ *3 .«f C^v. ^4. APj 

^o «- o' —--*-*• *■•' r '—■* *— «*-*■ «*' --t -o. r .».^„ ". 

***-- — *~«V- »•—V-'« *--•*'-«■> *•—~ <Xift !'~*tr C^„_ *' 

-v .m «|- Aop »x Z (A-r<k of- *<-c t»r ftOp af »u».C C Q ) 

p^----. f-^ > o U.oPk, r H.*. 1 jf /-■ , p -i (r-. ^) 

g.(r^> J 


Aop k 


6^) 


J'-^rr 






:r -y.g. 


-« 


Jf-t ~ w 


2-/7-^ L > w 

" <.-.-_M *'*- ' Z( /-* w--; -'• «P«—> -Lf„ 7-tv^ 
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ADDITIONAL THEOREMS IN THE DIFFERENTIAL AND 

INTEGRAL CALCULUS 


50 

147. Higher Mean Value Theorems. In the preceding 
chapter (§ 125) we proved that if f (x) has a derivative f'(x) 
throughout the interval (a, b) then 

/(b) -/(«) = (6 -«)/' <a 

where a< g<b; or that, if f (x) has a derivative throughout N 
(ti, a + h), then * 

f(a + h) -/(a) = hf (a 4- 0 x h) .(1), 

where (><£?,< 1. This we proved by considering the function 

f(b) -/(*) - [/(t) -/(«» 

which vanishes when x = a and when .r = b. 


Let us now suppose that f (a?) has also a second derivative 
J (* r ) throughout («, b), an assumption which of course involves 
the cont inuity ot the first derivative t'(x), and consider the 
function 

f(b) -/Or) - (6 - *■)/' (,r) - (^)‘ 1/(6) -/(a) - (6 - a)f (a)}. 


This function also 
de rivativc is 


vanishes when x = a and when x = b; and its 


\b- a y IA fr > -/<«) - (6 - «)/' («) -4 (b- a.rf"( X )\, 

and this must vanish (§ 121) fur some value of x between a and b 
(exclusive ot a and b ). Hence there is a value £ of x, between a. 
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a and b, and therefore capable of representation in the form 
> a + 0,(b - a), where 0 < 0 S < 1, which is such that 

f(b) = f(a) + (b — «)/' («) + k (& “ a )V ( 

If we put b = a + h we obtain the equation 

f (a + /,) = /(«) + A/' (a) + JA’/" (« + .(2). 

which is the standard form of what may be called the Mean Value 
Theorem of the sebond order. 

The analogy suggested by <D «d <*) 
formulate the following theorem : ^.,it,i*). 

Taylor’s or the General Mean Value Theorem. If 

f(x) is a function of x which has derivatives_of the first n orders 

throughout the interval (a, b), then 


(b — aY r „ / •> . 
/(&) =/(«) + (b - a)/' («) + — 2 , /(<•) + 


• • • 


(6-q (a) + (tl. 
+ («-!)! J n ! 


where a <%<b\ and if b = a+h then 

f(a + //) = /(a) + hf (“) + W" (")+•*• 

. ^ w ~‘ - /•«'>-"(a) + — 

+ (n — 1) r 11 ■ 

where 0 < 0 n < 1 * , , 

The proof proceeds on precisely th esmne lines -ns were adopted 

before blithe"special arses r^hifcT^l - = 2. We cons.der 
the functio n 

*•<•>-(£3 K(a) ’ b _ x , 

where KM=f(b)-f(x)-(b-x)f / (*)-■■■ 

(b- x) n ~ l ftn-D( x y 
(n- 1)1 7 

This function vanishes fo r x = a and x =_b L itg_ den _ yat ive is 

n (6 - xf:\ j Fn (u) _ (b ^~f f m (x) 


(b - <*)“ 


and there must be some value of * between a and b for which 
the derivative vanishes . This leads at once to the desired result. 
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In view ot the great importance of this theorem we shall give 
at tht end of this chapter a nother proof , not essentially distinct 
from that given above, but different in form and depending on 
the method of in tegration by pa rts. 

Examples LV. 1. Suppose that f (x) is a polynomial of degree r. 
Then / (n| (x) is identically zero when »>r, and the theorem leads to the 
algebraical identity 

/(" + '•) =/(«) + hf (a) + £ /" (a) 4- ... /W (a). 

• r, 


-• ^. v applying the theorem to f (.»,•)= l/.r, and supposing .r and .r + h 

l>ositive, obtain the result 


1 

1 

h h- 

— 4- — - — 

+ (- 

1)»-1 


X + ft 

.#• 

X s X 3 

... T 

X" 

(.r+^/O" 41 

1 

__ 1 

h h* 


l)’- 1 A"-1 

( - 1 )*•/!“ 

x + A 

X 

.i - + .r 3 “ 

• “T - 

x“ 

+ X" (x + h) ' 


we can verify the result l»v showing that .»•" (.r + //) can bo put in the form 
(.r + 3„h)" * or that a- * ' <.r>‘ (x + h) <(.r + /*)>• * •, as is evidently the case.] 

•J. < >l»tain the formula 


ft * #c ^ 

sin (•'" + ft) = sin x -+- /< cos x - ‘ ( sin x — , cos ... 

+ ( - 1 r • 1 (2 ; t _ 1) ! vos a- + ( - 1)" ~ sin (x + 3, n h ), 

tl.e corresponding formula for cos(.r+£), and similar formulae involving 
powers of A extending up to A- 1 '* 1 . 

I. Show that if m is a positive integer, and n a positive integer not 
greater than m, then 


( 


.r'—'/, + ... + «/i“-* + + 3 n h )»•-•■ h". 

Sliow also that, if the interval (x,x + h) docs not include .r = 0, the formula 
holds f,. r til real values of m and all positive integral values of n ; and that, 

even if • <u < .e+-// or .r + h< 0 < x, the formula still holds if m-n is 
p» »sit i vp. 


h. The formula f (x + /,) =/+ hf (x + 3/) is not t rue if / (.r) = 1 /x and 
.#• < 0 < .r + A. (For/V + /i) -/(.r)>U and hf (x + 3 x h)= -hfcx + 0 t h)* <0 : it 
is evident that the conditions for the truth of the Mean Value Theorem are 
not satisfied.j 

G. It .r= — a, A = / (.r; = then the equation 

t\x + A) =/(.?•) -f hf (.r + ejt) 

in .satisfied by = \ ± s [This example shows that, the result of the 

theorem may hold even if the conditions under which it was proved are 
not satisfied.] 
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^T^Approximation to the roots of equations. Let | be an approxima- 


+■: 


tion to a root of an algebraical equation/(.r)—0, the actual ro<R- l»eing ^ +J± _ 


Then 


o =/(|+ h)=m+hf (0 + Wf" ($ + e.jt ), 


so that 





'— - ^ J I 

fit follows that in general a better approximation than u =£ is _ ti>j r i, t 

r t /m **■'*$ £• 

If the root is a simple root, so th.£f(f +A)\o, tve can, when * is small 

enough, find a positive constant K such that J :x ) \ > A foi all In u ' 
which we are considering,find then, if A is regarded as of the liisst order of 
smallness, /(f) is of the life order of smallness,'and the error m taking 


ouiuii>iva>| j - ^ 

«-{/<£)//'«» aa tho ■•»»* is “ f tlie scco ;(d ord_er.- _ ^ . SV •-J 

8. Apfe-th^AiViVe eqiiayon'a^ii, taking |-M - the firot I t 
approximation. [We find A- ->1/1*. f^A-n/li-UHx-. ^ » <!>««« '; f 




good approximation, in spite of the roughness of the first. If mn\ wc iej 
the process, taking f= 17/12, wo obtain 

is correct to 5 places of decimals J , > . 

? H. . V SiAil 7, r '' 


- •- 


c, -***- 
*■ * 7 


». By considering* in* this”way the cquttion i-^i-.y-O where ^ m 
dl, show that V( 1+ 4=l + iv-U//(2+y)} approximately, 

lei- 


small 
ot-tlie-fourth-order. 


10. ouow unit iwrcuv*^" —o • ,. v „ 

where £ is the argument of every function,[is in general of the th.nl 

11 


|. Show that the errorTin tak'Dig the w<7 to be -$ - (///') _ \ 0 : J ’ ‘ - r °«,M 





12. Show that the limit when A~0 of the nnu^r 6 i 
the general Mean Maine theorem is l/(>« + U, provulcnl that ./< (-0 

continuous. 

[For/(*+A) is equal to each of 

, /,» /<’ ,+ l 


/(*) + ... +(■*•+*«*)» /W + - + 7!/ < " IW + (» + 1) +#, " +,/ °’ 

7i • 


where 0 n + , as well as 0„ lies between 0 and 1. Hence 

/W(j,-+tf, 1 A)./»->(•*) + -' - „ + i 


• This method 
Gibgon’s Calculus 
y pp* 302 el seq. 


1 Of approximation is duo to Newton. For further details see 
, pp. 244 el >tq., and Tannery’s Lefoiu d'Algbbre el d Analyte, 
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But if we apply the original Mean Value Theorem to the function /<") (x) T 
taking 6 n h in place of h , we find 

/<"> {as + =/<"> (or) + 0 n hf( H + >» (*• + MhA), 

where # also lies between 0 and 1. Hence 


£.,/<" + »»(.r + 6d„h) = + f 


from which the result follows, since /<" * l )(.v + d0 n h) and fl n + l )(x + d h + j 4) tend 
to the same limit/(" + *)(a:) as /<-*-0.] 

13. Prove that [f(x 4- 2/i) — 2f(x 4- h)+f(x)}//i 2 -~-f" (.v) as h-*-0, provided 
that/" (x) is continuous. [Use equation (2) of ii 147.] 

_^14. Show that, if /the-tvrwt-~tt. d er ivatives- of f(. v) a re) continuous for ;r=0, 
then t-* c '~*f' ’> c<. w.h.y —--j *'4 ».ff>Cvt«.' p-' fc . 

f (x) = i/ 0 4- x 4- er.j.r 2 4-... 4- (a n 4- t x ) .t-, 
where a r =/< r > (0)/r ! and * x -*-0 as .r-*-0. 


15. Show that if 


a l , + « 1 .r + a 2 a 2 + ... + («n+ * x ) x n = b () + b x x+b i x i +... +(b n +T) x )x‘ , t 

where *, and rj x tend to zeroas.r-*-0, thena 0 =6 0 , a, = 6,, a n = b„. [Making 
./•-*-0 we see that </ 0 =6 0 . Now divide by jc and afterwards make x-*-0. 
We thus obtain « 1 = 6 1 ; and this process may be repeated ns often as is 
necessary. It follows that if/(jr) = a 0 + a,.r+a 2 .T*+...+(a n + « x ).r J » J and the 
first 7i derivatives of f (x) arc continuous, then a r =fl r H0)fr !.] 

iw. Taylor’s Series. Suppose that f{x) is a function all 
of whose differential coefficients are continuous in an interval 
(<* — v, a 4-7;) surrounding the point x = a. Then, if h is numeri¬ 
cal !\ less than 77, we have 

; K a + h) =/(a) 4- if («) 4- ... 4- ( /L 1)! /' n ~ l, (a) 4- +<9„/e), 

where 0 < 0 n < 1, for all values of n. Or, if 


”-i/U 


h n ... 


Sn = Z li n - -/*"»(« 4- e n h). 


0 V 


have /(« 4- h) - S n = 7?„. 

Now let us suppose, i n addition, that we can prove that 


It,, —0 as n — ac . Then 


f\a 4-/0 = Hm S n =/(«) 4 - if (a) 4 - <*) + •••• 


1 his expansion of f(a + h ) is known as Taylor’s Series. 
.ISrlwhen « =_0 the formula reduces to 

t'VM - +*-"'<«)) < '■-'col -i *-'>(•>**t»l 

t t—~ c. O e. t « * , rt*-. -f <— - f *•'■'“•><©) - L°) * ' 

- w. IU „_ew ~ -♦ «* 

--- r --11— ' ' wi.... .^.r C ..S T»- . 


•• H -f0'\ , <^4 <X1 


7 •>. 0 f • ) % «rk. 

j •* * • *■»' r-- *-'^7 


C-«v 

* c kw t 


cw **' -> ■* •* •• A,v r--^ 
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which is known as Maclaurin’s Series. The function R u is known 

_ _ _ _ • j i « ^ it • 

^as Lagrange’s form of the remainder. 

9 

The reader should be careful to guard himself against supi i p s ing that the 
continuity of all the derivatives of f(x) is a sufficient condition for the validity 
of Taylor’s series. A direct discussion of the liehaviour of is alwavs 

essentials **■ ‘ T * titt) 

Examples LVI. 1. Let /(*)-*"£• Then ah the derivatives of /(■«•) 

are continuous for all values of x. Also \f n (x) \ = 1 f° r N,l ' lle ^ °* r ,UK u ‘ 
Hence in this case | It,, \ < A»/w !, which tends tozero as « — x . Ex. xxvii. - 

whatever value A may have. It follows that 

fci / t J A 4 . 

sin (x+h ) = sin*+Acosx- ^ sin x-3-,cos.r + sin•* + •••, 

for all values of x and A. In particula r 

A 3 A 5 _ 

s in ft = n "3I + 5! 

for all values of A. Similarly, we can prove that 

... /,3 A- A 1 _ 

cos (x + h) = cos x — A sin x — cos x + .-p sin x + .. cos^— 1 2 ! + 4 ! 

2. The Binomial Series. Let/(*)-(l+*)“. ^ B “ "'J' 

number, positive or negative. Then— m (»i )■••(”* " 

and Maclaurin’s Series takes the form 


( i+*r=i+("')*+( 2 ) 


• • • 


When m is a i>ositive integer the series terminate*, and we £ 

ordinary formula for the Binomial Theorem with a positive mtegial exponent. 

In the general case 

and in order to ahow that Maclaurin’a Sorias really roi-roaonta (i+a-)“ for 
any range of valnea of * when ra ia not a ,a,»it.ye n.tcger, e o ust show that 

4° hr* r. 

and may l>o proved, when ()£ .i < h ) 

i { M \ /e-*.oc (Ex. XXVII. 13). 

for It Hy since (1 + 0 nX) m ~ H < 1 > f * > "*» a,ld U/' 

But a difficulty arises if - 1 <x <0 to !«£ 

n>m ; knowing only that 0 << 1 
quite small and (1 +te) m ~ m <l'» itc lar b' e - 

In ^t. in order hr prove the H—£ ~ ^ 

Theorem, we need Home different form o » 

^ (8*^8). 


T 
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149 . Applications of Taylor’s Theorem. A. Maxima 
and minima. Taylor’s Theorem may be applied to give greater*. 
theoretical completenes s to the tests of Ch. VI, §§ 122 — 123 ,** 
though the results are not of much practical importance. It 
will be remembered that, assuming that (f> (x) has derivatives of 
the first two orders, we stated the following as being sufficient 
conditions for a maximum or minimum of <f> (x) at x — g: fora 
maximum, </>(£) = 0, for a minimum , <£'(£) = 0, 4 >"(£)> 0 . 

It is evident that these tests fail if cf>" (£) as well as <f>' (|-) is zero. 

Let us suppose that the first n derivatives 

(X )> +"(*)■. <#>'"’(*) 

are continuous, and that all save the last vanish when x = £. Then, 
for sufficiently small values of//, 

/.n 

f / . I \ ( / <- > »« . .... . c ^ » » 


0 (? + A) - 0 (f) - 0"" (f + 0„A). 

In order that there should be a maximum or a minimum this 
expression must be of constant sign for all sufficiently small 
values of //, positive or negative. This evidently requires that n - 

C'h/.ul.l _ A l • .* • . » •«« i • 


should be even. And if n is even there will be a maximum or a 
minimum according as (£) is negative or positive. 

I hus we obtain the test: if there is to he a maximum or 
minimum the first derivative which does not vanish must be an even 
derivative, and there will be a maximum if it is negative, a minimum 
if it is positive. 


Examples LVII. 1 . Verify the result when <f> (x) = (x — a) m , m being a 
positive integer, and $—a. 


-■ lest. the. funetion (.v — <t) m (x — b) n , where m and n are positive integers, 
for maxima and minima at the points x=a, x= b. Draw graphs of the 
different possible forms of the curve y = (x-ay\x-b) n . 


i est the functions sin x—.v, sin x - x + L t 8 iu x — x+~ — 


120 


1 •••) 


o.»s x 1, cos x 1 + -5-, cos x — 1 + - ^— t ... for maxima or minima at x=0. 


c. 


150 . B. The calculation of certain limits. Suppose 
that / (.r) and (.r) are t wo^Functions of aTyvIiose^ derivative s f (.r) 
and cf) (.c) are continuous for x — ^: and that f (£) and are 

both equal to zero. Then the function 


Suppose 


^ O) =/(•»)/</> O) 


209 
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is not, defined when x=J . But of course it may well tend to a 
limit as o 

Now /(*) -/(*) -fib = (* " £)/' <**>■ 

where a?, lies between £ and and similarly <f> (.r) = (x- £) </>'(•'•=), 
where ^ also lies between £ and .r. Thus 

\jr (x) =/' (*,)/<#>' (^)- 


We must now distinguish four cases. 

(1) If neither f ({) nor $ (f) is zero, then 

(2) lf/'(f) = 0, 0'(f) + °, then 

/(*)/<£ (*•)— 0 . 


(3) If/''(f)#0,*'(f)=°> then/(*)/£(*) becomes numerically 

very large as but whether f(.c)l4>(x) tends to a> or 

oV4 U, sSSSimfes large and positive and sometimes large and 
negative, we cannot say, without furth er informat i o n as_to the way 

in which as #-*->£• 

(4) If/'(£)=J0, £'(£)=t). then we can as yet say nothing about 

the behaviour of f as - C T 0 ' 

But in either of the " last-two .cases it may happen that f (x) 
and <b (x) have continuous second derivatives. And then 

/(x) = f(x)(*- £)/'>o - (x “ ^ ) ’* / (x,) ’ 

<i>(x)=<t> (x) - <t> d) - (•* - £) <t>' <£> = ^ _ 

where again a?, and ar, lie between f and x; so that 

\jr (jc) —j" ( j: i)l4* 

We can now distinguish a^ya r i cty vf £ *sr s s imilar t o_tjimio 
considered above. In particular, if neither second derivative 

vanishes for x = we have 

/(*)/*(*)-/"(*>/*" (fl¬ 
it is obvious that this argument can be repeated indefinitely , 
and we obtain the following theorem: suppose that f (x) and 4>(x) 
and their derivatives, so far as may be wanted, are continuous for 
Suppose further that /'"-(*) and *'*(*) »» -A ™ 4 

derivatives off(x) and *(«) «»«<* do not ««»**/. toAen * - f. 5™«« 

(1) .//- = «, /<-)/* <-)—/« <» S 

. ( 2 ) if p > ?, /M/4> 
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(3) if p < q, and q — p is even, either f (x)/<f>(x)-*-+cc or 
f (.r)I<p (x) » , the sign being the same as that of /<*» (£)/<£ (9 ' (£); 


(4) a/ /><<y aarf q—p is odd, either f(x)/<f>(x)-^ + ao or 
j {■*')!4> (•*-') 30 (, s + 0, the sign being the same as that of 

J' v> (£)/*£ 1,1 (£)» while if x — £ — 0 t/ie signs must be reversed. 

1 his theorem is in fact an immediate corollary from the 
equations 

/<*> = f > V (a?,), <£ O) = 0 ( 9 - (.r 2 ). 


9 ; 


L h- 


(«-■»«.» 


Examples LVIII. 1 . Find the jimit of 

L {•*■ — (« + 1) •»■" + 1 +7i.r" + *»/( 1 - a*) 2 , 


as .r—1. [Hero the filiations and their first derivatives vanish for x- 1, 
and/" (I )= n (// + 1 <f>" (1 ) = 2.] 




\\ 


*"2^ w Find tl?e limits .r-,-0 of i ~ _ , 1 **. **-«-*• s.x 

r. V \ K-7VV* w -t ^ ^ , 

ij ftan.i - sin.r), #v (Fan nx-n tan .?)/(/»sin .r— sin nx)r- 

, - ws 

-c^iu 4X**u»nx 


Oo[oo -003 

• 3 - F,, v l tbe limit »f.>'\ K '(.r* + a*)-jr\ n*.r-^x. fPut.r=l/y.l 

tr u n “ “——- 1 »«- *%i\ ^ o> n L J 1 

R *o >1 -n ^ u — —r-——- S ^ ^ - TT Vo * ^xn 

•I. Prove that O u 


*vX 



111 a 

x * 


_,-r- r -A » r * v 

m I.«• - // 10 >sec. err = , lini-(cosec xn - -——5— l = n . 

•** -»1.S ^^x^--»)rrj 6 ’_ a 

*i 1 itr anv int ......1 »i.„ ~rN.">r-r n , ?;*> w « J **” 


ft being anv integer; and evaluate the wri^?|^n«Tin^^uTit8?m'olvm^cut xrr. 
• p >. Find the limits ils % r-^0 of 

i («»«,- 1 -!). ^(cotX-‘ + |). 

,K ( 8,n •P«resin.r-.i-*)/.r«-*. , I g , (tan .rare tafia--.r 3 )/.r®-*-g, jus a--*- 0 . 


151. C. The contact of plane curves. Two curves are 

sai.l to intersect (or cut) at a point if the {joint lies on each of them. 

1 h(>y are said to touch at the point if they have the same tangent 
at the point. 


Let us suppose now that f (x), (f> (.r) are two functions which 
possess derivatives ot all orders continuous for a- = £, and let us 
consider the curves >, =f(x), g = 0 (*). In general /(£) and <f> (£) 
will not be equal. In this case the abscissa x = £ does not corre¬ 
spond to a point of intersection of the curves. If however a 
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f(lj) = <f) (£), the curves intersect in the point x=£, y=J (£)=$<£)■ 
Let us suppose this to be the case. 1 hen ^ y ^ [x) 

in order that the curves should not only / y - (x) 

cut but touch at this point it is obviously Qj / 

necessary and sufficient that the first I. p 

derivatives/' (.r), 4> (*) should also have 
the same value when x = f 

The contact of the curves in this 
case may be regarded from a different 0 $ $ + /, x 

point of view. In the figure the two pig 45 

curves are drawn touching at P, and QP 

is equal to <f> (f + A)—/(f + *). or. slncc <K?>=/(f >■ <*> <?>“/<*>• to 
where 0 lies between 0 and 1. Hence 


€ $ + /« 
Fig. 15. 


Hm ^ = * (<#>" (f)-/" (fi). 


when h — 0. In other words, when the curves touch at the point 
whose abscissa is f, the difference of their ordinates at the point 
whose abscissa is f + /. is at least of the second order of smallness 

when h is small. 

r The reader will easily verify that lim «?«/*)- (f ) ~f' <«> "t 0 " tho «»7» 
cut and do not touch, so that QR is then of the first order of smallness only. 

^ It is evident that the degree of smallness of QH may be taken 
as a kind of measure of the closeness of the contact of the curves. 
It is at once suggested that if the first »■-1 derivatives of / 

and if, have equal values when x = t thcn ^ wlU be “ f * 1k 
nth order of smallness; and the reader will have no difficulty 

in proving that this is so and that 

lim = <f) —/"" (f)| - 

We are therefore led to frame the following definition: 

Contact of the nth order. If /(f) = <Mf>. f (f) = *' <?>• 
/.»>(f) = <iW(f), but /«+“ (f) + V + " (f). the ' 1 the curves 
y =f(x), y = <f>(x) will be said to have contact of the nth order 

at the point whose abscissa is f. 

The preceding discussion makes the notion of contact of the 
nth order dependent on the choice of axes, and fails entirely 
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when the tangent to the curves is parallel to the axis of y. We 
can deal with this case by taking y as the independent and x as 
the dependent variable. It is better, however, to consider x and y 
as functions of a parameter t. An excellent account of the theory 
will^be ? found in de la Yallee Poussin’s Conrs d’Analyse, vol. ii, 
pp. 396 et seq. 


Examples LIX. 1. Let (f> (x) — a.v+b, SO that y = <f>(x) is a straight line. 
The conditions for contact at the point for which .r=£ are /(£) = «£ + &, 
/'($) = <•• If 've determine a and b so as to satisfy these equations we find 
•*=/ (£), f*—/($)—$/'($)■> and the equation of the tangent to y= /'(.r) at the 
point x= £ is 

y=*f' (£>+{/(£>-£/'(£)}, 

t>!• y -f £) = (x — £) f (£). Of. Ex. xxxix. 5. 

2. The fact that the line is to have simple contact with the curve 
completely determines the line. In order that the tangent should have 
conflict of the second order with the curve we must have f" (£) = </>"(£), x.e. 

’ |) = °- A point at which the tangent to a curve has contact of the 
second order is called a point of inflexion. 


.‘I. Find the points of inflexion on the graphs of the functions 3-r 4 — 6.r 3 -f- I, 
-J.r 1 sin .e, a cos- .r + b sin- .r, tan .r, arc tan .r. 


4. Show that the conic ax a + 2h.vy + by i + 2y.r+2jy + c=0 cannot have it 
point of inflexion. [Here ux + hy + g -\-\h.c + hy +f) = 0 and 

a + -2/ii/t + bitd + (h.v + by +/ ) y., = 0, 

suffixes denoting differentiations. Thus <it a point of inflexion 

a + 2hy t + by l - = i\ 

or ,1 (/».»• + l,/ + r f - 2h («.r -t- hy +g) (h.v + by +/) + /» (a.v -+■ hy 4- y)- = 0, 

”>■ ("b — /«-) {a.v-+ 2hxy + by- + 2yx + 2fy)+af* - 2 fyh + by- = 0. 

I fill thi> i- inconsistent with the equation of the conic unless 

o f- — ii ftf/i + by- = c {ah - h-) 

,,r obc 4 - ilfyh — «/'- — by- - c/t- = o ; and this is the condition that the conic 
should degenerate into two straight lines.] 

f>. The curve y = («*.r a -f-26.r + c)/(«ia;'- + 2 ( 3Lr + 'y) has one or three poi nts of 
index ion, according as the roots of ax- + 2 /£r + y = 0 are real or complex. 

[The equation of the curve can, hv a change of origin (cf. Ex. xi/vif 15), be 
reduced to the form 


" = $I(A e + 2/;* 4- O = i/{A (€ -/>)(£- ?)}, 

nvIhmc />, 7 arc real or conjugate. The condition for a point of inflexion will 
lx* found to l»c £•* — 3p<J$ + pq (/> + v)=0 f which has one or three real roots 
according ;us {p<j(p — </)} J is positive or negative; i.e. according as p and q 
are real or conjugate.] 
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C. Discuss in particu lar the curves y = (1 - x)/(\ +X 2 ), y = (1 - X s ) (1+x-), 

6 -7r Show that when the curve of Ex. 5 has three points of inflexion, they 
lie on a straight line. [The equation $ 3 -3 W £+/»y (#> + ?) = 0 can be put in 

the form (£-p) (| -q) (£+/> + </)+ (/>-‘/)^ = °» 80 tbat the t ,omt * of infl?x,on 
lie on the line £ + d (f>-^) 2 1 + / > + ? = ° or - 4 (AC- &-) n - 25.*] 

. . . . 

f 8. Show that the curves y=xsiux> y = (.stnx)/.r have each inhniteh 
many points of inflexion. 

9: Contact of a circle with a curve. The general equation of a 
circle, viz. 

(x-a)* + (j/-by-=r* .( 1 ), 

contains three arbitrary constants. Let us attempt to determine them so 
that the circle has contact of as high an order as possible with the curve 
o = f(.r) at the point (f ^), where »,=/(£). We " rite >,„ K for f (f),/ (£)• 
Differentiating the equation of the circle twice we obtain 

(.r - «) + (y -1>) yi =0.(2)» 

1 +//i 2 +<y-*)y*“0. (3) - 

If the circle touches the curve then the equations (1) and (2) are satisfied 

when X=i, y=n, y. = «Ji- This ($-«)/*?.= -(•»-6)- r /v'(‘ 

the contact is of the second order then the equation (3) must also be satisfied 

when y., = «?•,. Thus 6 = >, + {(• + ntfhA '* ««‘d hence we find 

The circle which has contact of the second order with the curve at the point 
/£ n) in called the circle of curvature, and its radius the radius of curvature. 
The measure of curvature (or simply the curvature) is the reciprocal of the 
radius : thus the measure of curvature is/" (£)/ {1 + [/’ (£)P5 * or 

S/hODT 

a Ml. Verify that the curvature of a circle is constant and equal to the 
reciprocal of the radius ; and show that the circle is the only curve whose 

curvature is constant. 

[0 M. Find the centre and radius of curvature at any point of the conies 

/?= 4«.r, (*/«)* + (y/&)*= 1. 

- 12. In an ellipse the radius of curvature at P is ClP/ab, where CD is 

/ the semi-diameter conjugate to CP. 

. For more general results of this kind see a paper by Dr Bromwich. 
. Messenger of Mathematic*, vol. xxxii, p. 113. 
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11 4-S. Show that in general a r conic can be drawn to have contact o f the 
fourth order with the curve y=f(x) at a given point P. 

[Take the general equation of a conic, viz. 

ax- + 2 bxy + by- 4- 2 gx + 2 \fy + c = 0, 

and differentiate four times with respect to x. Using suffixes to denote 
differentiation we obtain 

tut- + by+g + (bx + by +/) y x = 0 , 

" + ' 2 hy x + by t -+ (/ i.c + by +/) y. s = 0 , 

3 (A ■+ by i) y, + (Ax + by +/) y 3 = 0 , 

4 (h + byx) y 3 + -iby./ + (Ax+by +/)y t = 0. 

If the couic has contact of the fourth order, then these five equations must 
be satisfied by writing £, ij 3 , 77 , for .r, y, y u y 2 , y 3 , y t . We have thus 

just enough equations to 'cletermine the ratios a : b : c :/ : g : /*.] 

An infinity of conics can be drawn having contact of the thir d order 
with the curve at /'. Show that their centres all lie on a straight line. 

[Take the tangent and normal as axes. Then the equation of the conic is 
of the form 2 y = ax- 4 - -Ibxy 4 - by-, and when .r is small one value of y may be 
expressed (Ch. Y, MisJ? Ex. 22) in the form 

y = hax* 4 - (hob + t x ) 

where t x -*-0 with x. But this expression must be the same as 

y = h f" ( 0 ) .r* + {ir (0) + *,'} .r» 

where with x, and so a = f" ( 0 ), /<=/'"' (0)/3f" ( 0 ), in virtue of the result 

of Kx. i.v. lf>. But the centre lies on the line ax - 4 -by = 0 . ] 

C~ 1”>. Determine a parabola which 1ms contact of the third order with the 
[ellipse (x/<t)~ + (y 'bj-= 1 at the extremity of the major axis. 

13 Hf. The locus of the centres of conics which have contact of the third 
order with the ellipse (x/ay+(y/b)-= 1 at the point (a cos a, b sin o) is the 
diameter .r/(« cos a)=y/(b sin a). [Fur the ellipse itself is one such conic.] 

152. Differentiation of functions of several*Variables. 

So tnr we have been concerned exclusively with functions of a 
single variable x, but there is n othing to preven t us applying the 
notion of differentiation to functions of several variables x, y, .... 

i Suppose then that J (.r, y) is a function of two* real variables 
x and y, ami that the limits 

li m /V + )>, y) — f(x, y ) Um f(x, y + k ) -/(*•, y ) 

’ A—-0 k 

The new points which arise when wo consider functions of several variables 
are illustrated sufficiently when there are two variables only. The generalisations 
of our theorems f or three or more variabl es are i n gener al of an obvious character. '■ 
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exist for all values of x and y in question, that is to say that 
f(x,y) possesses a derivative df/dx or D x f(x,y) with respect to x 
and a derivative dfjdy or D„f(x, y) with respect to y. It is usual o,. •«**>•■ 
to call these derivatives the partial differential coefficients of/, and 
to denote them by 

df df 

dx ’ dy 

or tz ( x > !/)• fv 

or simply///; or f x ,f y . The reader must not suppose, however, 
that these new notations imply any essential nove lty ot idea: 

‘ partial differentiation ’ with respect to x is exactly the same 
process as ordinary differentiation, the only. novelty lying in the 
presence in / of a second variable y independent ot x. 

In what precedes we have supposed x and y to be two real 
variables e ntirely independe nt of one another. U_x and y were ^ ^ 
connected by a relation the state of affaire would be very different. 

■ ■ ■ ~ •' ... »».*•« . • l ...II 


connected by a relation tne state oi anaire wuuiu ov. 

In this case our definition of// would fail entirel y, as we could l* — 


not change x into x + li without at the same time changing y. 
But then” f(x,y) would not really be a functio n , of tw _«i variabl es 
at all. A function of two variables, as we defined ifin Ch. II, 
is essentially a function of two independent variables. If y depends 
on x, y is a function of x, say y = <f>{x) ; and then 

f(x\y)=f\X'<H*)} 

is really a function of the single variableOf course we may also 
represent it as a function of the single variable y. Or, as is often 
most convenient, we may regard .t and y as functions of a third 
variable fan'll then / (x, y), which is of the form f\<f> (t), yfr (<)!. 
is a function of the single variable t. 

Examples LX. l" Prove that if x=rco*0, y=r. si»0, so tlmt r= s '(.t*+y*), 
0 = arc tan (y/x), then 


cr 

dx 


x 

J(x-+y i y 


cr 




dy s'(*-+y-)' 


?0 

dx 


y 

x-+y- 


•»} 


cd 

dy 


X 

•< . •! 1 


*» i * 


(X 


. — COM 0, 

or 


'* = sin0, 
cr 


dx . a 

--= —r sin 0 , 
C0 


dy . 

= ;• cos 0 . 


10 


dr 


2. Account for the fact that 4= 1 


/(f) &*'/(£)■ i Wh ™ 

wc were considering a functii m y of one, variable x it Allowed from the 
V definitions that dvldx and dxjdy were reciprocals. This is no longer the 

18—2 
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case when we are dealing wit(^functions 'of twoVariables. Let P (Fig. 46) 
he the point (x, y) or (r, 6 ). To find dr/cx we must increase x, say by an ^ 


Y< .^ increment .VM 1 = 8x, while keeping y constant. This brings P to P x . If 
along OPi we take OP' = OP, the increment of r is /*'/*, = Sr, say; and 
dr/Cx = lhn(8r/dx). If on the other hand we want to calculate dx/dr, x and 


s y being now regarded as functions of r 
-l ~^and 6, we must increase r by Ar, say, 


Ats« 


x 

AS 


keeping 6 constant. This brings P to 
7* 2 , where PP,= Ar : the corresponding 
increment of x is d/J/j = Ax, say ; and 

?x/3r=lirn (Ar/Ar). 


iw Now A.r = S.r* : but Ar+Sr. Indeed it is 
easy to see from the figure that 

lim (3r/S.r) = lim (/ >/ / > 1 // > / > 1 ) = cos 0, 
but lim (Ar/Ax) = iim (PP»! PJ\) = soc 0, 
-Ttso that lim (3r/Ar) = cos 2 #. 

The fact is of course that dx/dr and 


- »i 
M 

Y_ 

c 


i 

R/< 

7 


> 

P' 

1 - 




Pa (& 




M M 


Mi 


Fig. 46. 


dr/dx arc not formed upon t he same hypothesis as to the v ariation of P. 



3. Prove that if TJ/te-r 4- ) r tjfen (dz/dx) = a f 

4. Find dXldx, cA'ffev, ... when .V+r=.v, 7^.ry^XExpress a.% y a-s V-- 

•tions of A, I and find r.r/cA, cjc/o J, .... * '■ 


**.i. 4. 
functic 




* ft. Find.^r-V/r.r, ... when X+Y+Z=x y Y+ Z==^xy , Z—xyz ; express 
_ f% ^ y> * ilL&ruw of A', F, Z and find dxjcX , 

• rir * • **> *«*nY4 » i r. « 3^, — *7. _ . ** . , 

fMM A* r *• • . ... maxi _1 ^_.1:_in.« f.i ^..f *i. n 


ox 


[TheYe - is cjjjuvtT no difficulty in extending The ideas of the bust section 
to functions of any number of variables. But the reader must be careful to 
impress on his mind that the notion of the partial derivative of a fuuction of 
several variables is only determ inate when all the independent variables are 
specified. Thus if u = x+y + z, x, y, and r being the independent variables. 


then du/dx— 1. But if we regard w as a function of the variables x, x + y = tj, 

and x+y + c = f, so that u.= f, then Du/0x=O.] * rt ^ ** jL.*.—t. < 

II* O 


153. Differentiation of a function of two functions .of *s 

There is a theorem concerning the differentiation of a function 
of one variable, known generally as the Theorem of the Total 
Differential Coefficient, which is of very great importance and 
depends on the notions explained in the preceding section re¬ 
garding functions of two variables. This theorem gives us a rule 
for differentiating 

/10(0. ’KOI. 

with respect to t. 


* Of course the fact that Ar=5.c is due merely to tho particular value of Ar 
that we have chosen (viz. W^). Any other choice would give us values of Ax, Ar 
proportional to those used here. 

V **- W...C. X Y ^ 





1 1 



-a t 

r -o 
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Let us suppose, in the first instance, that J&j) is a function 
. of fche two variables « an«l y, and that /*', fy are continuous 
f functions of both variables (§ 107) for all of their values which 
come in question. And now let us suppose that the valuation 
a and i, is restricted in that (*, y) hes on a curv e 

x =(f> (t), y = 'k (0. 

'” w ™ ....• 

Suppose that, when t changes to t + r, * and y change to 
x + % and y + V- Then by definition 

dFV) = Um 1 [ + r), ir (t + T)) -/ (<M«). + <*>D 

(It t-M> T 

= lim i |/(* + S.y+n) -/(*■ 

r/(« + f, £ ±£)!rZii*±3> f + />' *. + *»> 5] • 

= lim --“ £ t U -1 

* But by the Mean v]W Theorem 

\f(x,y + vrrf( x ’V))l\’ = fy^ x ’^ + ^’ 1 ^’ , 

where 0 and 6' each lie bAween 0 a\.d 1. As t- 0. f* am 
,^0,andf/r-f (t).vlr~r<t)- “Hr" ” ' . 

f : <*+. y+ 1 )-/.' (*- V /»<r- *+* ">-** ( *’ * ) ' 

Henc ^ (()=Dlf (t), ufr (oi =/» (*. i/) (o +A' ( *- y) +' (>} : 

V ' ,» r-AKl 1/ = I(0 after carrying out the 

tfc 0x c/t + cty 

Examples LZL .. Suppose + <‘>= 2 "< l + “>' 

that the locus of (x, y> is thecirelex> +y - ■ The. 

M (0= - 4</(l +**)*. + (0 = 2 (1 - W +' > * 

• (0 = {- *</0 + <*) 2 }/*' + 1 2 - ^)/ (1 + ‘ i)2} f *' 

where x and , am to ho put equa. to (l-«/(l + « »<* “ f “' r 

, carrying out ^differentiations. 


*c>i f 
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M• -7 e ok wt. f* «ck>C . 

Wo can easily verify this formula in ^oafticular cases. Suppose, 
that /' ('.r. ?/•) = ,r 2 + ?/ 2 . Then/*'= 2 j-,/„'= 2y, and it is easily verified that ^ 

F' (t) = 2x(t) + 2yyjr' (t) = 0, which is obviously correct, since /»T<)=1. 

2. Verify the theorem in the same way when («) ar=r > ‘, y= \ — t ,n , 

f (•'■, y) =V+.»/ ; (*>) = * cos t, y = a sin t, f (.r, ;/) = a- 2 + y~. « 

3. One of the most important cases is that in which t_ is x itself. We 
then obtain 

j ^ 0*0} = D x f(x % y) + D u f(x y ?/) >// (.r), 

where y iq to be replaced by ^ (.r) after differentiation. 

It was It his case which led to the introduction of the notation of fox , cf/dy . 

For it would seem natural to use the notation dfjdx for either of the functions 
D x f{.c, rfs (.£)} and D x f(x y y), in one of which y is put equal to yfr (x) before 
and in the wither after differentiation. Suppose for example that y=\— x 
and /(.r, y)~x+y. Then D x f(x y 1 - x)= D x 1 = 0, but D x f(x y y)=l. 

The distinction between the two functions is adequately shown by 
denoting the first by df'dx and tlie second by cf/dx, in which case the 
theorem bikes the form 

* if = 'V + If dy . 

dx dx dy dx ’ 

though this notation is also open to objection , in that it is a little misleading 
to denote the f unctions f \j/ (.r)} and /(.»’, y), whose forms as functions of x ^ 
are q uite different from one another, by the same letter f in dfjdx and dfjdx. 

K > 4 ^ CV *.*,/- 

4. If the i*csnlt of eliminating t between x s= <£>(/), y^y/r (t) is/(x y y) = 0 y 
then " -*••• f — c 

»• « • » .• t • • O O-1 ^ 

'V_ () ** 

a.r eft dy dt - 

«.c*. ti»-' 

• r ». If.#- and »/ arc functions <»f t. and r and 6 are the polar coordinates of 

(x,y), then >•' = (.#■.»•' +yt/)jr y 6'= (xj/ — y.r')/r s , dashes denoting differentiations 
with u-spect to/. „ _ 

154. The IVlean Value Theorem for functions of two 

^Variables. Many of the results of the last chapter depended 
upon the Mean Value Theorem, expressed by the equation 

c}> (./• + /<) — <f> (.r) = hf (,r + 0h), 
or as it may be written, if #/ = <£ (.r), 

8y = f (.r 4- OB.r) 8.v. 

Now suppose that z =f (x, y ) is a function of the two inde¬ 
p endent. variables x and y, and that x and y receive*increments 
fi, k or 8x, 8y respectively: .and let us attempt to express the 
corresponding increment of z x viz. 

8z =/(.T + h, y + k) —/(.r, y), 

in terms of h> k and the derivatives of z with respect to x and y . % 
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*. *f •>-*- ••• T< —«- •■*#«•'* . 

Lety(a: 4- ht, y + kt) = f ^ hen 

/(* + h, y + k) -/(x, g) = F(1) — F(0) = F‘ (0), 

where 0 < 0 < 1. But, by § 153, 

F' (t) = D t f(x 4- ht, y 4- kt) 

= hff (./• + /t*, // 4* AO 4- A/y' (a: + ht,y + AO- 

Hence finally 

8* =/(«+*, y+A) -/(X, y)=h.f x '(x+0h, y+ 6k) + kf,\x + 0h,y + 0k), 

which is the formula desired. Since /,'■ /„' are supposed to be 
continuous functions of a; and y, we have 

(x 4- Oh, y 4- 01c) = tz ( A ‘« Z/) 4* e A,fc» 

/y' (.T 4- 0A, // 4- Ok) =fj (*, y) 4- Vh.i. 
where and tend to zero as h and A- tend to zero. Hence 
the theorem may be written in the form 

hz = (/*' 4- (?) S.V 4- ( fy 4- V) Sy . (1) ’ S ' 6T 

where e and v are small when &r and Sy are small. 

The result embodied in (1) may bl; expressed by saying that the 

«‘ utttion l “ .““** Sz -/.'fa +/„% 

is „„»roximately true; .\*. that the difference between the two 
sidjfVth^ equation^is small in comparison with t jie larger of fa 
and Sy*. We must say ' the large r of lx and ly because one of 
themmight be small in comparison with the other; we might 

indeed have hr = 0 or hy= 0. 

c ~it should be observed that djiny " f t ' 10 f"™ *7 **£+p*y 

iH < a pproximately tru e > in this sense, wo must have X -/,. iW e 

have + -*»*-&-<**+ * 

where ,, ,■’*» tend to zero as *x and tend to zero ; and so t, 1 — 

(x bx +(m - fy) *y = p 8x + p'*y 

where „ and p' tend to zero. Hence, if f is any assigned positive number, we 
can choose <r ho that 

I (X -fJ)tx + 0*-fy') 8 'J I < t (i ^ i + i h * f . 

this L only 1X1 the erne if Similarly p-/„ ■ 

* Or with |to| + i«yl or + *»*)• 
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•[ (- -<- C •’ •» J 

155. Differentials* In the applications of the Calculus, 

. „ . eTjtot-..-' T ^:„ ~ J ~ X - - 

especially in geometr y, it is usually most convenient to work with | 

equations expressed not , like equation (1) of § 154, in terms of th< 

increments Bx, By, of the functions x, y, z, but in terms of "what 

are called their differentials dx, dy, dz. 

Let us return for a moment'to a function y—f(x) of a single 
variable x. If f'(x) is continuous then 

$>'J = \f (•*) + *} .( 1 ), 


where e-^0 as Bx->~ 0: in other words the equation 

tb ->> o oi/ = / (.c) . 


s 


( 2 ) 


is‘approximately ’ true. We have up to the present attributed 
no meaning of any kind to the symbol dy standing by itself. We 
oUVt ; te . ; now agree to defi ne dy by the equation 

—/' (.r) Bx. rff*. /$»<?».!! 


(3). 


If we choose for y the'particular function x, we obtain 

~dq = 8x^ .„.( 4 ), 

80 that dy =/'(x) d±. A** .(5). 

If we divide both sides of (5) by d.v we obtain 


t w 


( 6 ), 


where dyjdx denotes not, as heretofore, the differential coefficient 
.'/> but th e quotien t of the differentials' ’ dy','’ dx. The symbol 
_ dy/d.c thus acquires a double meaning : iTut there is 
1 yenience in this, since (6) is true whichever men 

The equation (5 ) has two apparent adv; 
not merely approximate, ami its truth dg&rlTbt depend on any assumption as 


we choose. 


>ver (2). It is exac t and 


to t he coi itinnity o f / ' (y). On jjie-rtfTier hand it is precisely the fact that wo 
ran, under certain conditioner pass from the exact equation (a)- to the approx i - 
I? equation (2), which gives the former its importance ^ The advantages of 
the 4 tlitjeren t iai* no tatjon are in reality of a purely technical character. These 
technical advantages are however so great, esj>ccially when we come to deal 
with functions of several variables, that the use of the notation is almost 
nievital »1 o. 


V *.(M When is continuous, we have f *<» «; f » 

! ^ ***'*>*» 


lim ^ «1 

(V/A 


s 

V- 


when fi.r-^0. This is sometimes exj»res sed^b y saying that dy is the principal ^-r «n 
P'irt of by when b,v is small, j \ist as ^wcT*ingh t say that a.c is the 4 principal 
part’ of au' + bx 2 when jr is small. ^ V 
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W e pass n ow to the corresponding definitions connected with 
iTfunctionTof two independent variables a; and y. We d e fine the q. c*fc. z-<i 
diffe rential rf* by the equation . *~*i.j~* 

■ r* > _- _ r « 


.( +<*:**. (pet.) 


dz=f x 'Bx+fy'By .t7). 


Putting * = x- and z=y in turn, we obtain 


d.r = $.r, t/y = % 


.( 8 ), 

.(«)* 


so that - dz —f* ( ^ x d*/.v dy . 

which i,s -the' exact equation corresponding to^the approximate 
equation (1) of § 154. Here again it is to be observed that the 
formeTfs of importance only for reasons of practical c onvenien ce 


/ formeTis of importance only for reasons ot practical coinuiieii^ 
in working an<l because the latt 

deduced from it. **' x ~ etzs-z 

One property of th^C^tion (») dienes special remark Wo saw »» 

S 153 that if « Jxfth* and y being not independent hut fnnctipmoLa 
sin.de variab^L so that * is also a function of t alone, then 


dz _ <'f ,l £ , 
dt dx dt <7/ dt 


Multiplying this equation by dt and observing that 


■*='£<*, ' Jl “ » 


we obtain 


dz = f x 'd.v +f ¥ 'dy> 


WU uuuuii * — 

which i» the same in form as (9) : Th.» the formula «hiek exprafa. <h 

of dx and dyiry^r^TM^ the varjatk* x and y are mtieptnuh-nt or not. w . 

This remark is of great importa nce in applications. 


.... , t should nisi) be observed that if * is a fnnetinn of the two independent 
variables x and y, ami 

dz^’Kdx + fjd//, 

then X=/' /*=/„'. This follows at once from the last paragraph of $ 154. 
It hiobvious "that the theorems and deiinitiens of the last threeions 


It is obvious that tnc uk-uiuh.o —.. 

are liable of iminodiateextcnsion to functions of anjrnumbcr of 


Examples LXII. 1. The area of an cllip.se is given by A = rrab, where 
a, b are the semiaxes. Prove that 




; ^S 


dA da db 
A ~ a b ’ 


and state the corresponding approximate equation connecting the increments 
|r of the axes and the area. 
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BT 


2. Express A, the ure«a ^of a triangle ABC, ns a function of (i) a, B, C, 

(ii) A, bf c, 2 and (iii) af %,^ffand establish the formulae ^ 


clA db dc 

—i — D -i-— 7 ^, — = cot A a A 4- 4- — > 

a sin B a sin C A be 


dA 0 da # cc/Z? t 

~ “ - r» I 

A a 


dA = R (cos A da 4- cos Bdb 4 - cos Cdc\ 
where R is the radius of the circumcircle. 

3. The sides of a triangle vary in such a way that the area remains 
consta nt, so that a may be regarded as a function of b and c. Prove that 


da 

db 


cos B da 


cos C 
cos A * 


cos A 9 cc 
[This follows from the equations 

da = db 4 - dc y cos A da 4- cos Bdb + cos Cdc= 0.] 
cb do 

G. 1 U ;o 0 4 . If a y b y c vary so that R remains constant, then 


rla +- d L+ dc „-0. 


and so 


da 

db 


cos A cos B cos C 

cos A da 
cos B 9 dc 


cos -*1 


cos C * 

[Use the formulae a = 2/f sin A, and the facts that JR and A4--# + U are 
constant.] 

0 >»tx 2 it(i ) 5 If - i 8 a function of 14 and r, which are functions of x and y, then 


[We have 


Cj dz cu dz dr ?z dz du ^ dz cv 

?x~ du dx + dr dx J dy du dy dr cy * 

T 

(f 4*n 

dz 


, dz , dz . . du . ne , , cv . or 7 

c>u cr ’ dx du — * 


cu 

dy cu? 'ey 

Substitute* for c /*4 and rfr in the first equation and compare the result with 
the equation 

dz = dx -f- vp 

?.r cy * J 

’-'--Or Let l>c a function of .r and y, and let -V, J r f if be defined by the 
equations \ 

x = a \ A -^4*1 4- C| 4 ^ y = ci 2 A 4 - 1 4* **2 ^ « = t /3 A 4~ 63 1 4* c$Z. 

Then if may be expressed as a function of X and Y. Express dZ[dX> 
?ZdY in terms of dzfc$\dz\<'y. [Let these differential coefficients be denoted 
by P, Q and //, <j . Thcirrfj — pdx — qdy =■ 0, or 

(c x p 4 - c 2 q — c.d / aZ+(a x p + a<*n - a 3 ) 4 /A’ 4- (6 t p 4- b»q — b 3 ) dY= 0. 


V 


V 
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Comparing this equation with tlZ—PdX— Qdi =0 we see that 

p _ + q_ h p + bsq-bz j 

— Cip + c^q — c 3 * Ci/> + c- 2 q- c 3 

g-Jp. If (a ,x + K>/ + c i Z )P + ("a- 1 * + v + c - : ' ) ? = a ^ r+hi ‘ , + < ‘ 3 -’ 

then (a.X+byY+c.Z) P+(a 3 X+b,r+c.,Z) Q=a 3 X+b 3 V+c 3 Z. 

(Mad,. Trip. 1899.) 

JK Differentiation of implicit-functions. Suppose that/(.r,.y) and its 
derivative (x, y) are continuous in the neighbourhood of the point (*,&., 

andthat /(«,&) = 0, /*'(«, 6) *0. 

Then we can find a neighbourhood of («, 6) throughout which ^ 

always the same sign. Let us suppose, for example, that fj (x,y) <* l^lilS 
near (a, b). Tl»en/W) * for any value of x sufficiently near to o, and for 
values of y sufficiently near to K an increasing .fu nction . ffj f 1,1 ,hc str,ctcr 
sense of * « It follows, by the theorem of 8 108, that there .h a « 
continuous function y which is equal to b when x=« and winch ^t.shes the 
equation/(x,.y) = 0 for all values of x sufficiently near to «. 

Let us now suppose that/(x,y) assesses a derivative/, (x,y) which is 

[also continuous near (a, b). If/(x, »/) = 0, ■»'—« + y >+ » 

0 =/(x, y) -/(«, *0 = (/«' + 0 ^ + (/& +1) 

where * and n tend to zero with h and L T hus 

*_ f.; + * _/a 

h~ .K+n A" 

dy = _ U 

or dx ft! ‘ 

£ Tho equation of the tangent to the curve /(■*■ y>-°. tllc l ,oint 

156 Definite Integrals and Areas. It will be remembered 
that. fS’Ch. VI, § 145, we assumed that, if/(«) » « contumous 

function of x, and PQ i s 
graph of i /=/(*). then the 
region PpqQ shown in Fig. 4-7 
has associat ed with it a defini te 
number which we call i ts area ^ 

It is clear that, if we denote 
Op and 0q by a and x, and 
allow x to vary, this area, is a 
function of x , which we denote 

by F{x). 


7 

— * M '* 61 
it *xy 



-a - * 3 ) 

£T 2 . 1^4 ^ 
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Making this assumption, we proved in § 145 that F (x) — j (#)> 
and we showed how this result might be used in the calculation 
of the areas o f particular curves. But we have still to justify 
the fundamental assumption that there is such a number as the 
area F (u?). 

We know indeed what is meant by the area of a rectangle , 
and that it is measured by the product of its sidesj^ Also the 
properties of triangles, parallelograms, and polygons proved by 
Euclid enable us to attach a definite meaning to the areas of 
such figures. But nothing which we know so far provides us with 
a direct definition of the area of a figure bounded bv curved lines. 
We shall now show how to give a definition of F (x) which will 
enable us to prove its existence.* * 

Let us suppose f (a?) c ontinuous throughout the interval (a, b), 
and lot us divide up the interval into a number of sub-intervals 
by means of the points of division .r c , a*,, x. 2t ..., x„, where 

Cl = X u <C U’i < ... < 3 1 ,i—l *■» cc n — b. 


Further, let us denote b\ r the interval (x vt # r+1 ), and by m v the 
1 lower bound (§ 102) of/'(*'-) in 8„, and let us write 


= nt„8„ 4- w,8, 4- ... 4- m n 8 ,, = —m„8„, 


say. 


(it ) 


It is evident, that, ifd/is the upper bound of f (a?) in (a, b) , thep 
s M (b — a). Thus if we consider .all possible values of s corre- 
/ spending to all [Possible modes of subdivision of (a, 6), 5 is, in the 

I language of § 102, bounded above. There are values which s cannot 

( surpass; and, just as in § 102, we can show that there is a least 
' nill »ber ; which s cannot surpass, which we may call the upper 
[ bound of s.'fc N 

II In the same way, if is the upper bound ofi n S„ we can 

define the sum ' ' 


S=SM.8 


v v 


•tfc>»jaml the lower bound J of <S».' 


& J 


M ( tr -) 


• The argument which follows is modelled on that given in Goursat ’s Cours 
tt'Analyte, vol. i, pp. 171 et seq . 

t The language and the fundamental ideas are the same as those of § 102 ; the 
only difference is that we are considering not a function of one variable x but 
function , so to sav, of a mode of subdivision o f an interval, ?.e. a variable number 
depending on such a mode of subdivision. 


I 
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It will help to make clear the significance of the sums 3 and * 
we observe that, in the simple case 

in which / (x) increases steadily j> 

from x = a to x=b, is f( J \) r-p 

and M v is /(jf„ + i). 1 “ this case * 

is the total area of the rectangles _ 1 

shaded in Fig. 48, and S is the *1 j 

area bounded by a thick line. In - j ; 

general s an 9S will still be areas, • ; [ 

composed of rectangles, respectively j 

included in and including the curvi- | j j 

linear region whose area we are : j 

trying to define. j_ j j i \ \ _ 

We shall now show that no Fig. % 4 §. f # " ^ 

sum such as s c an exceed any \ .‘ ol 

- _ i .1 ___ » intlli iri') I ( 1 OllL llioili 1 


, r '8- t ld - . . 
k l( • • % *%9 • 


*,s 

2 . ^ 


sum such as s can e nmu , . ... •• — 

sum s^VsST Let^b, the sums correspond.ng-to one^oi of 

subdivision, ami S' those corresponding to anothu. 
to show that s ^ &' and s £ S. 

We can form a thir d mode of subdivi sion by ta ting as ‘^y-g~-*‘ 

points all points which are such fcfe *, 6 or * ^ ^ * 

be~the~sums corresponding to tins th.nl .node ol subdms.on. 

Then it is easy to see that 

For example, s diSrom^n that at least one interval 8 . which 
occurs in s is divided into a number ol smaller mtenals Tpp~f 

\s.... -+! ! 

so that a term m,K of Vis replaced in s by a sum (, 

mCx. +.»*►•**'•= ++ S ' F ’ . * x 3 

where are th(^ lmvei b "^ 1,b , e'sum just written 

?“»^f Hb „:^';r.;:;d l. other «> > 

e 8 sub“h^n the sauTe way. but, since s * 8. it follows 

- that ,. 8 <ssS', 

which itTwhSitMi^wantcd to prove. 

T , . r II tCSKi ^ J For we can find an s as near to j = 

It also follows that ry ^ 1 . • , 

as wc "please and an 8 as near to J as «> a. <1l « J 

would involve the existence ol an s and an . or « 

* • The . and the * do not in gunor.l correspond to .ho a» -ode of subdivision. 
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So far we have made no use of the fact tha t f ( x ) is continuous. 
We shall now show that j = J, and that the sums s, S tend to the t ', 
limit J when the points of division x v are multiplie d i ndefinite ly 
in such a way that all the intervals 8 y tend to zero. More pre¬ 
cisely, we shall show that, given any positive number e, it is possible 
to find 8 so that 

0 «/ — s < e, O^S — J < e 


whenever 8„ < 8 for all values o f v. 

I**\ 

There is, by Theorem II of § 106, a number 8 such that 

/„ — m r < e/(b — a), 

whenever every 8 y is less than 8. Hence 

S — S = S ( My — Vly) 8y < €. 

But S — s = — J) + (J —j) + 0 — s ) J 

and .all the three terms on the right-hand side are positive, and 
therefore all less than e. As J— j is a constant, it must be zero. 
Hence j = J and 0 ^ j — s < e, 0 ^ S — J < e, as was to be proved. 

N.Mft'. . . 

We define the area of PpqQ as being the common limit of s and 
S, that is to say J. It is easy to give a more general form to this 
definition. Consider the sum 



<r = Sfy8y 

where f v denotes the value of /*(* r ) at any point in Then cr 
plainly lies between s and and so tends to the limit J when the 
intervals 8 t . tend to zero. We may therefore define the area as 
t he limit of a. 


f~157. Lengths of Curves. Tlio notion of the length of n curve is 
capable of precise mathematical analysis just as much as that of an area; 
Lilt the analysis, although of the same general character as that of the pre¬ 
en ling sections, is rather more difficult, and wo shall not give any general 
treatment of the question here. It will Iks worth while, however, to discuss 
’ i ie»b the case in which the curve is a circle , since the assumption that 
.> circular arc has a length is fundamental in elementary trigonometry $see 
for example p. 173, footnote). 

Net) v*i,t 4,» . 

Let ACB (Fig. -19) he an arc of a circle, C its middle po int (*".e. tho point 
equidistant from A and B), and A T, BT the tangents_at A and B. The 
tangent at C meets A T, BT\w points Z), E between A, TLind B, T respectively. 
Then AC+CB > AB and 


A 7'+TB = AD+ DT+ TE+ EB > AD + DE+ EB. 
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ThW if AB=s 0 , AC+CB=s x , AT+TB=S 0 and AD+DE+EB=S l , we 
haveSft) < > So > • 

Now\let F and G be the middle points of the arcs AC, CB , and //FI, 
JGK the\orresponding tangents. If we put 

A F+ FC+ CG +GB=s iy A11+ III + IJ+ JK + KB = 
then it is easy t<Km-ove as above that and .S'„>.Si >-S' 2 . 

\ 



* 

Proceeding in this way we detine Two* .sequences of numbers ■«„, 

Sa St, &, ... such that is the perimeter of part of a polygon msenbed ... 
the circle and S u that of part of a polygon circm user .bed to the circle, while 

S„>S l >St> ••• >' S 'n > • ••• 

It is moreover easy to see that every , n is less than every S n . Hence,,, 
and »S' n tend to limits as «-«. But if « is the angle subtended by the 
whole arc at the ce.it.-e of the circle, then that subtended by one of the chords 

by which is defined in n » aP'L 

-* A) < U - co» («/2“*'». ^ 

and therefore tend, t., ,ero n., Hence end .V„ tend to tlfi^nio 

limit l, which we may call the length of the arc AII. 

It is easy to ccncralisc the foregoing reasoning to cover the caae in tJhich 
.he arc is s ubdivided in any manner instead of by repeated bisect,o,V,id 

similar reas^T^T •* »W»«> *« 21™ >' t ' w t, ""‘ t ' , ° “f” 

difficulty being that of deflning the precise conditions under which such a 

point as D always falls between A and T. But it is to deal with 

the general case by arguments more on the hues of l >b ^J 

i<# 2- 

l&r The definite integral. Let us now suppose that f(a ) 
is a ^nt^ous ^nctlo^lo that tl.c region bounded by the curve 
y=)\x), the ordinates <r = a and x=b, and the ax.s of a;, has a 

• I am indebted to Dr Bromwich for the substance of this section. It enables us 
r to complete the proof of the inequalities sin x-=x<tanx assumed in Ex. xxxvi. 13. 
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definite area. We proved in Ch. VI, § 145, that if F (x ) is an 
‘ integral function ’ of f (a:), i.e. if k 

F' (a;) =/ (.r), F (x) =Jf (x) dx, 

then the area in question is F (b) — F (a). 

As it is not always practicable actually to determine the form 
of F (x), it is convenient to have a formula which represents the 
area P-pqQ and contains no explicit reference to F (x). We shall 
write 


(FpqQ) = f f(x) dx. 

J a 


The expression on the right-hand side of this equation may 
then be regarded as being defined in either of two ways . We 
may regard it as simply an abbreviation for F (b) — F (a), where 
F(.r) is some integral function of f(x), whether an actual formula 
expressing it is known or not; or we may regard it as the value of 
t he area FpqQ, as directly defined in § 15G. 

The number I f(x)dx 

J a 

is called a definite integral ; a and b are called its lower and. 
upper limits; /(.r) is called the subject of integration or 
integrand ; and the interval («, b) the range of integration. 

The definite integral depends on a and b and the form of the 
function/(.#•) only, and is not a function of x. On the other hand 
the integral function 

F (*) = j /(*) dx 

is sometimes called the indefinite integral 

i The distinction between the definite and the indefinite integral is merely 

one of point of view. The definite integral I f(x)dx=F(b) — F(d) is a 
■ ” “ J «» 

f unction of /», and may l>e regarded as a particular integral function of /(b). 
On the other hand the indefinite integral F (x) can always be expressed by 
means of a definite integral, since 


F (.r) = F (a) + JV (*) dt. 


But when we are considering 4 i ndefinite in tegrals’ or ‘integral functions f 
we arc usually thinking of a relation between two functions , in virtue of which* 
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• ,u rlorivative of the other. And when we are considering a ~defi n^e 
V ' integral ’ we are not as a rule concerned with any possible variation of the 
'' Usually the limits arc constants such as 0 and 1 ; and 


f\f(.r)<U=F( \)-F(0) 

is not a function at all, hut a mere number. 


Ut a miiw>".—• -— *»!>.*>’ 

,t Should be observed that the integral (/«>*, having Wbrg* . . 

coefficient /<*), is « /-'■hri a eentinuoua.Unction of*. w.-o a- 

. , • iniious for all positive values of .r, the investigations of 

Since l/.r • __ —• . , . f ()f t i, e actual existence of th e 

the preceding paragraphs supply us ww a. I - A J( T 

function log r, which we agreed to assume provisionally m * 138.U 

Ixm.' Calcula'tion"of the definite from the indefinite 
integral- 1. Show that 


I 


b h* * 1 - «" + 1 

W.r= — +1 —’ 

a 


and in particular that J 0 J tl ' 1 n + 1' 

r - 


f «• . sin mh - sin ma [ 'sin m.vdx= Lt> 

2. I cannucdx** - /n ’ J a 


cos ma - COS mb 
m 





. f 1 e£r 

:J /' ‘t'L = arc tan b - arc taii a, J ° ' 

} + „|, v here owing to the fact that arcUii.^ /a 

, The difficulty may ^avoided by ..baervu.^tjSCj^ 

the equation L '' 

I = arc tan x, 

J ol+< J 

* i j. I, «irrle lying between - U and U. HW^hemtegrah - 

arc tan .r must den * Htcadi i y and continuously as .r increases. 

vanish^ when ‘ r lire tan x which therefore tends to £rr as x—». 

Thus the same is true of anaUnx w no_ Similarly, 

In the same way we can show that arc Una - hrr 
in the equation f * ^ 


I 


= arc sin x 9 

«v'd -<*) 


arc win .r denote* an angle lying between - atal Ja. 

ir . ^ *« mi. « h “ v ° 

(lx = arc sin b - arc sin «.] 

JU-**) 


/. 


n </.r _ 2rr ( _ & 

li- J 0 1 -TE? 3 V 3 ’ J U » +.r 


t/x__ "■ 

+ x* 3 s /3* 


ll 
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n S. I 1 - ~ --= - a if - 7T<a<7T, except when « = 0, when the x 

J 0 1 + '2x cos a -{-X- ’2 sin a 4; 

value of the integral is i, which is the limit of ia cosec a as a-*-0. 

3 T f 1 */(l -X s ) </#=£*■, f ^(ar-x*) etx=£ira* (a>0). 

Jo Jo 

o ^ I w — f v = f -- if a > I b |. [For the form of the indefinite 

J 0 a + u cosx N '(a- — 6-) 

integral see ExS^ftu. 3, 4. If | a |<| b | then the subject of integration has an 
infinity between 0 and tt. What is the value of the integral when a is 
negative and — a>| b | ?] 

n -tf. -s- ^ ■ ■ ■ — = if a and b are positive. What is the 

J 0 a~ cos - .r -4- b~ sin - x 2 ab 

value of the integral when a and b have opi»osite signs, or when both are 
negative ? 

Sr Fourier’s integrals. Prove that if m and n are positive integers then 

. , 

I cos mx sin nx ax 


is always equal to zero, and 

• j cos mx cos nx dx y J sin mx sin nx dx 

are equal to zero unless m = n, when each is equal to tt. 

10. Prove that j^cos mx cos ?urrf.rand sin mx sin nxdx are each equal 
to zero except when m = n, when each is equal to irr ; and that 


I ' n . » 

cos m.r sin iu* dx = --7,, 

Jo 


according as tt — ;/i is odd or even. 


J TT 

j cos jhj: sin 7Wtf.r = 0, 

0 

v» — 0 H '•'I* l" T »l 


159. Calculation of the definite integral from its defini¬ 
tion as the limit of a sum. In a few cases we can evaluate a 
definite integral by direct calculation, starting from the definitions 
of §§ 150 and 158. As a rule it is muc_h simpler to use th e_ 
indefinite, integral, but t he reader will find it instructive to work 
through a few examples; 

/ b 

xdx by dividing (<*, b) into « equal 

parts by the points of division a = j’ 0 ,jc tt .r_,, ..., x» = b t and calculating the 
limit an tt oo of 


(.r, - .»„)/ (.*„) + {x-j. - .Vi)/ (.r,) (-r„ - .v„_,)/(^„ _ ,). 
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[This sum is 

= b Jr^L + 6 -^ {i + - 2 +... + (« -1)}]=(6 -«) {«+( fe - «) —27^} ’ 

which tends to the limit \ (/> 2 -« 2 ) as « ^ x . Verify the result by graphical i . 
reasoning.] 

j ^ Calculate j*x*dx in the same way. 

LiL Calculate P 'xdx, where 0<«< b, by dividing (a, b) into « parts by 
the points of division a, ar, «r* f ... ar»~\ ar-, where r—6/a. Apply the same 
method to the more general integral j*x m dx. 

Calculate J^cosnuvdx and j^'sin vixdx by the method of Ex. 1. 




' 11—1 1 1 
5. Prove that n 2 - ~ 2 4 

r—o n ^ ' 

[This follows from the fact that 


r r as n go . 


»4 — 1 


n n _ ,l “ l O/'O 

'2 + ,-S+'l* + — + «* + (7r^T) s ”ri« 1 +('7») 

« Jj 


w * - • 

. * .1 „ .• [' dj ' tw ill virtue of the direct definition 

which tends to the limit j 1 **» " 

of the integral.] 

( , Prove that I, Wi-d- -) -i- [The limit b f/0 -*■>*•] 

160 General properties of the definite integral. The 

definite integral possesses the important propert.es expressed 
by the following equations.* 

,i) /Vo--/>)<"■ 

This Mows ..toncetam ^ 

iutcgnd f, mct».n it was presupposed that the upper 

£Tb greater then the Wer" ; thus this method of defi.nt.ou dues 

not apply to the integral /‘/W* when .<*. If we adopt this .. 

„ fundamental we (nustjalond it to such cases by regarding the oquat.m. OL 
as ■■ definition o f its right-hand side. 

• All (unctions mentioned in these emotions are el course continuous, a, the 
* definite integral has been defined (or continuous fanct.on. only. 
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The reader will find it an instructive exercise to write out formal proofs 
of these properties, in each ease giving a proof starting from (a) the definition 
by means of the integral function and (/9) the direct definition. 


The following theorems are also important. 


r b 

((>) 1 f f (x) S 0 when a S x £ b t then / f (&•) dx jS 0. 

J a 

We have only to observe that the sum * of $5 156 cannot be negative. It 
will be shown later (Misc. Ex. 41) that the value of the integral cannot be 
zero unless f (x) is always equal to zero : this inaj' also be deduced from the 
second corollary of $5 121 . 


(7) If H ^ f {x) S K when a ^ x ^ b, then 

H (b — a)gl f (x) dx S K (b — a). 

J a* 

This follows at once if we apply ( 6 ) to f(x) — H and K—f(x). 

(S) j /(. v) dx = (b — a)/(£), 

\vhere f lies between a and b. 

\ 

• 

'This follows from (7). For we can take II to be the least and K the 
greatest value of f(x) in (a, l>). Then the integral is equal to rj(b — a), where 
rj lies between II and A*. But, since f(.r) is continuous, there must be a 
value of £ for which (j$ lOO). 

If /’(.r) is the integral function, we can write the result of ( 8 ) in the form 

/*( 6 ) 

so that 18 ) ap]>ears now to be onlY-angther waj-stating the Mean Value 
Theorem of £ 12. r >. We may call ( 8 ) thcTirat Alean Value Theorem for 
Integrals. 
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The Generalised Mean Value Theorem for_ inte- 
' grals. If <t> (x) is positive, and H and K are defined as »»(<). then 

H f *(x)dx& rf(x)<l>(x)dx£Kt*<Hx)dx; 

Ja ■ a 


\ 


ami 


I b f(x) (f> (a?) dx =/(£) </> (*) ^ 

•/ a ' il 




hV 


where % is defined as in (S). 

Thu. follows at once by applying Theorem (6) to the integrals 

f\/(.v)-H\ <*. (a) dr, f V-/(x)f <#. (-r)rfx. 

Th e render should formulate for himself the corresponding res,dt which 
holds when <*> (x) is always negative. 

(10) The Fundamental Theorem of the Integral Cal¬ 
culus. The function 

F(x) = I f(t)dt 

J a 

has a derivative equal to f (?). 

r -n 2£T “it 

corollary, as 'Z pointed out in § 158, that F(x) is a conUnuous 
function of x. 

1 T yv 1 Show, by means of the direct definition of the 
deiinitT^ntogral, and equations (l)-(5) above, that 

(i) jy(**)dx-2fy(**)dx, j[xWtx-o; 

(ii) f*"<K«»x)dr- />(• i^)^; 

(iii) I mn <p (cos 2 x) dx = »» j’<t>(cos*x)dx, 

\ .. fTbo truth of these equations will appear geometrically^ 

° f the funCti0nH U, ‘ der th ° Sig, ‘ ° f intCgrat,0, ‘ ar ° 

sketched.] 


A- 


2 . Prove that 



fn sin nx dx is cquu i to or to 0 according as » is odd or ,-j— - 

cveiu [Uso the forinula H (sii^.cr)/(sinx)= 2 c„s{(u — 1) x} + 2 cos {(a - 3) x( +..., < 

the last term being 1 or 2 cos a.] 


, Prove that f ’» ' aC ‘*’" ii " 8 “ " “ 0l1 '' 


* or even. 


.it 
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4. If <p (j r) = « 0 + a i cos x + h x sin x -f- a- 2 cos 2x +... -f- o n cos nx + b n sin iix, 
and l' is a positive integer not greater than n, then 

f - Tr f 2xr / 2w 

/ 0 (.r) r/.r = 27ra 1M I co.s A\r 0 (or) c£r— 7rcr*, / sin 0 (ar) c/.r= 7r&*. 

7 o 7 0 7 o 

If fr>n then the value of each of the last two integrals is zero. [Use 
Ex. lx hi. 9.] 

f>. If 0 (a ) = a u + a i cos .v + a.> cos 2a: + ... + « n cos ?*a:, and /• is a positive 
integer not greater than /?, then 

I 0 (.r) rf.r = trdrt, I cos/\r0 (a:) cLc = \na k . 

J O / 41 

If k>n then the value of the last integral is zero. [Use Ex. lxiii. 10.] 


0. Prove that if a and 6 are positive then / *- ^ = ~ 

Lf c 7 o «• cos-.r+6-sm 2 ar 

[Use Ex. lxiii. 8 and Ex. 1 above.] 


27T 


/ . 


If/(.r) < 0(.r) when a ^ .r < />, then / /V£r ^ I 0<fa\ 

7 a’ J <i 


C..iOt 


ami 


•» 

:1 


8 . Provo that 

_ fi" . f I* [ \v w 

o < J »in ,l + l a-r/.r < / sin M .rrflr, 0 <c / tan n ♦ i a*rfa? < / tan*a:c/a\ 

J 0 f*V>*. If «>1 then -fi< / * ^ .. <*524. [The first inequality follows 

7o v(l—a^-*; 

from the fact that s e . 1 — .'r 2w )< 1 , the second from the fact that 

% f(l-.r*»)> % /(I-a«*).] 

- 10 . Prove th 

Prove that (3.r + 8)/16< l/ x /(4 -3.tr+ .r 3 )<l/ s /(4-ar) if 0<X<1, 

1 lienee that iS < J ^ > 

co» 6 lc 12 . Prove that I - y, . — 3 .<*595. [Put .r=l+«: then re- 

/ 1 v(4 - ar+.r 3 ) L 

place 2 + 3« 2 +/f 3 hy 24-4a 2 and by 2 +3a 2 .] 

^ 10 ^ n 13. If <1 and 0 are jx»sitivc acute angles then 

, /’* _<&* 0 

J o n'( 1 ~ »in 2 a sin 2 a*) v / ( 1 — sin- a sin 2 0 ) * 

If <1 = 0— -\ 7 r, then the integral lies l»ctwceii *523 anil *541. 

1 4. Prove that I /(.r)t/.r < / |/(a?) j c£r. 

I 7 a 7 « 

[If ir is the sum considered at the end of $$ 150, and cr f the corresponding 
sum formed from the function !/(.r) f, then |<rl^<r'.J 

- 6 

» 100 * 315 . If 1 f(x) £ then j |/'(.r) 0 (a*) c/a* < J/ | j 0 (a*) J <£r. 

Exs. 9—13 arc* taken from Prof. Gibson's Elementary Treatise on the Calculus . ^ 
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161. Integration by parts and by substitution. It 


2<*o 

follows from § 138 that 

f''f(x) <f>' (x) dx =/(&) <f> (b) -/(«) </> (“> “ J a J ' 

This formula is known as the formula for integration of a 
definite integral by parts. 

Again, we know (% 133) that if Fit) is the integral tunction of 
fit), then 

[/{</> (a-)j </>' U > dx = F [<f> (•*•')}• 

Hence, if <f> (a) = c,<t>(b) = d, we have 

]■■/(() dt = F(d) — F(c) - f |* (hi) - f <«» “/7i+ 

which is the formula for the transformation of a definite integral 

bv substitution. 

The formulae for integration by parts and for transformation 
n enable us to evaluate a definite integral without the labour 

be expected for the ac ^ th „ possibility that 

a-ndne 

l;: c t°ed 'by Cur -re advanced methods than are at 
present at our disposal. 

Examples LXVI. 1. Prwe that 

f" x f (*) <fe= {V (*) -/(*» -1“/' ( “> - /(o)) - 

llv [* r rn /( m + i>(.r)</.« = F(b)-t\a), where 

2. More generally, | - r J y ’ 

3 . Prove that 

/l . / .r are tan xdx=\ rr — i. 

I arc hiii xdx — 4^ / 0 

* J 0 • 
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4. Prove that if a and b are positive then 

/'.v cos x sin xdx _ ir 

/„ (a 3 cos- x + /»-' sin 2 x) 1 “ 4 ab* (a + b) * 

[Integrate by parts and use Ex. lxiii. 8.3 

A. If /, (.r) = I *f(t) dt, f % (x) = f X / l (t)de,..., f k (r) = //*-,(<) dt, 

Jo JO jo 

than .40)- ( *ri) ! J V(0O 

[Integrate repeatedly by parts.] 

f 1 

(>. Prove by integration by parts that if */ m , n = f x' n (\ — x) n c/x, where in 
ami n are positive integers, then (wi+n + 1) = an d deduce that 


- «..> • 


m ! n ! 

<m+n +T)V 


7. Prove that if n„= I " Lin" x dx then u n + w n _ a = l/(« - 1). Hence 

J o 

evaluate the integral for all positive integral values of «. 

[Put tan" j? = tan" " 2 .r (sec 2 -c - 1) and integrate by parts.] 

8 . Deduce from the last example that u H lies between l/[2(»—1)} and 

1 /{•»(« + 1 )}. 

* j ^ 

1 ). Prove that if u n = I sin" xdx then h„= {(m - l)/«] «„_ 2 - [Write 

J o 

sin" -1 .-»• sin .».• for sin" a* and integrate by parts.] 


1(>. Deduce that »/„ is equal to 

2.4.6..(n- 1) 


A 


1.3.5.. (w -1) 
•2.4.6.. n 


3.5.7 ..n 
according as n is odd or even. 

. .u z : 11. The Second Mean Value Theorem. If /(a*) is a function of x 
which has a differential coefficient of constant sign for all values of x from 
.r — ii to .r = b, then there is a number £ between a and b such that 

I /(.*•) 4> (x) dx = /■(«) [^(p (.r) d.v 4- f(b) I (p (x) dx. 

J a J a J £ 

[Let I <p (t ) dt = <l» (x). Then 

J if 

I /(•*■) </> (•*') dx= I f (•*) (.r) dx=f (b) <b (b) — I f (x) <I> (a*) dx 
.a • tf * a r b 

«/<*)*(*>-♦(«) /’(•*)«*% 

J a 

by the generalised Mean Value Theorem of § 160 : «*.(?. 

/(■*) c/> <*) dx =/(/>) <I> (6) + {/(a) -/(*)} * (*), 


j 


<• 


which is equivalent to the result given.] 



> 
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rt.t £*.X 3M ,, , • 

12. Bonnet’s form of the Second Mean Value Theorem. If/ (•') w 

of constant sign, and f{b) and /(a)-/(b) have the same sign, then 


I b /(x) cf> (x) dx=f (a) j (x)dx. 





where X lies between « and b. [For /(*)♦(*)+{/(«)-/(&)} 

where M lies between 4» (£) and *(6), and so is the value oi <t> (x) for a value 

of x such as X. The important case is that in which 0 gf(b)£.t (•*) =/ i 
Prove similarly that if/(«) and f(b) -/(«) have the same sign, then 

f f(x) 4 >(x)dx=f(b) I <f>(x)dx, 
a ' /" t* 

where AT lies between « and />. [t T se tlie function '*' 1 £ — j ' 1 ■ 

will he found that the integral can be expressed in the form 

/(«) + (a) + {/( b) -/(«)} * )• 

The important case is that in which 0^/(«)^/ (•*’)=.' ^ 

, /’A" sin a* , I \’->n [Apply the first 

13. Prove that / . — dx ] < ^ lf L 11 * 

formula of Ex. 12, and note that the integral of sin a-over any interval what¬ 

ever is numerically less than 2.] 

14. Establish the results uf Ex. &V 1 by mcana the rule ^ «jJ’- 

stitution. [In (i) divide the range of integration into the 1 •' ^ • 

(0, a), and put U -y in the first. In (») ««c the subs .tut,on a = U £ 

obtain the first equation: to obtain the second divide the^rai.g . > ^ 

two equal parts and use the substitution x— Irr +y. n t* 11 ‘ 

into 7/1 equal parts and use the substitutions x=n + >/, x-'Zrr+y .j 

15. Prove that J V (j ) dx = j ^ F (a+ b- x) dx. 


16. Prove that x»in m xdx= 2 f cos "‘xdx. 

• J 0 

17. Provo that U^(Hi..x)rfr=i»^ l P,,t J ' 

J 0 


= n- ■ J 


18. Prove that fj £%£**-**'. 

19. Show by means of the transformation * = « cos- 0 + 6 sin < 
j V{(* -a)(b-x)} dx~lrr(b-of. 

20. Show by means of the substitute* + br,o»x) (a - bcosy) 


that 


/, 


(a + b cos J 




’ /0 . . , _ . /L. nnd evaluate the integral when 

when n is a positive integer and «>i » 

tr n = 1, 2, 3. 
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21. If >n and n are positive integers then 

/ *b ? i) ! 

^ ( X -„r (b - ( „ l+ „ +1 y, ■ 

[Put x — a + (/> — a)y, and use Ex. 6.] 

162. Proof of Taylor’s Theorem by Integration by 
Parts. We shall now give the alternative form of the proof of 
Taylor’s Theorem to which we alluded in § 147. 

Let f’(.r) be a function whose first n derivatives are continuous, 

• ' ' 

and let 

F „ (.r) = f{b) -/(.r) - (b - x)f (.r) - ... - ^ (#)• 

Then F h ' (a ) = - ' f™ (*), 

and so 

F ,. (<i) = (6) — j Fn (.r) (/r = - 1 f (b - oc) n ~ x f {n) (.r) da*. 

If now we write a + It for b, and transform the integral by putting 
= a + th, we obtain 

f(a + /,) =/<«) + /-/'(a) + ... + . ■ , /»-» («) + /i„ ...(1), 

where R„ = ,l I\l - t) n -'f' n) (a + th) dt .(2). 

i • II 

Now, if p is any positive integer not greater than n, we have, 
bv Theorem (9) of § 160, 

/* > r i 

j ( 1 - f )»-»/■»> (a + f/,> dt = I ■'( 1 — f)»•-!'( 1 - 0 P- ' /*•»> (a + th)(it 

• 1* . 0 

= (1 - d )’*( a + Oh) [\ 1 - t)P~'dt, 

Jo 

whoiv 0 < 0 < 1. Ht*uce 

. _ 11 - er-p/'** (a + 0/o /p* /0 v 

il n — : it ... 

It we take p = n we obtain Lagrange’s form of R n (§ 148). If 
" n the other hand we take p = 1 we obtain Cauchy’s form, viz. 

R _ < 1 - 0)"~\f"" (a + Oh) h n 
'* ' ( a - 1 )! ~ . K } • 

The method used in J! 147 can also bo modified so as to obtain these 
alternative forms of the remaiuder. 
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161-164] AND UMtuu.iL »■'*' -» 

165. Application of Cauchy’s form to the Binomial Series If 

f = (1 + x y» y where /» is not a positive integer, then Cauchy s form of tlic 

remainder is , W] a,n-i r n 

m (in - 1)- ..<m — »+l) (‘ -o) - r 

X. 2 ..(« — 1 ) (l+Ar)"-’“ ’ 

Now (l-d)/(l+^) is* less than unity, so long as -1 whether 

a- is positive or negative; and (1+*>•)"*-• is less than a constant A fm 
all vilues of *, big in fact less than (1 + - )"- “ «>1 th “* 

(l-|x|r-‘ifm<l. Hence . 

srt y But p„^0 as «-*-*, by Ex. xxv.i. !3, and so The truth of the 

Binomial Theorem is thus establishes! for all rational ,,f . 1 

values of x between - 1 and 1. It will be remembered that the cl thcultv n 
using Lagrange’s form, in Ex. LVI. 2, arose in connection with negat, 

values of x. 

^ TfrT* Integrals of complex functions of a real variable. 

So far we have always supposed that the subject of integration in 

a definite integral is real. We define the integral of a comp ex 
function /(*)=*"(*)+i><*) of the real variable rr, between the 

limits a and b, by the equations ^ 

f ’/ W a, - / * i* («)+<+(*>)«*• - / * ♦ <*> ,ix+ ’ SI * ( - c) ,u ' 

and" it is evident that the properties of such integrals may be 
deduced from those of the real integr als already consrdered. 

There is one of these properties that we shall make use of 
later on. It is expressed by the inequality 

j dx | £ j I/O'’) i dx .■.....( 1)*. 

T h « s tsst xlr.rft “ 

§150, and are the values of * and * at a pornt of 8.. and 
/„ = <*,„ + i*,, then we have 

f b fdx = +* f + d* = lim 2 + 1 Iim “ 

= lim S (<#>„ + 1 ^) = 1*1“ -/*$*» 

and so |£/«*» = I linl 2 /' 8 ' > = 1 ! 

. The corresponding! inequality for a reel integral was proved in Ex. r.xv. 14. 
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while f \f\ dx = lim 2 \f v | S*. 

J a 

The result now follows at once from the inequality 

| S/„8„ | a S i/, | S„. 

It is evident that the formulae (1) and (2) of § 162 remain 
true when f is a complex function <f> + iyfr. 


MISCELLANEOUS EXAMPLES ON CHAPTER VII. 

1. Verify the terms given of the following Taylor’s Series : 

(1) tanx=.r+|x } + 1 s s J i + ..., 

(2) sec + + 

(3) .rcosec.r = l + + + 

(4) .rcot 1 — £*■* — fgX* — .... 

2. Show that if and its first »+ 2 derivatives are continuous, and 

+M (0)4=0, and d n is the value of d which occurs in Lagrange's form of the 

remainder after n terms of Taylor’s Series, then 

_ 1 >» <•/(>» + a) (Q) | 

® n- n + l + 2(a+ij*(»+2) Ijt- + » (O) + * X J ‘ V? 
where as .r 0. [Follow the method of Ex. lv. 12.] 

3. Verify the last result when1/(1 +a*). [Here (1 +0 n x) n * 1 = 1 +.r.] 

4. Show that ify*(.r) has derivatives of the first three orders then 

/(*) -/(a) + * (b - a) lf'(g) + f'(b)\ - * (b - a) 3 /'" (a), 

where a < <i < !>. [Apply to the function 
/(.c) -/(a) - £ (* - a) if (a) +/' (*)} 

~ [/<*> -/(«) «) {/' («) +/' (*»] 
arguments similar to those of § 147.] 

f>. Show that under the same conditions 

/<*) =/(«) + (b ~ «) /' [4 (a + fc)} + (ft - aYf" (a). 

ci 

G. Show that if/‘(.r) has derivatives of the first five orders then 
/('') =/ («) + $(*“«) [ /(«)+/'W t 4/' (4 (a 4-6)} ] - 5a V 0 (ft - a)*/m (a). 

7. Show tlmt under the same conditions 
/■(ft) =/(a) + 4 (ft - a) {/'(«)+/’(ft)} - (ft - aY {/"(ft) -/»(«)} + -^(ft - «) 6 /l 6) (<0* * 
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(i) 


8. Establish the formulae 

I /(«) /(*) 

I g ( a ) 

where /3 lies between « and 6, and 

* . /(a) /(&) /(c) l 

l - . « % 1 1 

(ii) , 

h (a) A (*) /‘(c) 


= ( 6 -«) 


/(«) /W 

y(«) /(*> 


j /» 

/'(3) 

/" (y) 

a)(a-b) g («) 

/O) 

/'(y) ;• 

A («) 

A' (0) 

A" (>) 

greatest of A, 

c. [To 

prove (ii) 


» />/ — /- 

consider the function 

I /<“> /(6> /W I U -«)(«-» 

I //(") (c-a)(c-6) 

/<(«) A (6) /'(•*) ' 

, » r-6md*-e. Its first derivative, by Theorem B 

which vanishes when *-«. * > ‘ , f lyin ., between the least and 

^ § »«. vanish for vanish for a value 


| /(«) /(/») /(*) 
</ (a) f/ (A) U (c) 
A (a) A (6) A(c) 


/(«) /(A) /(«) | 

<7 (a) (/(b) 9 ( c ) =h(c-a)(c-b> 


of § 121, must vanish for two therefore vanish for n value 

gri-tef «. 6, c; and its t l,e for la 

y of x satisfying the same condition. e , .. 

/(«) /(*) / (v) 

</(«) y(*0 /'(y) 

i / \ | I A («) A (6) /'"(y) 

1 A (a) A(fr) A(c) I ' , 

•n,e i-cader will now con.,,lata the proof without d.fhculty.] 

B ,f , M is a function which has continuous|*»J«**~,“ f 


9 

ordc 
0 ^ .r 


n — 1 


Apply this result to • } 

/(.r) -/(0) - xf (0) - - - ) V ( >V 

and deduce Taylor's Theorem. 

10 lf "* ~ ^ “ ml 
*(,) has derivatives of the first n orders, the. 

^ </)(x) = r j o (-irC)^(^^=(-Ar^>(a 


, J, d r . n/l Deduce that if <#»<"> (*) •» continuous then 

where £ lies between .r and x+n, hft8 been stated already 

{A fc »^(x)}/A"-(-D-^^) ^/'^°- Ll, ‘ 
when n = 2, in Ex. I>v. 13.] 


, K lothutf.("'- 1 )-( H, -' t + 1,/ T 

_ ‘L;, rational' number and .. ,-itive integer. In 

particular prove that 

x K 's \Jx - 2 + 1 ) WC* + * ■ 
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7 12. Suppose that y = {x) is a function of x with continuous derivatives 

of at least the first four orders, and that d> (0) =0, d>' (0)= 1, so that 

0 

// — «/> (■*•") =x + a^x* + a-jx 3 + (oj.rfc**)' x*T 

where as .-r-*-0. Establish tne formula 

■ v = i' LV) =.'/ - «-\'/ 2 + (-«-_> 2 - as) y 1 - (5a« 3 - oa 2 a 3 + a 4 + e„) y 1 , 

where 0 as y-*- 0, for that value of x which vanishes with y ; and prove 
that 

(f> (x) yfr (x) — .v 3 


a-r 


jus x 0. 


13. The coordinates (£, rj) of the centre of curvature of the curve x—f(t ), 
y=F(t), at the point (x, y), are given by 

-(£-*)!>/ = (*} -y)/x' = (x 2 + >n/(x y" - x"y '); 
and the radius of curvature o f the curvc _is> 

'i.x'- + y'-) yt l(x'y" - xTy'\ 

ihushes denoting difierentiations with respect to t. 

^ I t. The coordinates (£, 7 ) of the centre of curvature of the curve 
27uy- = 4x 3 , at the |K>int (x, y), arc given by 

3a(|+.c) + 2.r3 = 0, n = 4y + (0ay)/x. ( Math. Trip. 18‘JU.) 

circle of curvature at a point (.r, ?/) will have contact 
of the third order with the curve if (1 t/s = 3yiy>* at that point. Prove 

.il.so that the circle is the only curve which possesses this property at every 
point ; and that the only points on a conic which jh>sscss the property 
arc the extremities of the axes. [Cf. Ch. VI, Misc. Ex. ib (iv).l 

a 1 <>. r rhe conic of c h >sest contact witli the curve t/ = + b: r 3 4 - car* +... + l\v n , 

at the origin, is « 3 // = u 4 .r 1 ' + a-b.ry -p [ac — b-) y-. Deduce that the conic of 
closest contact at the point (£, rj) of the curve Jf=f{x) is 

\s n .?r=i)n>* v.v-^)- + C^ Vj (.r-|) T+ ( 3 ^ 174 - 4 ^-) T* % 

where T=* (y - ./) - (.c - $). {Math. Trip. 1907.) 

a.17. Homogeneous functions.* If i/ = .r"/(y/.r, zfa% ...) then u is un¬ 
altered, Stive for a factor A", when a%y, r, ... are all increased in the ratio A : 1. 
In these circumstances h is called a homogeneous Junction of degree n in the 
variables a\ y, r, .... Prove that if n is homogeneous and of degree n then 

CH CH du 

I his result is known as Euler's Theorem on homogeneous functions. 

U IS. If u is homogeneous and of degree n then du/dxy cufdy, ... are 
homogeneous and of degree ?t — 1 . 

In this and the following examples the reader is to assume the continuity of 
all the derivatives which occur. 
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m 19. Let f(x t y) = 0 bo an equation in .r and y (r.g. +y“ “ - r = 0 -’ A,K ct 

2 ) = 0 be the form it assumes when made homogeneous by the intro¬ 
duction of a third variable 2 in place of unity (e.g. x n +y u 1= °)- S lcn ' 
that the equation of the Undent at the point (f »,) of the curve /(*, y)- i* 

xFf+yFi, + :Ft—Qy 

where F(, F v , F$ denote the values of F x> F. when x=$, y='h - = £ = K 

20. Dependent and independent functions. Jacobians or functional 

determinants. Suppose that « and r are functions ntj and y connected > 

an identical relation v ^ fp. 

*- <M«> *’)=°. 

Differentiating (l) with respect to a* anil y, we obtain 


d<t> lu 7^ + 30 ,o .(2), 

0j/ ?x + 0a- ’ OU ry cr Oy 


and, eliminating the derivatives of <p, 


J= 


«* «!/ _ 


u x i\ - u y Vj. = 0 


.(3), 


I '1/1 

. ... ♦ !„> derivatives of u and i* with respect to x and y. 

where u*, e/„, r*, v„ arc existence of a relation. s,u ‘h 

=—-.- 

refer to Goursat’s Count if Analyte, '°1. i, Pl>- ^ 

Two functions « and r are said to be 

jis they are or are not connected by sue i a m n io expect to x and y, 

J the Jacobian or functional determinant of « h.m! 1 

and to write 0 ( „, v) c r / \ - !-* *"• I 

,/== dL« r v) ’ ' J ' **•■' ’ 3 '" t "v 

r**r\** *vVuinl»cr of variables. I Ims tliivr 

Similar rcaulUhoM for fu„ct,o™ of c „ n „ected l.y a 

functions «, r, w of throe variables x, y, 
relation </>(«, v , u>)=° according as 




v 

./= V, Vy V, , - * ,, .) 




does or does not vanish for all values of x-, y , 

, . , . ,i i ,. 34 - -211x11 + lit / 1 are i, .d«qH»iulenl_ 

{fjL Show that ax- + 2 /t.vy + by- j c _t ‘ 

unless <x/xi =/i///=t//l. 

&. Show that + V + + ^ + ^ + 

product of two linear functions ol x, y, am 

«6c + 2/^ - «/* - W -old = 0. 

[Write down the condition that „ + £+* + * ... 

connected with the given function by a funct.onal rolat.cn.] 


Kf : l * • 




36 . 
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23. If u and v are functions of £ and jj, which are themselves functions 
of .r and y, then 

9 («, v) = 3 («, v) d (g, rj ) 
c {x, y) = 3 (£, > 7 ) ^ (•**, y)' 

Extend the result to any mini tier of variables. 

24. 1 ..et f (x) be a function of x whose derivative is llx and which vanishes 
when .r= 1. Show that if u=f(x)+/(y), e = xy, then u x v v — u v v x = 0, and hence 
that 11 and v are connected by a functional relation. By putting y=l, show 
that this relation must be f(x) +f(y) - f(xy). Prove in a similar manner that 
if the derivative of f{x) is 1/(1 + X 3 ), and f{ 0)=0, then fix) must satisfy the 
equation 

/w+zw-/^^). 

f X (jit 

Prove that if f(.r) = / , m then 

T( 4- f(u\- t \ X N ' (1 + * y4) +y n/(1 +J Q\ 

J 1 +.ry- /• 


I? 

25. 


1 


26. Show that if a functional relation exists between 

u =/(•*) +/0/) +/(*)» »=f(j/)f<+) +/(0/(- r )+/( a? )/CyX ir=/(.r)/(y)/ ( c )> 

then must be a constant. [The condition for a functional relation will l>c 
found to be 

/'<*)/' (y).r (3) {/(y) -/(-’)} {/<*) -/(X)} {/(.r) -/<y)} = 0.] 

27. If 1 (y, - ), t(z, x), and f (j*, y) are connected by a functional relation 

then f{x y .»•) is independent of x. {Math. Trip. 1909.) 

28. If 11 — O, v = O, ir = 0 are the equations of three circles, rendered 
homogeneous as in Ex. 19, then the equation 

(' (» , i\ »r) _ Q 

o X*, y, -) 

represents the circle which cuts them all orthogo nally. {Math. Trip. 1900.) 

l> If 

29. If -I, Ii % C arc three fun ctions of x such that 

-I A 9 A” 

D If If 
I C C C" \ 

vanishes identically, then we can find constants X, y, v such that \A 4 ftff + vC 
vanishes ul<*iitic;dly ; and conversely. [Th e conv erse is almost obvious. To 
l»rove the direct theorem let .... Then ...» 

and it follows from the vanishing of the determinant that £y' —£fy = 0, ... ; 
and so that the ratios « : /3 : y are constant, lint a A 4 yf =0. ] 

30. Suppose that th ree variabl es .r, y y z are connected by a relation in 
virtue of which (i) “ is a function of x and y, with derivatives z xy z yy and (ii) x 
is a function of y and c, with derivatives x yy x s . Provo that 


x y — — z y z xy x z — 1 /z x . 
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[We have dz = z x dx+z,dy, dx-x v dy+x t dz. 

The result of substituting for dx in the first equation is 
v dz = {z x x v + z„) dy + z x x,dz, 

which can be true only if z x x v + z v = 0 , z x x,= l .] 

31 Four v ariables .r, y, r, ,< are connected by tu_ o relations in virtue of 

wh ieb any l^WbTexpressed as functions of the others. Show that 

y, u z x u x v u = — y,*zj f x „*= 1, X x u z x v +y" z v x — l > 

. florivitive of v when expressed as a function of z and u, 

where y t " denotes the de. »% ativ y, I ^ ^ ^ } 

with rc.s{)cct to z. 

3-2. Find A, B, C , X so that the first four derivatives of 

I U + f(t) dt ~x [Af («) + Df (« + Xa-) + Cf (a -+■ a’)] 

vanish when x-0 ; and d, B, C, />. X, n so that the first six derivatives of 
I ° +X f (0 dt - x [A/ (a) + JS/(a + Xj') + Cf{a + ^x) + D/(a + x)] 

J <* 

vanish when a-= 0. 

. 4.0f m. % m V If A /<!> O. and x . > then,^ 



«••»* ‘♦02* 1 . . / 1 _s inqt/j - For what values of a is 

34. Evaluate the integr.il J ^ \ — 2x co» a + x' J / 

Thfi'nteil-al * discontinuou s function of o 1 _ __ (J/crr/,. Trip. 1.101 ) 

m, t value of the integral is if inn < a < (2« + i )n a.ul -ia if 
( o„ _ 1 ) W < a < 2nn, n being any integer ; and 0 if «. is a jhultipleof a.] 

’ 35 ,r rf+sir +00 when r„ S rSr„/M^K+2Sr+c), «■»! 

y=/(x). / V=(.r 1 _-.ro)/(,y,+y„), 

C*.<fa-_A I l±^>, * arctai.(JV(-<0). 

then j ^ y ~ IO *> l - XJa - «) 

.. ‘ '* 1K ,sitivc or negative. In the latter case the inverse 

Cg^ics between 0 and U. [It will lai found ^that the substitution 

, - X JZ-° reduces the integral to the form 2 I j _ (U t •] 

y + y*> n. a -* -vij' ^* s 

- , . f a dx j. 7V*>. 1913.) 

30. Prove that /, ,+ s'(o’-^ . 

37. If'o-> Ctb- 40 

. In connection with Exb. 33-35. 38. and 40 see a paper by Dr Bromwich 
in vol.^xv of the 20 

*" HTTit* " *** ■’^(hkT 
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38. If>> 1, 0<CqC 1, then 

l ' 1 d.r _ __ 

J o 7Ul+(P^ 1)-^Rl -T1 - q-) •*}] “(/> + q) *> ’ 

where co is the positive acute angle whose cosine is (1 +pq)Kp + q)- 

, , f- n sin -ddO 2rr . 0 r 2 \i 

39. then a JTjWa = 6^ ~ 

(J/aM. Trip. 1904.) 

40. Prove that if a > > /(& 2 +e 2 ) then 

f" clG 2 (J(a- - 6 2 - c 2 )) 

J 0 a + bcosd + csi nO = j(d*-IP- c 2 ) arC to “ j c / ’ 

the inverse tangent lying between 0 and tt. 

41. If /‘(.r) is continuous and never negative, and j f(x)d. r=0, then 

— O for all values of a* between a and b. [If/(.r) were equal to a positive 

number X- when .v = £, say, then we could, in virtue of the continuity of /(a-), 

find an interval (£-8, £ + 8) throughout which /(.r) > AX- ; and then the value 

of the integral would be greater than 8X\] 

. rut nilc.ii.flc ,v 

4?. Schwarz s inequality for integrals. Prove that 

( I e t>'4' dr\ I rf>- <V.r / </a\ 

V* « / J ii J a 

[Use the definitions of IMS and 158, and the inequality 

(2 (/>,>„8,.) 2 < 2 <t>*b v S ^ r a 8„ 

(Ch. I, Mise. Ex. 10).] 

, _ ^ » 1 k.«—i / ,/\>» 

43. If •/ > „(.v)= :J (i)n/ -, {(a--«)(£-.r)}", then Z',,(a-) is a poly¬ 

nomial of degree />, which possesses the property that 

I * /•„(.’■) t)(.r)dv = 0 

. a 

if tf(.r) is any polynomial of degive less than //. [Integrate by parts ?/i + 1 
times, where m is the degree of and observe that 0( fH + 1 > (a*) = 0.] 

jft 

44. lh-ove that I I\ n { r ) i p n {x)d.r = 0 if m 4= /*, but that if m = a then the 

/ a 

value of the integral is — a) (2w -t- 1 ). 

45. If is a polynomial of degree which possesses the property 

ffl 

that J & (.v) d.r = Q il $ (.*•) is any polynomial of degree less than a, then 

V»» (-*’) ' s il constant multiple of J\ i (.#•). 

[We can choose k so that V #4 —#c/' n is of degree h — 1 ; then 

I Vn t Vi. — * /\.) dx = ^ (Vi. “ * /*„) </•»' = O, 

/ a _» a 
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I * (Q„-*P„y‘di: = 0. 


and so 

<y Now apply Ex. 41.] 

46. Approximate Values of definite integrals. Show^that the error 

in taking »(fc~tf){»(«) + »( 6 )j as the value of the integral / B * (x)fltr is less 
j \f(b-a) 3 , where M is the maximum of | (f>"(x) I the interval (a, b ); 

h „d thSe ert' in taking (.+,»» * - ?"“**<* " ^ 

f’^) = <t> (*) in Exs. 4 and 5.] Show that the error in taking 

} (h-a) r<f> («) + <£ (b) + 4<t> {4 (« + 6)}] 

as the value is lesslhan where M is the maximum of <*><*> (x). 

riTse Ex 6 This rule, which gives a very good approximation, is known as 
Simpson's Rule. U amounts to taking one-third of the first approximation 

given above and two-thirds of the second.] 

Show that the approximation assigned by Simpson’s Rule is the area 
bounded bv the lines , = «, ,= 6, y = 0, and a_I^l^ with its axis parallel 
t„ OF and passing through the three points on the curve >,-<t>(x) "hose 

abscissae are «, i (a + b) t ,K 

It should be observed that £</> (•*) «« any cubic polynoini.il then */>'»>(.c)-0, 

. i stiioDson’s Rule is exact . That is to say, given three points whose 
tJdwSj arc {(7+ 4), 6, we can draw through them an infinity of curve, 
V 7,he type y.n + nc + yx‘ + to* ; and all such curves give the aon.o area, ho, 
' OIie curve d = 0, and this curve is a parabola. 

47. If </> (*) is a polynomial of the fifth degree, then 

(f, ( j:) tlx = r>(f> (a) + 8</> (i) + r></> (0)}» 

a and ft being the roots of the equation x*-x + ,*0 = 0. (Math. Trip. 190!).) 

48. Apply Simpson’s Rule to the calculation of *r from the formula 
= I ' dx [The result is -7833.... If we divide the integral into two, 

rln oh.'Tand i to 1, and apply Sin,,,son's Rule to the two integrals 
separately, wo obtain -7853»\C.... The correct value is -,8..398,1....] 


/: 


4 P. Show that 


rt, luo' A.H/S73* * *4- 
8-9 < j n '(4 + x*) dx < 9. 


__lYlx -/ 5 ** 4 

- i/r> 

(Math. Trip. n)o:t.) 


00 Calculate the integrals 

r‘_iL r dx „, ("*• 

j, 1-t-*’ ,/(!+**) Jo J" ■ t 

U, two places of decimals. [In the last integral the subject of integration is 
n „t defined when a = 0 : hut if we assign to it, whan *-0, the value 1, 
r becomes continuous throughout the range of integration.] 

£ a (® *»° ■» •ioI 
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CHAPTER VIII 


the convergence of infinite series and 

INFINITE INTEGRALS 


1(>5. In Ch. IV we explained what was meant b\ r saying 
that an infinite series is ^convergent, divergent , or oscillatory , and 
illustrated our definitions by a few simple examples, mainly 
derived from the geometrical series 

1 + X + J? 2 + • • • 

and other series closely connected with it. In this chapter 
shall pursue the subject in a more systematic manner, and prove 
a number of theorems which enable us to determine when the 
simplest series which commonly occur in analysis are convergent. 

We shall often use the notation 


>(,„ + t/, n + 1 + ••• + *«» = ( v ), 

fit 

and write 2u„, or simply - u n , for the infinite series t< 0 +Ui + <<a +-* 


U 


166. Series of Positive Terms. The theory of the con¬ 
vergence of series is comparatively simple when all the terms ot 
the series considered are positive+. We shall consider such series 


* It is of course a matter of indifference whether we denote our series by 
a ! + !/.»+... (as in Ch. IV) or by ivrii, + ... (as here). Later in this chapter we 
shall be concerned with series of the type <i 0 + n,.r -f a 2 .r- ...: for these, the latter 

notation is clearly more convenient. We shall therefore adopt this as our standard 
notation. But we shall not adhere to it systematically, and we shall suppose that ti 1 
is the first term whenever this course is more convenient. It is more convenient, 
for example, when dealing with the series 1 + J + &+... • 1° suppose that t* n =l/n 
and that the series begins with i/ 1 , than to suppose that l/(n + l) and that the 
scries begins with u 0 . This remark applies, r.r/., to Ex. lxvii. I . 1 ' 1 

+ Here and in what follows 4 positive * is to be regarded a9 including zero. 
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first not only because they are the easiest to deal with, but also, 
because the discussion of the convergence of a series containing 
native or complex terms can often be made to depend , ngon. 
a ""similar d.scuss^n of a series of positjve.terms only. 

When we are discussing the convergence or divergence of a 

“ ,h " 

remainder. 


167 . It will be well to recall the following fundamental 
theorems established in § 77. 


lliev* -- - 

A seriesjgl^gsitivejerrns »«* be ^ r 9 ent or dlver * e 

to 30 , and cannot- o scil iide. 

*,*•> 13 The i 1 ecessaj^i_j}^}d_su^^j^nLS91^dd^ that Ju} should ie 
cJergent is l^T^r A suck that 

M„+ M| + .•• + u n < ^ 

for all values of n. 

. thporem. If ** convergent, and *;t> i 

..-,t-» (■* The comparison theorem j 

f >• nil values of n, then Si' n is convergent, and -”» = - „• 

v n £*»fo v ^ JCu n , where IC is a constant, then -t’» 

Mo re genes all,J . t - - A ad «/ 2«„ is divergent, and 

is convergent and ~v n in 
Vn zKu n . then 2 .V.. is divergent. 

- f . ,mr in inferring the convergence or divergence of -t» 

0100 i- hosts, it is sufficient to know that the 

wsar- i- r «=? 3 ssits 

HfSSffc! lx- j-y-* ~—«i' 

A I useful this tl,eorem ls 

D ,f * convergent (divergent) and uj^ tendsjo a hrnrt 
other than zero as n - *>. 2*. «* con«.^»« (divergent). 


iRR First applications of these tests, Thajurnimpm^ P-C 
ftot “ich *e know at present, as regards the convergence ol any „ 

- a ■ «-T rr L ..4 ihn B-.-vik <1 ll r 


. The , a st part of thin theorem was not octu.Hy stated in , 77, but the reader ^ 
wi |l have no diOiculty in supplying tl.e proof. 

* l U z- •» tr - ** 




.... i,.OI . t 
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special class of series, is that is convergent if r< 1 and 

divergent if rSl.* It is therefore natural to try to apply 
Theorem C, taking u n = r n . We at once find 


1. The series Sv n is convergent if v n ^ Kr n , where r < 1 , for all 
sufficiently large values of n. 

When K = 1, this condition may be written in the form v n Vn ^ r. 
Hence we obtain what is known as Cauchy’s test for the con¬ 
vergence of a series of positive terms ; viz. 

2. The series — v n is convergent if v,' n ^ r, where r< 1, /or 
all sufficiently large values of n. 

There is a c orresponding tes t for d ivergence , viz. 


2ci. The series is divergent if v, t ' n = 1 for an infinity of 

values of n. 

This hardly requires proof, for v„ lln = 1 involves v n = 1. The 
two theorems 2 and 2« are of very wide application, but for. 
some purposes it is more convenien t to use a different test of 
_ convergence, viz. 

3. The series —v n is convergent if t*„+, Jv n = r > where r < 1 , for 
=■ illl sufficiently large values of n. 

To prove this w e observe that if ^ r when n = n 0 then 


it, = 


I’n- 


M«+l 


( 'l 1 — 1 *'/*—*.! 


* 




>•"0 


and the result follows by c omi>arison with the convergent series —r u . 
This test is known as d’Alembert’s test. We shall see later that 
**' it is less general , theoretically, than Cauchy’s, in that Cauchy’s 
test can be applied whenever d'Alembert’s can, and sometimes 
when the latter cannot. Moreover the t est for divergence whic h 
'- ,l> rorivspon< Is to d’Alembert’s test for convergence is much les s 
general than the test given by Theorem 2a. It is true, as the 
reader will easily prove for himself, that if v, t+l /v n = r = 1 for all 


»■ jl -' »■ T •/ »• 

values of n, or all sufficient!}' large values, then —v n is divergent. 
But it is not true (see Ex. hxvii. 9) that this is so if only 


v nv\‘l v n = /* = 1 for a n infinity of values of n. whereas in Theorem 2« 


* We shall use r in this chapter to denote a number which is always positiv e 

or zero. ^ 

•» ^ *3* f" - ^ ^ -f Zli 

C T + ^ ^ - C ^ o tiv)© E* • •* c< —3 

W <£>•©, ® •• f—’ c*^*.:*. -o ^ ^ 

* " 1 ; (D c *"* uV . t • w ^ . w*. a.4(k.4«i % ) 2! 

* •• v- ^ ~7- . . _ ,_1 _ r — X a/ 2. \ ^ fo* •* ♦f'*- *■ 


wk<.. v_r. 
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our test had only to he satisfied lor such an infinity of values 

None the less d'Alembert's test is vgjjusfisl P ractlee ' b ™ 
when ,,17 a complicated function r„ +1 /»„ is often much less 

complicated and so easier to work with. 

In the simplest cases which occur in analysis it ^tte^happens 
*. . /,. ,n- >" tends to a limit as n — * * W hen this limit 

is tr than 1, it ,s evhientrThatTThe conditions of Theorems 2 or 
3 above are satisfied. Thus 

4. If v,r or v n+l fv n tends to a limit less than unity as * - « , 

then the series Sv n w convergent. 

It is almost obvious that if either function tend to a lnm_t 
greater Umn_ujiity, then £«»„ is divergent. W e eavc4 k- ‘* ,n * 

r, °ends to ith^i^ uy ^ 

ti21 r-- /^oscillates in such a way that, while 

rrs&ZXiXU ■■ *» 

Vn+d v n ‘* ul c\« u When behaves in 

iht wn^m^nCrsumeicnt to prove the divergence of the 
series ' ^ But it is clear that there is a_wu^r^oLcases m 

which some .nmejubtkjests. will be needed. 

, T WIT 1 Apply Cauchy’s and d’Alembert's tests (« 
spec™ m W the' series *»V, where * is « 1~*«« . . 

numbor. „ , ....... .. d’Alemhcrt’s test shoes at .'nee 

[Here r„.' <“ +’>' imd divergent if r > 1. The test,fails if 

tt^ir^ohviously divergent. Since ... 0- 

r? CWiiii test leads at once to tlm same conch,s.q ns.] 

11), /i fc + /i«*- , + ... + A')r«. [Wc may .suppose A 

\ is denoted hy /•(,.), then 1 and. 

C'ltfh 1«7, the series behaves like X«V-.] 


8 

3. CoiiHUicr 


An k + Bn k ' + — + /* r n (A > 0, a > 0). 


2 


o. vs.— all 1 + /*/''" ‘ + • • • + * 

[Tbe series behaves lihe Is-, The case it. which ,-l. *<' ™I“™ 

furtlier consideration.] ^ ^ ^ -Ubon 

Th ; t v,~ 1 ,*— » »«~->« «- -=>- - oja 

und v n =2 when n i» even. 
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4. Wc have seen (Ch. IV, Misc. Ex. 17) that the series 

- 1 2 _ 1 _ 

n(«4-l)’ 1 )...(«+/>) 

are convergent. Show that Cauchy’s and d’Alembert’s tests both fail when 
applied to them. [For lim tt n 1,n =f lim (?< n + ,/u„) = 1*.] 

5. Show that the serieswhere p is an integer not less than 2, is 

convergent. [Since lim {n(» + l)...(»i+p- 1)}/« P = 1, this follows from the 
convergence of the series considered in Ex. 4. It has already been shown 
in ( 7 ) that the series is divergent if p= 1 , and it is obviously divergent if 

o.] 

G. Show that the series 

.1 n* 4- Hn k ~ l + ... 4- K 
“ an 1 4- 4- ... 4- *e 

is convergent if / >■ X’4-1 and divergent if l^k 4-1. 


7. If m„ is a positive integer, and »»*♦!>»«,,, then the series 2/•"*« is con¬ 
vergent if r < 1 and divergent if l. For example the series 1 +r 4 -r l + r 9 + ... 
is convergent if /• < 1 and divergent if r>l. 

8 - Sum t,l ° scricM l+2r4-2H + ... to 24 places of decimals when r=*l 
and to 2 places when /•=•!>. [ If r = -l, then the first 5 terms give the 
sum 1 •200200002000<X)02, and the error is 

-24-2# 4 - ... <2r“4-2r* 4- 2 /-* 7 4-... = 2r»/(l -r 11 ) <3/10“ 

If ;• = -Q, then the fii-st 8 terms give the sum f> - 458..., and the error is less 
than 2r«/0 - r‘ 7 )<003.] .* —* r* 



9. If then the series a + b + a 2 + b* 4-'C 3 -t- ... is convergent. 

Show that Cauchy’s tost may ho applied to this series, but that cTAlembert^ 
test fails . [For 

v-n ♦ 1 (*'-2n = + 1 X , V 2n + »/v+ n + { = !> (<t/b) n ♦ 2 -^0.] 


r 2 50^^ r 2 r 3 

10. The series 1 +r+— + --j + ... and 1 +r+ -55 + ^ + ... are convergent 


3 3 


for all positive values of r. 




11 . If 2 u n is Convergent then so are 2 ie fl - and 2 u w /(l + u n ). 




(£• — ^ r | 
30 SC. 12 . If 2 m„ s is convergent thei 

2(1 In' 1 ) is convergent.! 


.'. *^2 * -=■ -r *-<- j) ^ t*A. 

1 so is 2 m„/«. [For 2«/ n /n^u n 2 4-(l/« 2 ) and 


13. Show 


1 4- 


that 1 4-gj 4- ^1 -Hga + g.j4- ...^ and 

1 1 1 11 ^ _15 / 1 1 _ \ 

2* + 3- + 5* + G- + 7-' + 9 a + — “ 16 P + 2 * + 32 + *•*) * 
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[To prove the first result we note that 

1 +h + b + • ■•■ = ( 1 + i 2 ) + G b + i) + "'' 
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= 1+53 + 55 + - + p( 1+ P + P + "7 ’ 


by Theorems"(8) and (6) of S 77.] 

if Prove by a reductio ad absurd,an that 2 (7/«) is divergent. [If the 
series were convergent we should have, by the argument used m Lx. 1.5, 

1 +4+1+• •■ = ('+ h + I+...) + H 1 +* + i + - ) > 
or 4 + l + l + ... = I +I + 4 + *- 

Which is obviously absurd, since every term of the first series is loss than the 
corresponding term of the second.] 

169 Before proceeding further in the investigation of tests 
of convergence and divergence, we shall prove an important general 
theorem concerning series ot positive terms. 

Dirichlet’s Theorem.* The sum of a series of positire 
terms is the same in l ol,atej^r_msle 1L Jl 1 eJerms, are taken. 

This theorem asserts that if we have a convergent senes ot 

sav and thri'i anv ot * ier serles 
positive terms, m 0 +«, + «j + - ’ 

v„ + v, + v* + • • • 

out of the same terms, by taking them in any new order, then the 

second series is convergent and has the same sum “ 

Of course no terms must be omitted: every « must come 

where among the vs, and vice versa. 

i • i T q In* tlii* .sum ot the series 

rrt,. nPAA f ^ pvtreinelv simple?, het s 11 . 

of it's. Then the sumof any nmnCer of terms, seated from the 

is not greater 

sum of any numb con c . llt , ul( j its sum t is not greater 

than 'I But we"can show in exactly the same way that . £ (. 
Thus s = t. 

“■Efim Multiplication of Series of Positive Terms An 
lfU. 4 . Diri.hl.-t’s Theorem is the following 

i mmediate co . r gl^.y > 1 h +# + two conver ,jent 

„ to httVC first been stated explicitly by Dirichlet in 1H37. 
• This theorem sec,ns U anJ iu pftrlic ulur to Cauchy. 

0 It was no doubt known to earln-f * 
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series of positive terms, and s and t are their respective sums, 
then the series 

u 0 v 0 4 - (m,v 0 4 u 0 v t ) + (itst’o + u*v , 4 u 0 v«) 4 ... 
is convergent and has the sum st. 

Arrange all the possible products of pairs u m v n in the form of 
a d oubly infinit e array 




»M’o 


U„V o III V., 


u., v 0 j 
W a *>, [ 
ll., V; 




Mil's M a l* a 


M a »o 

u 3 v, 

Ujl's 
U : , V 3 


We can rearrange these terms in the form of a simply ..infinite 
series in a variety of ways. Among these are the following. ( 1 ~"' 1 

(1) We begin with the single terra u 0 v 9 for which m 4 n = 0; 
then we take the two terms for which m 4- n — 1 , then 

the three terms </,r,, a u a 2 for which m + »=*-! iin< l so on * 

We thus obtain the series 

u„i\, 4 (a,i* 0 4 4 (»/...»•© 4 M,y, 4 4 ... 

of the t heoreni. 

(O) We begin with the single term n u i\, for which both 
suffixes are zero; then we take the terms u t v 0 , u 0 vi which 

involve a suffix 1 b ut no hig her suffix; then the terms u*v 0 , u 3 v i, 
u.,v,, H.r,, u„v.. which involve a suffix 2 b ut, no higher suffix; and 
so on. The sums of these groups of terms are respectively equal to 

m„ rf, ( 4 w,) (^’o 4 ft ,) 

( u„ 4H,4 a,.) (i* 0 4 w, 4 a.) — (« 0 4 m,) (it 0 4 V,), ... 
and t he sum of the first n 4 1 groups is 

4 u, 4 ... 4 »*„)(*/„ 4 a, 4... 4 v„), 

and tends to st as n x . When the sum of the series is formed 
in this manner the sum of the first one, two, three, ... groups 
comprises all the terms in the first, second, third, ... rectangles 
i ndica ted in the di agram above. 

The sum of the series formed in the second manner is st. 
l»ut the two series are rearrangements of one another; and 
therefore, by lfirichlet.’s Theorem, the sum of the first series 
is also st. Thus the theorem is proved. * 
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270, 171] Axsi-» hmu'iic- 

Examples LXVIII. 1. Ve_ri.fx.that if r < 1 then 

2* If JSST^f thc~series r 0 +r, + ... » s dit£ E S£IL t , then so is 

the series «ot'o + («i i’# + «o 1, i)+( ,, 2 l, o + u ' h + «o ,: s) + •••> except m tie tmi.i 
case in which every term of one series is zero. 

-r'ittho series *+*. + -. -oconverge to sums 

r, s, t, then the series JX», where X,=2«„, r„«, p , the summation being extended 
to all sets of values of f such that m + H+e-K eonverges to the 

sum rat. 

4. If 2 u» and 2 v n converge to sums and t , then the >oi ie» 2 >' ... " " ' c 

w„ = 2u l v m , the sunmiation^extendmg^ to^ 1" 0 or " ‘ -- J 

converges to the sum st. 

171. Further tests for convergence and divergence. 

The examples on pp. 311-313 suffice to show that there ant 
simple and in,Siting types of series o, uh.ch 

cannot be dealt with by the general tests of * 1 >h. In h ef 
we consider the simplest type of series, in which u , < l 

to a limit as » * oc , the tests o/§ 1GS „energy tiuUMtl t - 
Hi Thus in Ex. bxv„. S these tests fit,led, and - had ,o all 
back upon a special device, which was ... essence that o ns 
the series of Ex. r.xv.i. + as our comparison series, instead of 

the geometric series. 

The fact is that the geometric scries, by comparison[ * # ')/* / '^ |( ^,^,.,7.t, 

of S 108 were obtained, is not only T l.o tests 

derived from comparison \rthitM there!.,re natm.db 
more delicate tests arc often wanted. 

We proved in Kx^vn. 7 th«t -W'' ns this , 

st ---.-...» 

than unity, ami* is large. Thus of the two sequences 

, .. first sight t" 

whose general terms are <*> “"' ’ far from boill g the ease ; if ..nte 

decrease far more rapidly. *' , „ fll4 , ^. rlIIH „f the lirst sequence 

go far enough into the sequences we shall !md the tuii_ - 

very much the smaller. For example, . 

' ( 2 73)f=i0/8^i/5, 

-|3 = I0- M ; 




while 


1000 


* In Ex.. 2-4 the series considered are of course Borics of poMt.ve terms 
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so that the 1000th term of the first sequence is less than the 10 ,30 th part of 
the corresponding term of the second sequence. Thus the series 2 (2/3)" is 
far more rapidly convergent than the series 2n -12 , and even this series is 
very much more rapidly convergent than 2 n~ 2 .* 


172. We shall proceed to establish two further tests for the 
convergence or divergence of series of positive terms, Maclaurin’s 
(or Cauchy’s) Integral Test and Cauchy’s Condensation 
Test, which, though very far from being completely general, are 
sufficiently general for our needs in this chapter. 

In applying either of these tests we make a further assumption 
as to the nature of the function u n , about which we have so far 
assumed only that it is positive. We assume that u n decreases 
steadily with u: i.e. that m m+1 ^ u n for all values of n, or at any rate 
all sufficiently large values. 


This condition is satisfied in all the most important cases. From one 
point of view it may he regarded as no restriction at all , so long as we are 
dealing with series of positive terms : for in virtue of Dirichlet’s theorem 
above we may rearrange the terms without affecting the question of con¬ 
vergence or divergence; and there is nothing to prevent us rearranging the 
terms in descending order of magnitude, and applying our tests to the series of 
decreasing terms thus obtained. 



Vo. 


But before we proceed to the statement of these two tests, 
we shall state and prove a simple and important theorem, which 
we shall call Abel’s Theorem+. This is a one-sided theorem in 
irj^-dh at it gives a sufficient test for divergenc e only and not for 
convergence, but it is essentially_of a more elem entary character 
than the two theorems mentioned above. 1 ^ y 

173. Abel’s or Pringsheimls) Theorem. If 2</„ is Convergent series of 
posit ire and decreasing terms, then lim «</„ = 0. G- 

Suppose that _nu„ does not tend to zero. Then it is possible to find a 
|x>sitive number £ such that. for an infinity of values of n. Let », be 

the first such value of n ; n-, the next such value of n which is more than 


Five terms suffice to give the sum of 2»i~ 12 correctly to 7 places of decimals, 
whereas some 10,000,000 are needed to give an equally good approximation to 2n'-. 

A large number of numerical results of this character will be found in Appendix III 
(compiled by Mr .T. Jackson) to the author’s tract ‘Orders of Infinity’ (Cambridge 
Moth. Tracts, No. 12). 

t I bis theorem was discovered by Abel but forgotten, and rediscovered by 
1’ringsheim. V 
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twice as large m n t ; * 3 ‘the next such value of « which is" more than twice 
as large as », ; and so on. Then wo havea ^n^ofnnm^n,,n 2 n 3 , ... 

such that « 2 > 2»i, and so^ « 2 - « 3 - «. > $ *3> •••» 

, „ > * n u >■ 8 But, since ?/ n decreases as increases, 

and also »!«„! So, w 2 w nj = o, .... ’ n M *- •• 

we have _ ^ 

w 0 + M1 + ... + W»|-lB W 1 W|, I = d ’ 

« ni + ...+K 1 N .|S(«J-»l)«».> ^= * 5 ’ 

?/„, + ... + «„,-! = («3 -«•.') »n 5 > = 

• _ lin T , wc CHn bracket the terms of the series 2 u n so as to obtain 
anew s eries whose terms are severally greater than those of the divergent 

series 

8 + i 8 + + * 

and therefore 2«„ is divergent. 

Examples LXIX. 1. Use Abels theorem to show that 11! 'k> a " d 
1 \ \l(an + b)\ arc divergent. [Here »«.— > <>*' »>».—!/«■] 

2 . Show that Abel’s theorem is not true if wc omit the condition that J£*. 
decreases as n increases. [The series 

1 + ^ + P + 3 + £ + P + £ + ^ + » + i° i + "'’ 

■ ni h „ = \ln or 1 /»», according as a is or is not a perfect square, is 

*r.4 «- ■— 1 >»*• 

k + h + h* + f‘ + Si + l» + - + ( ,+ S + 5 + -) 1 

.. each of these scries is convergent since a a. = 1 whenever a is a 

perfect square, it is clearly not true that . ay. — ?■) 

a The com er., of_ dWSilffl! “ 52 UTSS. “ “ '* ot lr,,C that ’ * 

decreases withT^rf '» »-=°. *“ *a. is convergent. 

, ■ vn !n\ and multiply the first term by 1, the second by *, 

[Take the acr.es S(1W and m ^ ^ cJght by j, „ ml „„ on. On 

the termiTofthe new scries thus formed we ohta.u 

1+A. * + ^(?. + *> + *(* + * + * + i)+ " ; 

and this scries is divergent, since its terms are greater than those of 

l+h A + h- h + l •£ + •••» 

a it iH eaay to ace that the torma of the aeric-s 

which in divergent. Hut it ia ou»y 

1+4.1 + J-S + i i + i • i + * + — 

satisfy tho condition that na„~0. In fact if *~<-**- “" J 

* a« «■♦*■] 
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, caoa C M —‘a rucO SccV 43) 

cf.3 1 ^'i74. Maclaurin's (or Caucliy , 8) Integral Test.* If u n 


decreases steadily as n increases, we can write Un = <f> (n) and ^ 
suppose that <f> (n) is the value assumed, when x = n, by a con¬ 
tinuous and steadily decreasin g function (x) of the continuous 
variable x. Then, if v is any positive integer, we have 

</>0- 1) - </> (x) = 0(y) 

when v — 1 x ^ v. Let T cpC '') • 


•'-I 


v y = <f> (v — 1) — f (f>(x)dx=[ \(f> (v — 1) — (k£, 

J v- 1 J r-1 ^ ' 


so that 0 v v £ tf> (v — 1) — <f> ( v)' 

Then Sr,, is a series of positi ve t erms, and 


«*> 





V'-l 


tfe + w* + ... + r„ ^ (f> (1) — <£ (n) £ <j> (1). 

Hence 1v v is convergent , and so i» a + v 3 + ... + v„ or 

S c p {v) — I <f> (.-r) dx 
i / Ji 

tends to a positive limit ifs . \ 

# N 

* I ft S 

Let us write « <!>(£) = I cf> (x) dx 9 s 

' - i i 

\ i 

so that <I> (f) is a continuous and steadily indreasing function off. 
Then \ * / 

Ml + U..'+ ... + M n _, — <I> (») 

tends to a positive limit, not greater than </> (1), as a x . Hence 
— n v is convergent or divergent according as 4>(n) tends to a limit 
or to infinity as n — ac .and therefore, since <t> (n) increases steadily, 
according as <I>(f) tends to a limit or to infinity as f — oc . Hence 
if (f> (./■) is a function of x which is?positive uiicf*continuous for all 
values of x greater than unity, amt decreases steadily i 
the senes y 

</> (l) + </> (2) -V 

dot’*- or does aof converge according as 

<f>(x)dx 


* 




as a.* increases, 

is ifs. 


^t. ( hf s or < t° es n °l tend to a limit J_ as f —ac ; and, ?/i yintf case, 
saw* <f the series is not greater than d>(l) +1. 


.^w«cktcTho test was discovered by Muclaurin and rediscovered by Cauchy, to whom 
cJi >* usually attributed. <*) *1‘ 1 ** c ^ j&£ C^) j ^ 


•Jr 4 J . . _T 






^ - • * 


»- 
^ % 


M \ -» —+ i -i 


V^U. •/ , 
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But by putting x=2 r u we obtain 

( ir+, dx == [ 2 du 

I Or X J 1 U ’ 

and so 4> (£)>n I — , which shows that <P ($) co as £ -*-cc. 

./ i « 

Examples LXXI. 1. Prove by an argument similar to that used above, 

and without integration, that (£) = / where s<l, tends to infinity with £. 

J 1 ^ 


2. The series 2« -2 , 22« _,,;, ° are convergent, and their sums are 
not greater than 2, 3, II respectively. The series 2« -1/2 , 2a -10 / 11 are 
divergent. 


3. The series 2 //*/(«' + «), "here «>0, is convergent or divergent accord- 
ug as *>1 + * or t 1 +a. [Compare with 2a* - '.] 

4. Discuss the convergence or divergence of the series 


2 («, n* » + «... n 8 - + ... + «* n 8k )l(b x »+ 6-+ ... + 6, n% 

where all the letter* denote positive numbers and the s’s and t '\s are rational 
and arranged in descending order of magnitude. 


ft. Prove that 

" * ^ - s'" - + ^2 + ... + - 1, 


- U< -2\/i + 372 + 4^3 + — < - (7r + 1) ‘ 

(JfofA. 7Vt>». 1911.) 

l». If 0 («) -*- / > 1 then the series 2 n~ $ ( M ) is convergent. If </> (a) 1 

then it is divergent. A,, ~ *•>*>» 



We -can^ prove this by an argument which we have used 
already 77) in the special case of the series S(l/«). In the 
lirst place 


<t> (3) + <f> (4) £ 2«*> (4), 

0 (5) + $ (G) + ... + <f> (8) S 4<£ (8), 


<f>( 2'» + l) + <*>(2" +2) +... + </>(2 n+1 ) S 2" <J> (2 ,,+1 ). 

If S2"</>(2 n ) diverges t hen^so do S 2 n+1 ^»(2” +I ) and S 2" </> (2'* +1 ), 
and then the inequalities just obtained show that S<f>(n) diverges. V 
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175-177] 


On the other hand 

0 (2) + <*> (3) a 2<j> (2), ^(4) + ^5)+... + «7)S^ (-1). 

T md so on And from this set of inequalities it follows that 
if s £+ (2«) converges then so does S * («)• Thus the theorem is 

established 


For our present purposes theje kl of application of this test is 
nracd 'an - the same as that of the Integral Test. It enables us 
'".discuss the series Sa^vith eqpal ease. For 2 »;* will converge 
or diverge according as 2 2" 2-“ ccfnvergJs or diverges, i.c. ac- 

cording as » >1 or^l. 


.° ^ A 

X. T XXII 1 Show that if o i» am^ositivejutesor greater 

Examnles LXXII. ^ „ r divcrgclll according as w 

than 1 then *♦<> same arguments as above, taking groupa 


, io ponversent or uivcigunv .© 

c,invergent " r dtverge,it. [Use: the same arguments as above, taking ffioups 

of «, «*, a J , ... terms,] 

* * I " ii. • K t f ■ 


of a , «*, ••• terms.j 

if^ limS "* (2 " ,=a Henc0 

,1 educe Abel’s TlYeorcm of § ToL 


177 infinite Integrals. The Integral Test of § 174 shows 
,1 t if Air) is a positive and decreasing hinction ot x. then the 
series sj(«> » convergent or divergent acco,sling as the^ggL 
function d> 4 ) does or tloes not tend to a limit as tr - to . 
ns~suppo se that it does tend to a limit, and that 


lim | <f> (0 dt — l- 

x -#.« J i 

Then we shall say that the integral 


f " <f> (0 dt 


i, convergent, and has the value l ; and we shall call 

integral an infinite integral. * <> »°> 

So far we have supposed <#> (t) positive and decreasing. But it 

r-- - 

are accordingly led to formulate the following deAmtiffl : 

- -• _I. ^ > /» /tint. 


If $ (0 is a function of t continuous vjhentS. a, and 
n(u'>'4 x 


• o 




lim I 4> (0 dt — l, 


'j: 


21 


to r^ C |^ tCr •..JL^ i~ 9*"J* 

~ I L I ; (> *' "iTL^Jv /' ’ J ‘ C> 

i eJ A <f^ ..-*».(»'> '-y -*• J ~ 

^ -- JTV&* ~ >Tt,v . 
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then we shall saythat the infinite integral 


[vui 


r 4>(t)dt .(i) 

J a 

is convergent and has the value L 

The ordinary integral between limits a and A, as defined in 
Ch. VII, we shall sometimes call in contrast a finite integral. 

On the other hand, when 

I <f>(t)dt-+-oo, 

J a 

we shall say that the integral diverges to oc , and we can give a 
similar definition of divergence to — oo . (5 'Finally, when none of 
these alternatives occur, we shall say that the integral oscillates, 
finitely or infinitely, as x-*■ x . 

These definitions suggest the following remarks. 

f x 

(i) If wo write / <fi(t) dt = <t> (j*), 

J <» 

then the integral converges, diverges, or oscillates according as tends to 

a limit, tends to x (or to — x ), or oscillates, as ac . JT <I> (.r) tends to a 
liniit, which we may denote by <I> (x ), then t he value of the integra l is <f> (x ). 
More generally, if <I> (x) is any integral function of <f> (x), then the value of the 
integral is <1> ( co ) — <1> (a). 

(ii) In the special case in which <f> (t) is al ways positive it is clear 
that (.r) is an incr easi ng functio n of ,i\ Hence the only alternatives are. 
convergence and divergence to x. 


' hi) The integral (_1_) of course depe n ds n n a, but Is quite^ind ependen t of ^ 
and is in no wav altered by the sulistitution of any other letter for t (cf. 

S fts). 


(iv) Of course the reader will not he puzzled by the use of the term 
infinite integral to denote something which Ii.ls a definite value such *is 
~ or \n. The distinction between an infinite integral and a finite integral 
is sim ilar t*» that between a n in f inite scries and a fini te se ries; no one supposes 
that an infinite series is necessarily divergent. 


(v) The integral j won defined in $§ 156 and 158 as a simple 

limit, i.e. the liniit of a certain finite sum. The infinite integral is therefore 
(b- limit of a limit , or what is known as a rep eate d limit . The notion of the 
infinite integral is in fact essentially more complex than that of the finite 
integral, «»f which it is a development. 
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(vi) Th e Integral Tes t of § 174 may Ltate^in the form : if <f> {x)is 

positive and steadily decrees as x increase*, then the infinite senes 2 <*>(») and the 

infinite integral I * <f> (x) dx converge or diverge together. 

J » 

(vii) The reader will find no difficulty in formulating and ,.roving tlpor^a 
for infinite integrals analogous to those stated i?f(l)-(6) of § 7,. Thus the 

result analogous to (2) is that if f <h(x)dx is convergent, and b> a, then 
f (fi (.*') dx is convergent and 


f \ (x) dx = I \ (x) dx + f 4> (*) ' 

./ a J 11 


178 The case in which 0 <*) is positive. It is natural 

t„ consider what are the general theorems concerning the con¬ 
vergence or divergence of the infinite integral (1) of * 111, 
^ilgou^themiafe=aolLML. That integra s 

as of series we have already seen m ^ 177, (..)• 

s n,unling t„ B w e have the theorem that the necessary and 
condition for the convergence of the integral (1) t a l s ion < 
to a constant IC such that 

<t> (0 < K 

J a 

for all values of x greater than a. 

Similarly, conesginding to C, we have the theorem: if 
J * * (,.) da- is convergent, and f(d £ K+{d> fir all values of x 

greater than a, then j “ * (*> dx is convergent and 


f * * (®) 

a 


dx £ K 


j <p ( x ) 

J a 


We leave it to the reader to formulate the corresponding test for 
divergence. 

We may observe that D’Alembert's te st (§ Ki8), depending 
it doea „‘n the notion of successive terms, has no analogue fo. 

‘ e frtnL and fn any Le tould only hi formulated when we 
ISfl^ated in greater detail the theory of the function 

M 1 —* 
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<f> (x) = r* as we shall do in Ch. IX. The most important special 
tests a re obtained by comparison with the integral 


/ 


(»> '*). 


whose convergence^* divergence we have investigated in § 175, 

and are as follows: if <b (x) < Kx~ s , where s > 1, when x = a, then 

(<,) 

cf> (x) dx is convergent : and if d> (x) > Kar*, where s ^ 1, when 

• i* • 

iV £ a, then the integral is divergent ; and in particular, if 
Jim a?<f>(jc) = l 9 where l > 0, then the integral is convergent or 
divergent according (fs'^s > 1 or s ^ 1. 

There is o ne fundamental propert y of a convergent infinite series in 
regard to which the analogy hot ween infinite series and infinite integrals 
breaks down . If 20^/*) is convergent then 0(/Q-»-O; but it is not always 

r x 

true, even when 0 (a*) is always positive, that if I <f>(.v)dx is convergent 

/ « 

then 0 (./:)-► 0. 

Consider for example the function 0 (x) whose graph is indicated by the 
thick line in the figure. Here the height of the peaks corresponding to the 
points .r = 1, 2, 3, ... is in each case unity, and the hreadth of the peak eorre- 


I 


Y| 



Fig. o0. 


sponding to j'=n is + \ 
evident that, for any value of 


The area of the peak is l/(n+l)-, and it is 


J%Wx<5-Lj s , 

that I (ft(.v)cf.c is convergent ; but it i.s not true that 0. 


Examples LXXIII. 1. The integral 

J „ J.I- + /JA— » + ... + L**’ 

where a and A are positive and « is greater than the greatest root of the 
denominator, is convergent if s> r+ 1 and otherwise divergent. 
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2 Which of the integrals ^ ( 

r% r.% i':%*■ /:*■ r.&- /:=*£**• 

^ a* “ » - 




3. The integrals 

ft 


cos xdx. 


a 


I 


’£ • 7 

.sin -ra.r, 


a 


* a 

I cos(ax + fi)dx 

' a 


OS 


scillate finitely as £-~°° 


4. The integral* 

f .r cos a't/.r, 
I fl 


J a 


**■* sin a- c/.r, / *.cos (*» + £) dx, 

a J " 


where „ is any positive integer, oseillatemlimll-ly as 


5 . Integrals to - .. If />(^ ten.ls to a lin.it .as ^ , then ,e f 

^ that f “ * (a-) rfx is convergent and equal to f. Such integrals P-scss 
^ J -® , _of the integrals discussed in the 


^ 111 J _» to tiio.se of the integrals discussed in the 

win tind no ditViculty in formulating them. 


C. integrals from — to+co. If the integrals 

J" <t> (x) dx, f a <f>(*)dx 

, nml have the values *, l respectively, then wo say that 
are both convergent, and have in 

j </> (.r) dx 

9 

is convergent and has the value t +1. 

7 . Provo that M 

Co dx [" dx . 1 _^L=irr. 

8. Prove generally ' that 

( * <Hf^)dx= 2 | ^ </> C* 2 ) </*, 

provided that the integral J V^dx is convergent. 


I>H 


9 . prove that if J ' x* (x>) rfx i» convergent then J _ x* (**) ^ 
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% 

10. Analogue of Abel’s Theorem U of § 173. If </> (x) is positive and 

st cad Hi/ decreases, and / <f>(x)dx is convergent , then x <t> (x)-*~0. Prove this 

J a 

(a) by means of Abel’s Theorem and the Integral Test and (6) direotly, by 
arguments analogous to those of § 173. 

11. If a = x 0 <.r, < jr-. < ... and .r M x , and «„= / (f> (x) dx, then the 

convergence of I <p (x) dx involves that of 2 u n . If <p (.r) is always positive 

J n 

the converse statement is also true. [That the converse is not t rue in 
general is shown by the e xamp le, in which <f> ( x) = cos .r, a: n = Hjr.] 

179. Application to infinite integrals of the rules for 
substitution and integration by parts. The rules for the 
transformation of a definite integral which were discussed in 
§ 161 may be extended so as to apply to infinite integrals. 

(1) Transformation by substitution. Suppose that 

I <f>(x)dx . (1) 

• a 

is convergent. Further suppose that, for any value of £ greater 
than a, we have, as in § 161, 

I <f>(x)dx = f <f>{f(t)]f'(t)dt .(2), 

• (l J h 

where a =/(b), £=/'(t). Finally suppose that the functional 
relation x = f (t) is such that x-^ao asi —oo. Then, making r, 
and so f ,tend to x in (2), we see that the integral 

f “ * i/«)i r «> <it .(3) 

•' b 

is convergent and equal to the integral (1). 

U\ On the other hand it may happen that £-»-oo as t— oo 
or as In the first case we obtain 

I (f> (x) dr = lim / <f> [f(t)\ f'(t) dt 

• <l t-^ - sc J b 

= “ lim I ${/(')}/’ = - I* <f> [/(<)}/' 

T-*-- X J T / -CD 

( L ) In the second case we obtain 

I <t> (x) dx = lim f cf> [f(t)}f'(t)dt .(4\ 

• (l 7-^cJ b 

We shall return to this equation^m § 181. 


i 
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There are of course corresponding results for the integrals 

I “ <f> (a-) dx, J <f>(*) d-c, 

which it is not worth while to set out in detail: the reader will 
be able to formulate them for himself. 


.v = 


r. 


Examples LXXIV. 1. Show, l»y means of the substitution 
that if *>1 and «>0 then 

J x~ *dx = a j *“<*“*>" 1 dt ; 

and verify the result by calculating the value of each integral directly. 

2 If f 0 (.r) dx is convergent then it is equal to one or other of 
J <i * 

/<» /'(<! -£)/<» v f 

<i>(at+ft)dt, -a I <f>(at + ft)dl, 

(a - 0)/® - J 

according as a is positive or negative, 

3 If <b (x) is a positive and steadily decreasing function of x , and a and 
0 n re any positive numbers, then the convergence of the series 2 <p (a) i mplie s 
and is implied by that of the scries 2 0 («m + 0 ). 

[It follows at once, on making the substitution x = at + ft , that the 

integrals 

/ <b (X) tlx, I ft) dt 

I ./(a-*)/- 


converge or diverge together. Now use the Integral Test.] 

4. Show that 

/ « / y 

[Put x = C l and integrate by parts.] 

0. If <\> {x)—h as , and «/> (.r) — h as x-~- - «© , then 

J {(p (x-a) - <t> ( x - b)) dx= - (« — b) (/i - X*)* 

[For J* {*(»-«)-♦(*-*)> /*,.*<*- 


6) f/.r 




(f> (t) dt. 
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The first of these two integrals may be expressed in the form 

r-t'-b 

(a-b)/r + p dt, 

J -('-a 

where p-*-0 as and the modulus of the last integral is less than or 

equal to | a — b \ k, where k is the greatest value of p throughout the interval 
( — £' — a, — — b). Hence 

r-r-* 

I <i>(t)dt-~-(a-b) k. 

J -i'-a 

The second integral may be discussed similarly.] 

(2) Integration by parts. The formula for integration by 
parti (§ 101) is 

I f(*) <f>’ (*) dx =/(£) (f> (£) ~/(a) <f> (a) - f f (x) <f> (x) dx. ’ 

• « J a 

Suppose now that £-»-x . Then if any two of the three terms 
in the above equation which involve £ t end to limit s, so does the 
third, and we obtain the result 

I f(*) <t> (**) dx = lim /(£) $ (£) —/(a) <t> (a) - I /' (a?) <f> (x) dx. 

J « £-*•* Ja 

There are of course s imilar result s for integrals to — oo , or from 
— x to x . 


Examples LXXV. 1. Show that f“ / “ (T ^ = 4- 

/. (TT^)<*=s/„ 

3. If m and ?t are positive integers, and /,„ „ = / -, then 

./o (l+a-) ra + " 

/ - 1 -» = '( M< +'»- 1)} f,_ i.Hence prove that „ = m ! (« - 2)!/(m + «-!)!. 

4. Show similarly that if _=/ then 

:(«» + «-1)1 !(it-2) !/(/« + »-1) !. 

Verify the result by applying the substitution .r = t- to the result of Ex. 3. 

180. Other types of infinite integrals. It was assumed, 
in the definition of the ordinary or finite integral given in 
Ch. VII, that (1) the range of integration is finite and (2) the 
subject of integration is c ontinuous . 

It is possible, however, t.. extend the notio n of the ‘definite 
integral so as to apply to many eases in which these conditions 
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are not satisfied. The ‘infinite’ integrals which we have discussed 
in the preceding sections, for example, differ from those of C h. \ II 
in that the range of integration is infinite. We shall now suppose 
that it is the second of the conditions (1), (2) that is not satisfied. 
It is natural to try to frame definitions applicable to some such 
cases at any rate. There is only one such case which we shall 
consider here. We shall suppose that ±U) is continuous t hroughout 
the range of integration (a. A) except for a finite n u.nbci^olyahies 

of .r, say *•=£, •... and that <*>(*)-x °r <t> <*'•>- 30 as a ‘ telu,s 

to any of these exceptional values from either side. 

It is evident that we need only consider the case in which 
(a, A) contains one such point £ When there is more than one such 
point we can divide up (a, A) into a finite number of sub-intervals 
each of which contains only one; and, if the value of the integral 
over each of these sub-intervals has been defined, we can then 
define the integral over the whole interval as being the sum of 
the integrals over each sub-interval. Further, we can suppose 
that the one point £ in («, A) comes aL_one_ or other oLThe. 
limits «, A. For, if it comes between u and A, we can then 

CA 

define / <j> C x ) as 

J a 


j * <f> (x) dx + J <t> (a ) (lx. 


assuming each of these integrals to have been satisfactorily de¬ 
fined. We shall suppose, then, that £ = « ; it evi.lent that the 
definitions to which we are led will apply, with trifling changes, to 

the case in which g=A. 

Let us then suppose 0 O) to be continuous throughout («, A ) 
except for x — a, while *(*)-*> as through values greater 

than a. A typical example of such a function is given by 

< l > (x) = (x — a)~*, 

where # > 0 ; or, i n par ti cular, if a = 0, by <f> (x) = x~\ Let us 
therefore consider how we can define 




A dx 
a? 


(1), 


when s > 0. 
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The integral I y*~'dy is convergent if s< 1 (§ 175) and means 

J im -■ 

i‘v 

lira y*~*dy. But if we make the substitution y=\jx, we 


*)-***-' 1 /A 
obtain 


P y*~- dy = [ x~* dx. 

^ J \IA J Vi) 

Thus lini / or 8 dx, or, what is the same thing, 

’»-■*» J 1/, ^ ^ 

lim / ar 8 dx, 

J € _ • 

e2ciits. provided that 5 < 1; and it is n atural to define the value of 
the integral (1) as being equal to this limi t. Similar considerations 

lead us to define f (x — a)~*dx by the equation 

J a 

I (x — a )“* dx = lim f (x — a)~ 8 dx. 

•'a ,-*.+0 J a+t 

We are thus led to the following general d efinition: if the integral 

/ <f> (x) dx 

a-f c 

tends to a limit l as €-►+ 0, we shall say that the integral 

f <t> (x) dx 

- a 

is convergent and has the value l. 

Similarly, " hen <f>(x)-*- oc as x tends to t he upper- limit A, we 
define <f>(x)dx as being 


dx 


f A ~' 

lim / (f) (.c) dx : 

« —+0 a 

ami then, as we explained above, we can extend our definitions to 
c over the case in which the interval (a, *4) contains any finite 
number of infinities of <f>(x). 


An integral in which the subject of integration tends to oo 

or to — x as x tends to some value or values included in the range 

ot integration will be called an infinite integral 

the first kind of infinite integrals being the 

^ 177 et se, l- Nearly all the remarks (i)—(vii) made at the^end of 

§17/ apply to infinite integrals of the second kind as well as to 
t hose of the first. 


of the second k ind : 
class discussed in 
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181. We may now write the equation^-!) of § 179 in the form 

<t>(x)d.c= I r <f> {/(*)}/' (e)de .(l). 

J b 


/ 


The integral on the right -hand s ide is defined as t he limit , as of the 

corresponding integral over the range (f>, t), i.e. as an infinite integral ot the 
second kind. And when cf> f'(t) has an infinity at t = c t he integral is 

essentially an infinite integral. Suppose for example, that $(-*•') = (1 + J') 
where 1 C in C 2, and a = 0, and that/*(/)= </(l — 0- Then 6 = <>, c= 1. and (1 j 
becomes 




= / *(i - 0 "*-- 

Jo ( 1 +•*)”* 


- 8 dt 


( 2 ); 


(l+.r)’ 

and the- integral on the right-hand side is an infinite integral of the second 
kind. 

On the other hand it may happen that <t> {/(0! /' (0 is continuous for t = <-\_ 
In this case 

( C < t > {/(*)}/'(0 de 
• . . J b 

18 a finite integral, and 

lim [ T <p{f(e)}/'( t)dt= [ r <t>{f(tV, 

r—cjb J h 

in virtue of the corollary to Theorem (1<>) of § 1(50. In this ^ case the 
substitution transforms an infinite i nto a finite integral. I his 

arises if m^2 in the example considered a moment ago. 

Examples LXXVI. 1. If is continuous except for x = a, while 

<f> (x)-^ao as x-+*a y then the n ecessary and s u t Y\ ci 011 tjHjmli* ^hat j ^ <f> (•*) 
should be convergent is that we can find a constant A such that 


K> 


U 


i \ 


rf, (j:) dx < A' 


f ■ 

Ja+t 3l 3B 

for all values of e, however small (cf. $ 178). 

It is clear that we can choose a number X between u and A, hxwU that 
<*>(*) is positive throughout («, X). If </>(-*) is positive throughout the 
whole interval (a> A) then wo can of course identify A' and A. Now 

( A d> (x) dx = f ■’* <}> (*) dx + / * <!> ,lx - 

Ja - * J a—* J 1 

T he first integra l on the right-hand side of the nh-ve equation incibises 
as t decreases, and therefore tends to a limit or to cc ; and the tiuth <>t t a 
result stated becomes evident. 

If the condition is not satisfied then f <f,(x)dx-*- sc . \N e shall the n *•*) 

that the integral j <f>(x)dx diverges to co. It is clear that, if </>(•«) *- ■ r - 

a* x-^a + 0, then wnv ertfcnce <md divcrg ciice to cc are t he only idty niatiyes 
Mfor the integral. Wo may discuss similarly the case in which <f> (j ) — 00 • 
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•2. Prove that 


I 


(.v-a)~‘dx = —j-_— 


a 


if s < 1 , while the integral is divergent if s > 1 . 

3 . If 0 (x) — ao as x a +0 and <f> (x) < K (x - a) ~ *, where s < 1 , then 
I <fi(x)dx is convergent; and if $ (x) > IC (x — a)~*, where «= 1 , then the 

} a . 

integral is divergent. [This is merely a particular case of a general com¬ 
parison theorem analogous to that stated in $ 178.] 


-S. Are the integrals 


I A dx f A dx f A _ d£ _ 

I „ N '{U - «) (-1 - x)) ’ J a (A - x) V(x - «) ’ J a (-1 - -‘0 W ~ •*•) 


dx 


f t dx f A dx j A dx j 1 dx 

In )aV(A*-X>y J „ ’ J a A 3 - X* 


A dx 


convergent <»r divergent ! 

» dx dx 


x~t 
a 


5. The integrals / . 77 -——\ are convergent, and the value of 

each is zero. y 

dx 



#hr Hie "integral I — is convergent. [The subject of integration * 

./o v(sin,r) j y 

tends to x as .c tends to either limit.] 

, h . 

The integral / , . is convergent if and only if s< 1. 

/i- 

8 . The integral / ——- dx is convergent if t < s+ 1. 

Jn (sin .»•)' 


oJfcl 


I . 


<< B 


3 v ^ 

».tU> < 


Cj • V >• «v. 


9. Show that j —</.t\ where /i > 0, is convergent if /> < 2. Show also 

that, if 0 < p < 2 , the integrals 

i*sin x , fs^sin.r . f* n s\nx , 

Jo x p ! n x*> J x v 

alternate in .sign and steadily decrwise in absolute value. [Transform tho 
integral whose limits are X rr and (X- + l)*r by the substitution .e = X’ 7 r+ */.] 


* /l * 

1 <>. Show that j SU | > * ? dx, where 0 </>< 2 , attains its greatest value 
when / = 7 r. {Math. Trip. 1911.) 

i - 


m 



under any of our previous definitions. For the range of integration is infinite^ 



AND INFINITE INTEGRALS 


333 


181] 


and the subject of integration tends to oc asx-^ + O. It is natural to 
define this integral as being equal to the sum 

/-.» x*-'dx r x—'dx 

Jo 1+ar J, 1+x ’ 

provided that these two integrals are both convergent. 

The first integral is a convergent infinite integral of the second kind 
if 0< *•< 1. The second is a convergent infinite integral of the first kind if 
s c 1. It should be noted that when * > 1 the first integral is an ordinary 
finite integral; but then the second is divergent. Thus the integral from 0 to 
ac is convergent if and only if 0 < .* < 1. 


f x V* ~ ^ 

13. Prove that / ^- - u dx convergent if and only if 0 

* II l 


C s C(. 


14. The integral / - -— «/.r is convergent if and only if O < .< < 1, 

0<f<l. [It should be noticed that the subject of integration is undefined 
when x = 1 ; but (x*"'-*)-*- t-* iw .r-~ 1 from cither side; so that 
the subject of integration becomes a continuous function of ./• if we assign to it 

the value t — it when x = 1. 

It often happens that the subject of integration has a discontinuity which 
is due simply to a failure in its definition at a particular point in the range 
of integration, and can be removed b y attaching a jwl icular yaluejo ,t at 
that point. In this ease it is usual to suppose the definition of the subject 
of integration completed in this way. Thus the integrals 

( hn sin rax . / si n mx 

Jo x J n »in.t 

are ordinary finite integrals, if the subjects of integration arc regarded as 
liaving the value ni when .r = 0.] 

15. Substitution,and integration by parts. The formulae for trans¬ 
formation by substitution »«.T'integration by parts may of course be extended 
to infinite integrals of the second as well us of the first kind. '1 lie reader 
should formulate the general theorems for himself, on the lines of £ 17!). 

Prove by integration by parts that if « >0, t > 1, then 


1«. 


/ 


i * , t — 1 

x-~ l (1 -x)‘~ l (Lr = 
o 


V 


17. 

If # > O then / 

J <> 

X s ~ 1 dx I 

1 + x ~ J 

18. 

If 0< (tC 1 then 

n x*-'+x 

J„ !+•» 

19. 

If a + b>0 then 



r 

(I.C 


J t> 

(x + a)d{-*- 


s 

' t~‘dt 


I ' a- (1 - x)‘ ~ (lx. 

I ii 


-f- X ( 1 J O 1 +1 Jo 1 +1 


TT 


(Math. Trip. 190!).) 



A. #* 
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/< - 


20. Show, by means of the substitution x=//( 1 - t), that if l and m are 

both positive then ^ 

I’l />-*d 

21. Show, by means of the substitution x=pt/(p + 1 — *)> that if 7, in, and 
p arc ail positive then 

<ft 22 3 ° Prove that **? .— -=rr and f 7f ,—^r---cr = ^ (a + 6), 

-«)(*>-*)} J a y{(x-a)(6-.r)} 

(i) by means of the substitution .r = « + (& — a)< 2 , (ii) by means of the substitu¬ 
tion (b — x)/(x — a) = t , and (iii) by means of the substitution .r = a cos 2 f + & sin 2 1. 


ETA >V 


23. If j* > — 1 then 


fh”. .... .r* t/j- . f 1 . f 1 . rf.v 

»>■<«- N , ( r-^ =tj„-7<r^r= i .L (1 V*- 


24. Establish the formulae 
/’ 1 f{x)dx i'h* 


/ ‘ - 2 />• <,+tsin? « <M ' 

IJ {*/'(',';+"■)} rfr=J< ' j!’ /(Ul " e) cos « sin «<«• 


25. Prove that 

r i 


P rf.r_ / 1 _ 1 \ 

Jo (l+.r)(2 + .rK7{.f(l -.r)} V* s'oj * 

[Put .v=sin-<? and use Ex. i.xiu. 8.] {Math. Trip. 1912.) 

182. Some care has occasionally to be exercised in applying the rule 
for transformation by substitution. The following example affords a good 
illustration of this. 

Let ./= I (.r 3 — Gj*+ 13)rflr. 

We find by direct integratio n that J = 48. Now let us apply the substitution 

y=x- - 6.J +13, 

which gives x= 3 ± s f (j/ - 4). Since y = 8 when x— 1 and y = 20 when x= 7, we 
ajij*ear to be led to the result 

J 8 dy * -.l kN ^-4) 

The indefinite iulegrul is 

(y-4)**+4(y-4)W, 

and so we obtain the value + *.,<*, which is certainly wrong whichever sign we^. 

choose. 


A* 
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t+io*' The explanation is to be found in a closer consideration of the relation 
between x und y. The function X s — G.v +13 lms a minimum for .r = 3, 

2 / = 4. As x increase s from 1 to 3, y decreas es from 8 to 4, and d.vidy is 
negative, so that 

d. c 1 

dy~ 2 K '(y-4)' 

As x increase s from 3 to 7, y increas es from 4 to 20, and the other sign must 
bo chosen. Thus ^ 

a formula which will l>e found to lead to the correct result. 


/ 


JO 


y 

2 s /(.y-4) 


dy. 



Similarly, if we transform the integral j d.v=n by the substitution 

.r = arc sin y, we must observe that dx/dy = 1/ N '(1 — y 1 ) or d.r 'dy = — 1 1 —y 1 ) 

according as 0 ^ x <" \ ir or Arr c .»* ^ tt. 


Example. Verify the results of transforming the integrals 

j * (4a* 2 — X + ,’rt ) dx, J cos 2 xd.r 

by the substitutions 4.x 1 - x + f s =y, a*=arc sin y resi>ectivcly. 

^ ^ 7 ( < f 3^0) 

183. Series of positive and negative terms. Our defi ni¬ 
tions o f the sum of an infinite series, and the value of an infinite 
integral, whether of the first or the second kind, apply to scries 
of terms or integrals of functions whose values may be oit her 
positive or negative. Hut the special t ests for convergence or 
divergence which we have established in this chapter, and the 
examples by which we have illustrated them, have had reference 
almost entirely to the case in which all these values are p ositive . 
Of course the case in which they are all negative is not essent ially 
different, as it can be reduced to the former by changing u„ into 
— u n or <f> (x) into — </> (x). 

In the case of a series it has always been explicitly or tacitly 
assumed that any c onditions imposed upon u n may be v iolated lor 
a finite number of terms : all that is necessary is that such a 
condition ( e.g . that all the terms are positive) should be satisfied 
from some definite term onwards. Similarly in the case of an 
infinite integral the conditions have been supposed to be satisfied 
for all values of x greater than some definite value, or for all values 
fpCf x within some definite interval (a, a 4- S) which includes the 
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value (i near which the subject of integration tends to infinity. 
Thus our tests apply to such a series as 

„ n 9 —10 


since n- - 10 > 0 when n ^ 4, and to such integrals as 

f x 3:r-7 , f 1 ! - 2x . 


fir*?*. 

J 1 u + l) 3 .'o v'a? 


since 3.r - 7 > 0 when ar > ^ and 1 — 2a; > 0 when 0 < a; < 4. 

But when t he changes of sign of ti n persist throughout the series, 
i.e. when the number of both positive and negative terms is in¬ 
finite, as in the series 1 — A + ^ } + ...; or when cf> (x) continually 

changes sign as x -*• =o , as in the integral 


sin x 


J i & 


- (lx, 


or as x -*■(!, where a is a point of discontinuity of <f> (a-), as in 


the integral 


f A ■ ( 1 \ dx 

sm )— ; 

J a \x — a/x — a 


then the problem of discussing convergence or divergence becomes 
more difficult. For now we have to consider the possibility of 
oscillation as well as of convergence or divergence. 

We shall not. in this volume, have to consider the more 
general problem for integrals. But we shall, in the ensuing 
chapters, have to consider certain simple examples of series con¬ 
taining an infinite number of both positive and negative terms. 

184. Absolutely Convergent Series. Let us then consider 
a scries —u„ in which any term may be either positive or 
negative. Let 

i --o :* >-o 

so that or,, — n„ if u„ is positive and cr„=— u a if u n is negative. 
Further, let v„ = u„ or r n = 0, according as u„ is positive or negative, 
and ?/'„ =-- u„ or ir„ =0, according as ?/„ is negative or positive; 
or, what is the same thing, let r„ or w n be equal to <*„ according 
as n lt is positive or negative, the other being in either case equal 
to zero. Then it is evident that r„ and w n are always posit ive, and 
that 

m« = *’/. - = *'n + w n . V 


If 4 *.^ >■ O 


Q u; _ 
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If for example, our scries is 1 — (l/2) 2 + (l/3) 2 — then u„ ( 1,'" 11 

ami «„ = l/« 2 , while = l/n\ or r,. = 0 according as n is odd or even and 
* iCn== l/ u ^ or jr., = 0 according as a is even or odd. 

We can now distinguish two cases. 

VW A. Suppose that the series ^q„ i s convergent. This is the 
case, for instance, in the example above, where 1a n is 

1 -f-(l/2) 2 + (1/3)'-+ .... 

Then both 2v n and 1w n are convergent: for (Ex. xxx. 18) any 
series selected from the terms of a convergent series of positive 
terms is convergent. And hence, by theorem ((>) of § 77, or 
N ( V/i — w lt ) is convergent and equal to St’„ — —w n . 

We are thus led to formulate the following definition. 

Definition. When £a„ or 2 u n \ is convergent, the series 
is said to be absolutely convergent. 

And what we have proved above amounts to this : if -><n *s 
absolutely convergent then it is convergent ; so are the series formed 
by its positive and negative terms taken separately ; and the sum of 
the series is equal to the sum of the positive terms plus the sum 

of the- negative terms. 

The reader should carefully guard himself against supposing that the 
statement ‘an absolutely convergent series is convergent’ is a mere tautology. 
When we say that is ‘absolutely convergent’ we do not assert directly 
., .1 v ,/ is convergent : wo assort the convergence of another senes 2 u„ , 
and it is by no means evident « priori that this precludes oscilla tion,on 

the part of 2 m»i. 

Examples LXXVII. 1. Employ the ‘general principle of convergence’ 
(S 84) to prove the theorem that an absolutely convergent series is con¬ 
vergent. [Since 2 | | is convergent, we can, when any positive number h is 

assigned, choose ««> so that 

1 ««. + 1 l + l + % I + ...+ I «M* I<8 

when /<* > «i S »o* A fortiori 

I + ♦2+“- + “«J< S > 

and therefore is convergent.] 

I*- 1 2 C ‘“lf , 2o ( f is a convergent series of positive terms, and | A* ! £ A'm,,, then 
is absolutely convergent. 

3 lf 2a „ j„ a convergent series of positive terms, then the series 2 f ,„ >- i* 
■ absolutely convergent when -l^a-^1. 


if. 
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4. If 2 is a convergent series of positive terms, then the series 2 a„ cos nd, 

2a,. sin nd are absolutely convergent for all values of 6. [Examples are 
afforded by the series 2 r" cos nd, 2 r" sin nd of § 88.] 

5. Any series selected from the terms of an absolutely convergent series 
is absolutely convergent. [For the series of the moduli of its terms is a 
selection from the series of the moduli of the terms of the original series.] 

6. Prove that if 2 u n j is convergent then 

j 2 u„ !^ 2 J«h!, 

and that the only case to which the sign of eqmility can apply is that in 
which every term has the same sign. 

185. Extension of Dirichlet’s Theorem to absolutely 
convergent series. Dirichlet’s Theorem (§ 169) shows that the 
terms of a series of positive terms may be rearranged in any way 
without affecting its sum. It is now easy to see that any abso¬ 
lutely convergent series has the same property. For let 1u n be 
so rearranged as to become 2ti,/, and let a n ', v n ', w n ' be formed 
from </„' as a n , v n , w n were formed from u„. Then 2a»' is con¬ 
vergent. as it is a rearrangement of 2cr„, and so are £v n ', 'Ew n \ 
which are rearrangements of 2r„, 2w„. Also, by Dirichlet’s ^ 
Theorem, Sr,/ = Sr„ and Sit*,/ = S w n , and so 

Sh,/ = Sr,/ - Sw,/ = Sr n - S w n = Sm w . 

186. Conditionally convergent series. B. We have 
now to consider the second case indicated above, viz. that in 
which the series of moduli Sa„ diverges to *. 

Dei inition. If Si/„ is convergent, but S | Un j divergent, the 

original series is said to be conditionally convergent. 

In the first place we note that, if S u n is conditionally con¬ 
vergent, then the series Sr„, Sw„ of § 184 must both diverge to ac . 

For they obviously cannot both converge, as this would involve 
the convergence of S (r„ + w n ) or Scr fl . And if one of them, say 
-w». convergent, and Sr„ divergent, then 

N X X 

-"«= “Si u n .(1) 

II 0 0 V 7 

and therefore tends to cc with A, which is contrary to the 
hypothesis that S u n is convergent. 

Hence 2v n , Sw M are both divergent. It is clear from equa¬ 
tion (1) above that the sum of a conditionally convergent series V 
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is the limit of the difference of two functions each of which tends 
to 30 with n. It is obvious too that 2 u n no longer possesses the 
property of convergent series of positive terms (Ex. xxx. 18), and 
all absolutely convergent series (Ex. LXXVil. 5), that any selection 
from the terms itself forms a convergent series. And it seems more 
than likely that the property prescribed by Dirichlet’s Theorem 
will not be possessed by conditionally convergent series; at any 
rate the proof of § 185 fails completely, as it depended essentially 
on the convergence of and 1w n separately. We shall see in a 
moment that this conjecture is well founded, and that the theorem 
is not true for series such as we are now considering. 


187. Tests of convergence for conditionally convergent 
series. It is not to be expected that we should be able to find 
tests for conditional convergence as simple and general as those 
of 167 et seq. It is naturally a much more difficult matter to 
formulate tests of convergence for series whose convergence, as is 
shown by equation (1) above, depends essentially on the cancelling 
of the positive by the negative terms. In the first instance there 
are no comparison tests for convergence of conditionalhj convergent 

series. 

For suppose we wish to infer the convergence of from 

that of We have to compare 

V 0 -f- V\ + • • • + v n » Wo + M i + ••* 4- U, J. 

If every « and every v were positive, and every v less than the 
corresponding u, we could at once infer that 

Vq “t" Vi + • • • “fr" ^/i ^ • • • “4” 

and so that is convergent. If the us only were positive and 
every y numeidcallg less than the corresponding u, we could infer 

that 

I v 0 I 4-1 v t | + ... + 1 v n I < w„ 4- ... + u n , 
and so that 2y„ is absolutely convergent. But in the general case, 
when the us and vs are both unrestricted as to sign, all that we 

can infer is that 

I v® I 4- | V, | +■ ... 4* | y»» | < | m® | 4- . • • 4- ! w» |. 

This would enable us to infer the absolute convergence of 
from the absolute convergence of ; but it is only con¬ 

ditionally convergent we can draw no inference at all. 

J oo _2 
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Example. We shall see shortly that the series 1 —i + i + ... is con¬ 
vergent. But the-series A + J + I +5 + ... is divergent, although each of its 
terms is numerically less than the corresponding term of the former series. 

It is therefore only natural that such tests as we can obtain 
should be of a much more special character than those given in 
the early part of this chapter. 


188. Alternating Series. The simplest and most common 
conditionally convergent series are what is known as alternating 
series, series whose terms are alternately positive and negative. 
The convergence of the most important series of this type is 
established by the following theorem. 

If 4>(n) is a positive function of n which tends steadily to 
zero us n—x , then the series 


<t> (0)“ </>(!)+ </> (2) — ••• 

is convergent, and its sum lies between (f> (0) and <f> (0)— <f> (1). 

Let us write <£„, for (f)(0), </> (1), ; and let 

= <£„ — cf>, + (f)- — ... + (— 1)'* (f> n - 

Thou 

•**’”»» + 1 = ^fi-H *fijii t-i = 0 , S-jn S.jn —2 — ( (fi-n —1 — 

Hence .**•„. .s\.. s t . s..„, ... is a decreasing sequence, and therefore 

tends to a limit or to — x, and s lt s 3t s it ..., s» n+l , ... is an in¬ 
creasing sequence, and therefore tends to a limit or to 00 . But 
lim — s~„) = lim (— 1 )'-"■* 1 = 0. from which it follows that 

hot)i sequences must tend to limits, and that the two limits must 

be the same. That, is to say, the sequence . s lt , ... tends to 

a limit. Since s„ = (f>.,, s, = </>,, — <£,, it is clear that this limit lies 
bet ween <£„ and <f>„ — <£,. 


Examples LXXVIII. 1. The series 




, 1 i 

72 + v'3 


1 


( - I )" v t - 1)" 

' ■«>* r7»+7«) > 


(/< -f" tl) ’ ( n 

where are conrfitionullv convergent. 


^ /4 + ..., 

v _ (-1)" 

~ i-Jn + Ja)-'* 


•*> 1 , 


The scries 5 ( - 1) M («+ «) *, where a>0, is absolutely convergent if, 
conditionally convergent if 0 <*< 1 , and oscillatory if s < 0 . V 
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3 . The sum of the series of § 188 lies between s n and *„ + i for all values 
of n ; and the error committed by taking the sum of the first a terms instead 
of the sum of the whole series is numerically not greater than the modulus of 
the (a + l)th term. 

4 Consider the series 

v (- 1 )" 

%/»+(-1)"’ 

which we suppose to begin with the term for which n = 2, to avoid any 
difficulty as to the definitions of the first few terms. This series may be 

written in the form 


or 


r-/ (-D n (-i>n . (-dti 

2 Lu/w+(- i ) n n'« i + j 

S { ( ^n"-.TTr-Wi} = S(+ " _XJ ’ 


s,iy. The series 2 is convergent; but 2 x „ is divergent, as all its terms are 
positive, and lim n x „ = l. Hence the original series is divergent, although it 
is of the form 0 *+ "here 0,. —0. This example shows that the 

condition that 0„ shouhl tend steadily to zero is essential to the truth oi the 
theorem. The reader will easily verify that % /(2n + 1) - 1 < x'C^O + h »*» that 
this condition is not satisfied. 

5 If the conditions of § 188 are satisfied except that 0„ tends steadily 
to a positive limit /, then the series 2 ( - 1)“0„ oscillates finitely. 

G Alteration of the sum of a conditionally convergent series by 
rearrangement of the terms. Let * be the sum of the scries 1 -4 + \ - i +.... 
and the sum of its first 2a terms, so that lim *>„ = *. 

Now consider the series 

l + h-h + h + \~i + .<*> 

in which two positive terms are followed by one negative term, and let f :tn 
denote the sum of the first 3a terms. Then 


tin = 1 + 5 + • • ■ + 


3 

= * 2 .. + 


1 _ I _ I 

4n — 1 '2 4 

1 


1 

2a 


1 1 1 
2a + 1 + 2a + 3 + ' " + 4a - 1 ' 


Now 


,ira [ 2 n + l " 2a + 2 + 2a + 3 “ *** + 4n=l " 4a] -0, 
since the sum of the terms inside the bracket is clearly less than 
n/( 2 n + l)(2a + 2) ; and 

*' ,U (271 4-2 + 2a +4 + + 4a) ^' m « r =|l+W«) "/1 x 

by §§ 15G und 158. Hence (%dx 

lim = * + I —» 


* 
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ie last equation. Later on we shall give the actual values of the suras of the 
vo series : see"? 213 nncfV'h. IX, Mi sc. Ex. ID. 


and it follows that the sura of the series (1) is not s, but the right-hand side of 
the 
tw 

It can indeed l>e proved that a conditionally convergent series can always 
be so rearranged as to converge to any sum whatever, or to diverge to oo or 
to — so . For a proof we may refer to Bromwich’s Infinite Series , p. 68. 


7. The series 1 + -!-b -f -4 + -L -!, 4-... diverges to gc . [Here 

v •* v - v & v < v 4 


hn ~ •■'•-•n + 


1 1 1 ^ n 

s'(-2n + 1) + n /(2« + 3) + **• + s /(4n-l) >Sjn + s /(4n - 1) ’ 


where ,« 2lt = l _ J-+ _ 1 


, which tends to a limit as .] 


189. Abels and Dirichlet’s Tests of Convergence. A more general 
tost, which includes the test of $5 188 as a particular test wise, is the following. 

Dirichlet’s Test. If 0 #t satisfies the same conditions as in $$ 188, and 2 a n 
is any scries which converges or oscillates finitely, then the)series 

. a O 0 O + a 10 I + a 202 + ••• / 

is convergent . / 

The reader will easily verify the identity / 

<*O0(i + <*1 0] + ... + </, | 0„ =S i) (0 C | — + (01 — 02) + ... + # n - 1 (0n- i *“ 0«) + *n0H* 

where *„ = f/,i + c/j +...+a M . Now the scries (0o — 0/) + (0i — 02 ) + ... is con¬ 
vergent, since the sum to n terms is 0 ,» — 0 #l and lim 0 w = O; and all its 
terms are positive. Also since 2 a nj if not actually convergent, at any rate 
oscillates finitely, wo can determine a constant /u so that l s y ] <K for all 
values of **. Hence the series 

%Sy l<py — 0 J,+ l) 

is absolutely convergent, and so 

(00 — 01 ) + *1 (01 - 0->) + . •. + *,« — t (0n — 1 — 0n) 

to a limit as n x . Also 0„, and therefore s n <f> n , tends to zero. 
And therefore \ 

a o0o+^i0i +... +a n <f>,\ 

tends to a limit, i.e. the series 2 a y <f> y is convergent. 

Abels Test. Ihere is another test, due to AJ>el, wliich, though of less 
fre<jneiit application than Dirichlet’s, is sometimes useful. 

Suppose that (f ),,, as in I)irichlct.’s Test, is a positive and decreasing^ 
function of a, l»ut that its limit as » x> is not necessarily zero. Thus we 
postulate less about but to make up for this we postulate more about 
v ' z - , * ,at '- s convergent. Then we have the theorem: if <f>„ is a positive 

and decreasing junction of n, and 2 «„ is convergent , then 2 a„(f>„ is convergent. 

1'or (p„ has a limit as n-*~oc, say I: and lira (</>„ — /) = 0. Hence, by 
Dirichlet’s Test, 2 a,,((ft„-l) is convergent; and as 2 a„ is convergent it 
follows that 2<7 N 0 tft is convergent. 
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This theorem may he stated as follows: a convergent series remains con¬ 
vergent if we multiply its terms by any sequence of positive and decreasing 
factors. 

Examples LXXIX. 1. Dirichlet’s and Abel’s Tests may also be established 
by means of the general principle of convergence (S 84). Let us supjjose, 
for example, that the conditions of Dirichlet’s Test are satisfied. W e have 

identically 


0,„ + «... , 1 0». + 1 + .. • + «n <t>H = *.n .... ( <t>n> ~ 0... ♦ l) + ... + 1 < * 1 4 > -» + 2> 

+ ...+Vn-l . 

where ^»n, * = + i + ••• + 

The left-hand side of (1) therefore lies between lap,,, ami //<*>,„, where h and 

But, 

^ »»o. 


II are the algebraically least and greatest of m » m-t 1 * 

■ a > A I 


• • •» n • 

given any positive number fi, we can choose »i 0 so that ^ <6 when m 

I 0... + «...♦ i <£.-. +1 + •••+«"</>« < 5 0... = B< Pi 

when n>m >m 0 . Thus the series 2 «,.</>., is convergent. 

2. The series 2 cos and 2sin«0 oscillate finitely when d is not a 
multiple of it. For, if we denote the sums of the first n terms of the two 
scries by and and write ==Cis«, so that |.|=1 andI, wo have 


*n+*tn 1 = 


11 - 2 " 

1 + | 2 " 1 ^ 2 

1 | 

* . 

“ | 1 "-| = 1 1 - S 1 


and so | | and | | are also not greater than 2/\l-z\. That the series are 

not actually convergent follows from the fact that then- nth terms do not tend 

to zero (Exh. xxiv. 7, 8). 

The sine scries converges to zero if « is a multiple of w. The cosine 
series oscillates finitely if 6 is an odd multiple of w and diverge* tf 0 ,s an 
even multiple of -n. 

It follows that if </>.. is a positive function of n which tends steadily to 
zero us n , thru the series 

cos H0 f 2</>„ sin nO 

are convergent , except perhaps the first series when 6 is a multiple of 2rr. In 
this case the first series reduces to 20,., which may or may not be conver¬ 
gent : the second scries vanishes identically. If 20,. is convergent then loth 
series are absolutely convergent (Ex. I.xxvil. 4) for all values of 0. ami the 
whole interest of the result lies in its application to the cuse in which 
2 0 is divergent. And in this wise the series above written are con¬ 
ditionally and not absolutely convergent, as will be proved in Ex txxix. b. 
If we put 0 — it in the cosine series we are led back to the result of ;> 1 8, 

since cos nrr = ( - 1 )**. 

3 Th c Hones 2n-*cosn0, 2«~'sinn0 are convergent if s>0 t unless (in 
the case of the first series) 0 is a multiple of 2n and 0 < I. 
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4. The series of Ex. 3 are iu general absolutely convergent if «>1, 
conditionally convergent if 0<i <1, and oscillatory if s ^ 0 (finitely if s = 0 
and infinitely if s<0). Mention any exceptional cases. 

5. If is convergent or oscillates finitely, then 2a„n~* is convergent 

when Os. 

I!. If is a positive function of n which tends steadily to 0 as n cc , 
and 2(f>„ is divergent, then the series 2<£„ cos nd, S$„sin nd are not absolutely 
convergent, except the sine-series when 6 is a multiple of it. [For suppose, 
»:.g ., that 2cf>„ cos nd is convergent. Since cos 2 nd ^ j cos nd j, it follows that 
2 <f) n cos- nd or 

It 2</>„ (l+cos 2nd ) 

is convergent. But this is impossible, since 2 $„ is divergent and 2 <f>„ cos 2nd, 
by Dirichlet’s Test, convergent, unless 0 is a multiple of rr. And in this 
tinse it is obvious that 2 (f> n ' cos nd is divergent. The reader should write 
out. the corresponding argument for the sine-series, noting where it fails 
when d is a multiple of «-.] 


» '» ** I. *- 


190. Series of complex terms. So far we have confined 
oin-selves to series all of whose terms are real. We shall now 
consider the series 

£*«„ = 2(v„ + tw„)» 

where v„ and w n are real. The consideration of such series does 
not, of course, introduce anything really nove l. The series is 
convergent if, and only if, the series 


v,. 




are separately convergent. There is however one class of such 
series so important as to require special treatment. Accordingly 
we give the following definition, which is an obvious extension of 

that of 8 184. 

• » 

Definition. The series ~ u„, where n „ = v„ -f iw nt is said to be 
absolutely convergent if the series Sr n and Sir,, are absolutely 
converyent. 

Theorem. The necessary and sufficient condition for the absolute 
convergence of Hu,, is the convergence of — u n | or S f(v n - -f- m»„ s ). 


v W T 

~ w„ l are convergent, and so 2 { | r n | + | w n | } is con¬ 


F. >r 

if 2«,* 

is a 

-! v„ , 

- | 

are 

vergent 

: but 

| Un 


i “« [ = \/( V„- 4 - S V n I -f- i W n I 


\ 
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and therefore 2 \ u n \ is convergent. On the other hand 


I v u I £ \/(Vn 2 + v>n% f ! = VW + W » ] ' 
so that 2 I u u and 2 | w n \ are convergent whenever S «„ is con¬ 
vergent. 

It is obvious that an absolutely convergent series is convergent, 
since its real and imaginary parts converge separately. And 
Dirichlet’s Theorem (§§ 1G9, 185) may be extended at once to 
absolutely convergent complex series by applying it to t le 
separate series 2v„ and — w n . 

The convergence of an absolutely convergent series may also be deduced 
directly from the general principle of convergence (cf. Ex. i.xxvii. 1). e \ca\c 
this as an exercise to the reader. 

191. Power Series. One of the most important parts of 
the theory of the ordinary functions which occur in elementary 
analysis (such as the sine and cosine, and the logarithm and 
exponential, which will be discussed in the next chapter) is that 
which is concerned with their expansion in series ot the or... 
Xu Such a series is called a power series in .r. W e have 

already come across s ome eases of expansion in series ot this kind 
in connection with Taylor’s and Maclaunn’s series (§ 148). 1 here 

however, we were concerned only with a real yanable a-. \\ e shall 

now consider a few general properties of power_s enes in z , when- 

• z is a complex variable. 

A A power aeries 2a n z n may be convergent for all values of z, 
for a certain region of values, or for no values except z = 0. 

It is sufficient to give an_exa in pie of .e ach possibility. 

I. The aeries 2 Z — i» convergent for all values of x. For li u„ = —, tlu n 

| «»♦. I/I I , = l 2 l /( n + 1 >-- 0 

a» * « , whatever value z may have. Hence, by d’Alembert’, Test 2 | | w 

convergent for all values of z, and the or.gmal series is absolutely con¬ 
vergent for all values of z. We shall see later on that a power senes, when 
convergent, is generally absolutely convergent. 

2 The series 2«! z» * not convergent for any value of z except *-0. 
„ , .■ i J# I/. „ '=(n + 1) ! z I, which tends to co with n, unless 

*°Jo U Hcucc\cf. ExJ. xxvii. b 2, 5) the modulus of the «th term tends to * 

, with n; and so the series cannot converge, except when z-0. It is obvious 

that any power series converges when z —O. 
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3. The series 2s" is always convergent when 1 2 [< 1, and never convei-gent 
when j s | jS 1. This was proved in § SS. Thus we have an actual example of 
each of the three possibilities. "Y 


192. B. If a power series 2 a n z n is convergent for a par¬ 
ticular value of z, say z x = r, (cos 9 X + i sin #,), then it is absolutely 
convergent for all values of z such that j z | < r,. 

For lim a n z" = 0, since 2«„2, n is convergent, and therefore we 
can certainly find a constant K such that | a n zp | < K for all 
values of n. But, if | z | = r < r,, we have 


1 1 id" < K {vf 


and the result follows at once by comparison with the convergent 
geometrical series 2 (r/r,)". 

In other words, if the series converges at P then it converges 
absolutely at all points nearer to the origin than P. 

Example. Show that the result is true even if the series oscillates 
finitely when 2 = 2,. [If s M = a v , + «,r, + ... then we can find A' so that 

I ■<„ i < A' for all values .,f n. But | | = | | < | | + | «n | < 2 A', 

and the argument can l>c completed »us before.] 

193. The region of convergence of a power series. 
The circle of convergence. Let ^ = r be any point on the 

positive real axis. It the power series converges when z = r then 
it converges absolutely at all points inside the circle | z l = r. In 
particular it converges for all real values of z less than r. 

Now let us divide the points r of the positive real axis into 

two classes, the class at which the series converges and the class 

at which it does not. The first class must contain at least the 

-•ne point ~ = 0. The second class, on the other hand, need not 

exist, as the series may converge for all values of Suppose 

however that it does exist, and that the first class of points 

does include points besides z = 0. Then it is clear that every 

point ot the first class lies to the left of every point of the second 

class. Hence there is a point, say the point z = R, which divides 

the two classes, and may itself belong to either one or the other. 

J'hen the senes is absolutely convergent at all points inside the 
circle | 2 | = R. 
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We can draw a circle, whose 



P' 


Q 


Fig. 51. 


For let P be any such point, 
centre is 0 and whose radius is 
less than R, so as to include P 
inside it. Let this circle cut OA 
in Q. Then the series is con¬ 
vergent at Q, and therefore, by 
Theorem B, absolutelj' conver¬ 
gent at P. 

On the other hand the series 
cannot converge at any point P' 
outside the circle. For if it converged at P it would converge 
absolutely at all points nearer to O than P \ and this is absurd, 
as it does not converge at any point between .1 and Q (Fig- A). 

So far we have excepted the cases in which the power series 

(1) does not converge at any point on the positive real axis 
except 2 = 0 or (2) converges at all points on the positive real 
axis. It is clear that in case (1) the power series converges 
nowhere except when z = 0, and that in case (2) it is absolute y 
convergent everywhere. Thus we obtain the following result: a 
-power series either 

(X) converges for 2 = 0 and for no other value of * , 01 

(2) converges absolutely for all values of 2 ; or 

(3) converges absolutely for all values of z within a certain 
circle of radius R, and does not converge for any value 
of 2 outside this circle. 

In case (3) the circle is called the circle of convergence 
and its radius the radius of convergence of the power series. 

It should be observed that this general result gives absolutely 
no information about the behaviour of the series on the circle of 
convergence. The examples which follow show that as a matter 
of fact there are very diverse possibilities as to this. 

Examples LXXX. 1. The series 1 + az + a* 2 s + ... , "hero a > 0, has a 
radius of convergence equal to 1/a. It does not converge anywhere on Is 
circle of convergence,diverging when z=l/a and oscillating finitely at all 

point** on the circle. 

2. The series f, + g + £ + ... has its radius of convergence espial to 1 ; 
it converges absolutely at all points on its circle of convergence. 
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3. More generally, if «„ + 1 | /| a„ ' X, or a n I 1 /" X, as n co , then the 
series a^ + a x z + a 2 z- +... has 1/X ;is its radius of convergence. In the first case ^ 

lira | a n + ,3“* 1 1/! a„ 2 « | = X | z |, 

which is less or greater than unity according as I z j is less or greater than 
1/X, so that we can use D’Alerabert’s Test (§ 168, 3). In the second case we 
can use Cauchy’s Test (§ 168, 2) similarly. 


4. The logarithmic series. The series 

z - A; 2 4-^3 3 — ... 

is called (for reasons which will appear later) the ‘logarithmic’ series. It 
follows from Ex. 3 that its radius of convergence is unity. 

When - is on the circle of convergence we may write 3 = cos 04-i sin 0, 
and the series assumes the form 

eos 0-h cos -2d + \ cos 30-...+z (sin 6 - A sin 20 + J, sin 30-...). 

I he real and imaginary parts are both convergent, though not absolutely 
convergent, unless 0 is an odd multiple of t (Exs. lxxix. 3, 4). If 0 is an odd 

multiple of then ;= -1, and the series assumes the form — 1 — A — ^ —_, 

and so diverges to — x . Thus the logarithmic series converges at all jaunts 
• <f its circle of convergence except the point 3 = - 1. 


> r *. The binomial series. Consider the series 

1 + , + »' - 1 > ,= + »K>» -_l> <?*_-?) ^ 

- • . 

It m is a positive integer then the series terminates. In general 


a 


>» ♦ i , 


a 


n 


m — // 

»+i 


i, 


so that the radius of convergence is unity. Wo shall not discuss here the 
question of its convergence on the circle, which is a little more difficult.* 


194. Uniqueness of a power series. If 2«„3" is a j>owcr series which 


to .see 

that 

"o 

4-0,3 

— 0. 

For i 

ies, ai 

id | 3 

*1* 

"n. I 


(cf. «? 102), and so 

'/(*)-5 £ l a n . l \\z» + i\+ <»„ + a | I 3" + 2 ; 4- ... 


“ + 1 ' \z | . | z r . \ A'|3i" + » 


m m "( i + - + 

\ P / \ p m 


P" (M-i-’l)’ 


Sec Bromwich. Infinite Series, pp. 225 et seq. ; Hobson, Plane Trigonometry 
(3rd edition), pp. 268 et seq. 



AND INFINITE INTEGRALS 


193-195] AND INFINITE INTEGRALS 

where K is a number independent of r. It follows from Ex. i.v. 15 that 
if 2a„ 2 " = 2&„s n for all values of c whose modulus is less than some 
number p, then a,. = b„ for all values of «. This result is capable of considerable 
generalisations into which we cannot enter now. It shows that the same 
function f(z) cannot be represented by tiro different power series. 

195. Multiplication of Series. We saw in §170 that it 
%u n and are two convergent series of positive terms, then 

Su„ x Sy„= Sm;„, where 

W u = U 0 O n + «|V„_i + ••■ + Un v o- 

Wc cun now extend this result to all cases in which S«„ and Sr,, 
arc absolutely convergent ; for our proof was merely a simple 
application of Dirichlet’s Theorem, which we have already ex- 
tended to all absolutely convergent series. 

t. t yytt 1 If |*| is less than the radius of convergence 

„f ehtaTof the series *&.*’. ‘*>e» tho l ,rod,,ct " f *'“* “ 

2 c„s'‘, w here c n = a 0 b„ + a , b„ _, +... + «» b 0 . 

2. If the radius of convergence of 2 a„z‘‘ is It, and jyj) » ,lu “ M “" 
the series when |«| <//, and |*| is less than either It or unity, 

f(z)/(\-z) = Zs„i", where s„ = a 0 + a, + ... 

3 . Prove, by squaring the series for 1(1- that l.'(l — z)-=\ +2.+ .3. + ••• 

,f| 4 < Provo similarly that 1/(1 .^l+3s+eS+.... the general ten,, 
being A (n + 1) (« + 2) *"• 

5. The Binomial Theorem for a negative integral exponent. 

|*|<1, and m is a positive integer, then 

! »i(»» +1) ... . m(/«+2)!-•('» + «" 1 >*« + .... 

_L—«=1 +wi2+ - r „ ?- + .- + 

( 1 - 2 )"* 


1.2 ...n 

[Assume the truth of the theorem for all indices up to m. Then, by lix. 2 , 
1//1 _ 2 y»> + i = 2jf„2'', where 

». <».+1) . (m + !)...(« + — '> = ±*>= + -"\ 

us is easily proved l>y induction.] 

0 . Prove by multiplication of series that if 

/(»,*)*. 1 + (V) * + (s ) ** + " " 

, /•/ \=f(m + m' z). (This equation forms the basis of 

Tlio coeflicient of in the .undue 

aerie* i» , s *\ 

C) * CD ) * (■) ■ 
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This is a polynomial in m and in': but when m and m are positive integers 

this polynomial must reduce to in virtue of the Binomial Theorem 

for a positive integral exponent. And it is easy to see that if two such 
polynomials are equal for all positive integral values of m find m theu they 
must be equal identically,J 

z 2 

7. If /(-) = l + r+ then f (%)f (z')=f (z+J). [For the series for 

/{;) is absolutely convergent for all values of - : and it is easy to see that- if 

. h’+r 1 )" 

r " = ;r:’ then M, »= ^-1 


8. If 


n : 

° 


C (2) _ 1 - —■ + —; _ S IZ) = :--- + Z-- _ .. 

- • 4 • .5:5! 


then C (z + .-•) = C(z) C (z) - .S’ (c) S(s'), .S' (- + _-') = .S' ( 2 ) C (s') + C (z) S (.*'), 

fl,,d { C (*)}=+{.S'(’)}-*= 1. 

0. Failure of the Multiplication Theorem. That the theorem is not 
always true when 2 tt n and 2 r n are not absolutely convergent mav be .seen by 
considering the case in which 


(-D 


n 


?/_ = i-„ = 


Then 


M 


,r n =i—l )»• v 


1 


r~ON / |(r+ 1) (a + 1 - r)} ' 

l’.ut %'!(/'+ 1) i« + 1 - '•)} 2E * (» + -*), mid so j ir„ > (2« + 2)/(« + 2), which tends 
to i ; .so that 2 u' n is certainly not convergent. 


MISCELLANEOUS EXAMPLES ON CHAPTER VIII. 

1. Discuss the convergence of the series 2 a*{ s /(,t + 1) - 2Jn + J(n - 1)< 

where X- is real. ... , _ . / ” 

{Math. Trip. 1890.) 

-• Show 1 hat 2« r * fc (»*), 

U *" I< **"'• Ii A*M n = A(AM„), 

h H "TT*«•««> «.iy * *»-+.+i, «*«,* »i.o... is » 

(ll ss t,m " "•*»«» every term of the series is zero. 

^ ...pi, of Cl, VII, Mis,, E*. 11, shown «h..t A*(«•) in in gone™, of 

3. Show that 

v a - + 9«+5 _ 

t (a + I) (2m + 3) (2n ■+■ 5) (n + 4) — 36' 

[Resolve the general term into partial fractions.] ^ath. Tup. 1912.) 
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£ 4 . Show that, if /£(») is any rational function of m, we can determine 
a polynomial P («) and a constant -1 such that 2 {/£ (w) - P(n) - (A In)) is 
convergent. Consider in particular the eases in which /?(«) is one of 
the functions l/(a« + &), (n« 2 + 2i>/i +c)/(a«- + 2/3 m + y). 


5. Show that the series 

1 


1 - 


1 


+ ~ — 


1 


1_1_ 

m^2 2+ 2 + 3 3+ z 


/* 


{Math. Trip. 1890.) 


i.s convergent provided only that z is not a negative integer. 

6. Investigate the convergence or divergence of the series 

ssin'i, 2(-D"sin“,, s(l-co»?), :£(-!)" „(l-c,»"), 

where a is real. 

7. Discuss the convergence of the series 

*/ l 1 1\sin (/<£ + «) 

?( 1 + 5 + 3 + - + 5 ;~ 

where 6 ami a are real. 

8. Prove that the series 

1 - i ~ A + l + 1 + A “ f “ « “ b ~ A + • • •» 

• in which successive terms of the same sign form groups of 1, 2, 3, -4, ... terms, 
is convergent ; but that the corresponding series in winch the groups contain 
1, 2, 4, 8, ... terms oscillates finitely. {Math. hip. 1.) •) 

9. If mi, W 3 , — i» “ decreasing sequence of positive hui.i1k.m-s whose 
limit is zero, then the series 

_£ (m, + m 2 ) + A (**, + “* + “a) * • • •’ " A <“« + " j) + * ( ". + + 

are convergent. [For if (u, + «, + ...+*■>/" -*•- then r : , J s also a 

decreasing sequence whose limit is zero (Cli. IV, Lxs - 8 > ll,,s 

shows that the first series is convergent ; the second we leave to the reader. 

In particular the series 

i-A (i+i) + i(i + i+ &>“—» 1 -Ad + .D + AO + A + A)- — 

arc convergent.] 

10. If n u + *i + *ai+-" x » » divergent series of positive and decreasing 
tc,., n „, the. (1+ 


1—«_ (\ •! 


Ql. Provo that if a>0 then liui 2 + m 

«. Q2 Prove that lin. a 2 « _,_a = 1. [It follows^rom § 174 that 

0 < I"— 4 - 2 -- + ...+(«- l)—“ - J ( -r * a c/.r£l, 
and it is easy to deduce that lies between 1/a and (!/«)+1.] 


• f. £ 
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as 


Find the sum of the series 2 u n , where 


ttn = 


X 


"- . r -"’ 1 1 / 1 _ 1 _\ 

. r n + l +%r -n-l) .r — 1 \:c"+.i— n .V n + l +.V 


(.r n + .r"")( 


for all real values of x for which the series is convergent. {Math. Trip. 1901.) 

[If i x \ is not equal to unity then the series has the sum x/{(a* — ^(.i^+l)}. 
If .c=l then m„ = 0 and the sum is 0. If .r= — 1 then = l) n + 1 and 
the series oscillates finitely.] 

13 J-h Find the sums of the series 


r+-- + 1+--- 


Hz' 1 4r* 

r, + 


j2 

l+? + -' \-z i+ 1 ~~* + iZ^ + 


(iu which all the indices are powers of 2), whenever they are convergent. 

[The first series converges only if \z, < 1, its sum then being z/(\ —z ); the 
second series converges to ./(l - z) if j r <1 and to 1/(1 —z) if \ z | > 1.] 

, k J 5. If jt/„ gl for all values of n then the equation 

0=1+ a jc + «•_«'*' + ... 

cannot have a root whose modulus is less than i, and the only case in which 
it can have a root whose modulus is equal to i is that in which «„= — Cis(?jfJ), 
when ; = .VCis( — 6) is a root, 
v y* 

H>. Recurring Series. A power series 2</„c n is said to be a recurring 
•v rv .< if it s coefficients satisfy a relation of the tyj>e 

"m +/>!",»-! = 0 .(1), 

where n >/ and />,, p±, ..., p k are independent of n. Any recurring series is 
flic expansion of a rat ional fun ction, of To prove this we observe in the 
lirst place that the series is certainly convergent for values of c whose modulus 
b s ufficiently small . For let (/ he the greater of the two numbers 

1> Pi + i P~i ! + -.. + ! Ph ; . 

Then it follows from the equation (1) that a„ >&Ga m% where a„ is the 
modulus of the numerically greatest of the preceding coefficients; and from 
this tu.it <<„ < At*' 1 , where A is independent of n. Thus the recurring series 
i- c ert a inlv convergen t for values of z whose modulus is less than I/O. 

Hut if wo multiply the series /(.-) = 5a.s* by p,z, p..z * ... p k and add 
the results, wo obtain a new se ries in which ail the coefficients after the 
{/■ - 1 th vanish in virtue of the relation (1), so that 

n +/V + Pi- 2 + • • - + pi -*>/ K : ) = A> + A 5 +... + 1\ _, - *, 

where /'.. I\ -\ are constants. The polynomial 1 +p\Z+p. i z' 3 + ••• + Pi-i k 

is called the scale of relation of the series. 

< oiiver.-ely , it follows from the known results as to the expression of any 
rational function as the sum of a polynomial and certain partial fractions of 
the type .!/(;—a and from the Binomial Theorem for a negative integral V 
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exponent, that any rational function who.se denominator is not divisible by z 
c an be expan ded in a power series convergent for values of z whose modulus is 
sufficiently small, in fact if |-| < />, where p j^thc least of the moduli of the roots 
of the denominator (cf. Ch. 1 V, Mi sc. Exs. 18 et seq.). And it is easy to see, 
by reversing the argument above, that the series is a recurring series. Thus 
the necessary and sufficient condition that a pyteer scries should be a recurring 
series is th<it it should be the expansion of sue// a rational function of z. 


bid. Solution of Difference-Equations. A relation of the type of (1) 
in Ex. 16 is called a linear difference-equation in a n icith constant coejficients. 
Such equations may be solved by a method which will be sufficiently ex¬ 
plained by an example. Suppose that the equation is 

-1 - + 1 2</ n _ 3 = 0. 

Consider the recurring power series Srt.,:". \\ e find, as in Ex. 10, that its 

sum is 

+ («|- a g) z -1- («» — — 8gp) z* A | .Ij II 

1 -z-W+ 12 ^ 1 - 2 * (1 - 2 :>* 1 + 3 * * 

where A ,, A >, and ll arc numbers easily expressible in terms of «<„ </,, and a. 2 . 
Expanding each fraction separately we see that the coefficient of ; n is 

a„ = 2'* {.1, + (« + 1) A..\ + ( - 3)" If. 

The values of A ,, A- 2 , If depend upon the first three coefficients o 0 , «/,, a. 2y 
which may of course be chosen arbitrarily. 


«; i«: The solution of the difference-equation u„ — 2 cos 6 «„_! + »/„_ 2 = 0 is 
u -A cos 'nO + If sin nO, whore A and If are arbitrary constants. 


iir 44*r If « n > s ft polynomial in n of degree X-, 
scries whose scale of relation is (1 —zf* 1 . 


then 2 u„z n is a recurring 
{Math. Trip. 1904.) 


rt 20. Expand 9/{(i- 1) {z + 2) 2 } in ascending powers of z. 

{Math. Trip. 1913.) 


gj. Prove that if/(«) is the coefficient of z n in the expansion of */(l -t-c + c 2 ) 
in powers of z , then 

(1) /(«) +/(*-!)+/(» - *) -0, (2) f(n) = (u> 3 n - o» 3 - m )/(«3- »3 S )i 

where a> ; , is a complex cube root of unity. Deduce that f{n) is equal to 0 
or 1 or - 1 according us n is of the form 3/- or 3£+l or 3£ + 2, and verify 
this by means of the identity z/(1 + z + z l ) = z (1 -*)/(! -z*). 


z^> A player tossing a coin is to score one point for every head he turns 

up and two for every tail, and is to play on until his score reaches or passes 
a total n. Show that his chance of making exactly the total n is ^ {2 + ( - .J)°j. 

{Math. Trip. 1898.) 

[I f p n is the probability then />„=.} (/>„_1 +p n -s) • also p 0 — 1, p x = $.] 
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It -23T Prove that 

1 1 1 (n\ 1_/ n\ 

a + l"*"« + 2^"‘*‘ a+ n \l) a+l \2/ 


1 ! 


+ ••• 


t. 


(a + l) (a+ 2) 

if n is a positive integer and a is not one of the numbers —1, —2, — n. 

[This follows from splitting up each term on the right-hand side into partial 
fractions. When a > — 1, the result may be deduced very simply from the 
equation 

by expanding (1 — .r")/(l — x) and I— (1 — .r) n in powers of .v and integrating 
each term separately. The result, being merely an algebraical identity, must 
bo true for all values of a save - 1, -2, 

ii. J34. Prove by multiplication of series that 

«m!T »•»! "T\ + 2 + 3 + + 

[The coefficient of z n will he found to be 
Now use Ex. 23, taking a=O.J 

Ltk.2£%. If Ah-*- A and If,,-*- D a.s , then * 

(A i Ii n + *1 »B n «i + ... + A n D\)/ h *1 Ii. 

-In —-1 + f n• 1 hen the expression given is equal to 

. Il\ + /?.j + ... + D u c\B n + €. 1 B n ^ x +... +€ h B 1 
‘ 1 n-- -, 


/i 


n 


I he first term tends to AD (Oh. IV, Mine. Ex. 27). The modulus of 
the second is less than | c, | + ] 1 4 -... + i f „ • }//i, where /S is any number 

greater than the greatest value of D y : and this expression tends to zero.] 


Prove that if c„ = «, b n + a..b H _, + ... + «„/,, and 
A „ = «, + a.j + ...+«„, D„ = 6, + k, +... + b n , C„ = c, + c 2 +... + c „, 


t hen 


sums 


— "l D n + rio + «„ /?, = {>, A „ + VI n - 1 + • •• + 6 n d I 

and C', + C' ;! + ... + ^,= B J 1 ZI B + ,l a Z/„ 

Hence prove that if the series 2i/„, 2ft,, arc convergent and havo tho 
-1, IJy so that -1 ii-* 1, //„-►/?, then 

* r*i + Co +... + C„)jn A Ii. 

Deduce that if 2 --.. m convergent then it* sum is AD. This result is known as 
Abel's Theorem on the multiplication of Series. Wo havo already seen 
that we can multiply the series 2a„, 2ft,. in this way if both series are 
absolute!,, convergent : Alwl’s Theorem shows that we can do so oven if 

one or both are not absolutely convergent, prodded only that the product series > 
2 ^ convenient. 
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27. Prove that 

i (1 — i +J — (1 + + •••» 

i(l -£ + £ — (1+ £) + &(* + S + &)“ •••• 

[Use Ex. 9 to establish the convergence of the series.] 

28. For what values of m and n is the integral j ^ sin"* x (1 

convergent ? [ If m + 1 and + 2« +1 are positive.] 

2.0. Prove that if a > 1 then 

dx rr 


— cos x) n dr 


/ 


(a-x)^!-* 8 ) s'(a 5 -D' 


30. Establish the formulae 

j * F {V(* 2 +1) +.r{ dx = A (l + F{y) </y, 

I " F { N /(.v 2 + l ) - x\ d.v= A j' (l + A.) F (y)c/y. 

In particular, prove that if n > 1 then 

f” dx = / *{^(x*+l)-x}*tfx = ^ • 

Jo {^(X*+ 1)+X}“ Jo ,i ‘- 1 

[i„ this and the succeeding examples it is of course supposed that the 
arbitrary functions which occur are such that the integrals considered haven 
meaning in accordance with the definitions of 177 et seq.] 

uno <* 31. Show that if 2 t/ = ax-(,b/x), where « and b are positive, then j/ im 
-oases steadily from -co to® as x increases from 0 to x . Hence show that 

/>{* (« *i)} «**- 1 /*./{‘ ■/(/+=!>}* 

= - f /W(y' 2 +«&)} 

^ I ii 
• 

> 3 >- 32. Show that if 2y = ax + (b/.v), where a an«l b are positive, then two 

values of x correspond to any value of y greater than Denoting the 

ereater of the.se by .r, and the less by .r,, show that, as y >creas es from 
j (ab) towards x, xj increases from N /(ty«) towards x, and ^ decavases 
from J(bja) to 0. Hence show that 


/■» 1 /" 
I /(y)e/.f| = - I 


s/(6/rt) 
N/(fc/«) 


>/(«*) 
X 


/‘(y) -! .. .. + 11 dy. 


( .V 

W(y 2 -"'') 


l 


/r^ ^ = * /v<.« 7 <y> W- ««•> - 1 } 


and that 
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33. Prove the formula 


/ « , , x dx f *,, .da- 

/< soc i x+uw *•*> 7(^rrJ „ /(cos “- r) 7(B^) ’ 


34. If a and 6 are positive, then 


f* c/.r 7T / .i-rf.r _ 7T 

J o (*» + «*)(.«* + &*) “ 2o6 (« + 6) ’ I 0 (.r- + a 2 ) (** + 6 s ) 2 (a + 6) * 

Deduce that if a, ,% and y are positive, and 2: ay, then 

/' * d.r tv i* * .r 2 rf.r _ rr 

J o a ^ + i-'^-' + y ” 2V(2yl-l) ’ J u a.r‘+ 20.K 2 + y ” 2 ^(SaA) 9 

where J = /3+s / (ay). Also deduce the last result from Ex. 31, by putting 
/(//)*= l/(c 2 + >/*). The last two results remain true when /8 2 <ny, but their 
proof is then not quite so simple. 


35. Prove that if b is positive then 
/" * x-d.v tv 


I x-cf.v _ tv I x*dx _ rr 

J „ (x* - a-)- + 6*P ~ 26 * / „ p*-«*)»+6***}* “ 463 • 

3»>. Extend Schwarz’s inequality (Ch. VII, Misc. Ex. 42) to infinite 
integrals of the first and second kinds. 

37. Prove that if <j> (x) is the function considered at the end of § 178 
t hen 




38. I’mve that 


Establish similar results in which the limits of integration are 0 and 1. 

(Math. Trip. 1913.) 



CHAPTER IX 


the logarithmic and exponential functions 

OF A REAL VARIABLE 

196. The number of essentia ll y d i fferent types of functions 
with which we have been concerned in the foregoing chapters 
is not very large. Among those which have occurred the most 
important for ordinary purposes are polynomials, rational functions, 
algebraical functions, .explicit or implicit, and trigonometrical 

functions, direct or inverse. 

We are however far from having exhausted the list of functions 
which are important in mathematics. The gradual expansion of 
the range of mathematical knowledge has been accompanied by 
the introduction into analysis of one new class of function after 
another. These new func tions have generally been introduced 
because it appeared that some problem which was occupying the 
attention of mathematicians was i ncapable o f solutio n by means of 
the functions already known. The process may fairly be compared 
with that by which the irrational and complex numbers were first 
introduced, when it was found that certain algebraical equations 
could not be solved by means of the numbers already recognised. 
One of the most fruitful sources of new functions has been the 
problem of integration. Attempts have been made to integrate 
some function /(«?) in terms of functions already known. These 
attempts have failed ; and after a certain number of failures it 
1ms begun to appear probable that the proble m is insoluble. 
Sometimes it has been proved that this is so; but as a rule such 
a strict proof has not been forthcoming until later on. Generally 
it has happened that mathematicians have taken the impossibility 
for granted ns soon as they have become reasonably convinced 
of it, and have introduce d a new fu nc tion J? (*) defined by it s 
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possessing the required property, viz. that F' (x) = f (x). Starting 
from this definition, the} 7 have investigated the properties of 
F(x); and it has then appeared that F (x) has properties which 
do finite combination of the functions previously known could 
possibly have; and thus the correctness of the assumption that 
the original problem could not possibly be solved has been 
established. One such case occurred in the preceding pages, 
when in Ch. VI we defined the function log x b y means of the 
equation 

io g.*=/ rf *. 

Lot us consider what ground s wc have for supposin g log.r to be a really 
now function. W e have seen already (Ex. xlii. 4) that it can not be a rational 
function, since the derivative of a rational function is a rational function 
whose denominator contains only repeated factors. The question whether it 
can be an algebrai cal or trigonometric al function is more difficult But it is 
very easy to become convinced bv a few experiments that differentiation will 
never get rid of algebraical irrationalities. For example, the result of 
differentiating v '(l + .r) any number of times is always the product of v /(l -f-or) 
by a rational function, and so generally. The reader should test the 
correctness of the statement by experimenting with a number of examples. ^ 
Similarly, if we differentiate a function which involves sin.r or cos.r, one 
or other of these functions persists in the result. 

We have, therefore, not indeed a strict proof that log .v is a new function— 
that we do not profess to give*—hut a reason ab le presumption that it is. 

W c slml! therefore treat it as such, and we shall find on examination that its 
properties are quite unlike those of any function which we have as yet 
uni . .mitered. 

ui 

197. Definition of log x. We define log x, the logarithm of x, 
by the equation 

log x = f . .n At, . 

■ it 

W <• must suppose t hat x is jxi sjt iie, since (Ex. lxxvi! 2) the 

i ntegral has no meaning if the range of integration includes 

tin point .r=0. We might have chosen a lower limit other 

tlian 1; but 1 proves to be the most convenient. With this 
definition lug 1 = 0. 

^ sha11 now consider how log.r behaves as x varies from 0 

towards x . It follows at once f rom the definit ion that log .r is a 

For such a proof see p. 35 of the author’s tract quoted on p. 236. ^ 
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c ontinuous function of x which increase s stea dily with a: and has 
a derivative 

D x \ogx = l/.r; 

and it follows from § 175 that log « tends to =c as * ao . 

If x is positive but l ess than >f then log* is negative. For 


[*{lt [ l (U 

log—1^7 =-J, T <0 


Moreover, if we make^he substitution < = l/« in the integral, we 
obtain 


1 


f l "du . .. , >. 

r = 7 = - I - = -log(l/x). 

Jl ^ J 1 ^ 


Thus log a; t^nds steadily to - co as .r decreases from 1 to 0. 

The general form of the graph o f the logarithmic function is 
shown in Fig. 52. Since the derivative of log a- is 1/x, the slope of 



Fig. 52. 

the curve is very gentle w hen x is very .large, and very steep 
when x is very small. 

Examples LXXXII. 1. Prove from the definition that »f » > 0 then 

u/(l+u) <log(l+«) < u. ^ ^ 

[For log (1 + «) = f U ^r r «md the subject of integratiwflics Iwtwccn 1 and 

1/(1 u - . «- , 

2. Prove that log(l+«) lies between u-~ and «" 2 (1 + M ) wl,cn M ,S 

/ " l,It i 

positive. [Use the fact that log (1 + «) = « - J q *J 

3 If o < « < 1 then m < — log (1 - n) < «/(l - “)• 

4. Prove that 


lim 

Uho Lx. 1. ] / _ v \ + 

rfc-> «= (*«.- - *' 


* » 
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198. The functional equation satisfied by log x. The 

function log# satisfies the functional equation 

/Oy) =/(*) +f(y) .(!)• 

For, making the substitution t = yu, we see that 

\iycr xi — r ^—f* d"—f z< ^ n r ,!/du 

° nXy Ji t Ji /y u “./, u Ji it 

= log X - log (1 fy) = log # 4- log y, 
which proves the theorem. 

Examples LXXXIII. 1. It can be shown that there is no solution of 
the equation (1) which possesses a differential coefficient and is fundamentally 
distinct from log.r. For when we differentiate the functional equation, first 
with respect to x and then with resj>ect toy, we obtain the two equations 

iff (**) =/' (■'•>/) =/' (y); 

and so, eliminating ./'(ay/), xfi (x) =yf (y). But if this is true for every pair 
of values of x and y, then we must have .rf (x) = C, or f ' (x) = C/.v, where C 
is a constant. Hence 

/(.v) = I y Jx +€■ = € log a- + C\ 

and it is easy to sea that C =0. Thus there is no solution fundamentally 
distinct from log.r, except the trivial solution f\x) = 0 , obtained by taking 
C=0. 

2. Show in the same way that there is no solution of the equation 

/<,)+/(,; =/(£ 4 ) 

which possesses a differential coefficient and is fundamentally distinct from 
arc .v. 

199. The manner in which log x tends to infinity with x. 

It will be remembered that in Ex. xxxVi. 6 we defined certain 
d i ff erent w ays in which a function of x may tend to in finity with x, 
distinguishing between functions which, when x is large, are of 
the first, second, third,... orders of greatness. A function f (x) 
was said to be ot the k th or der of greatness when /’(#)/#* tends to 
a limit different from zero as x tends to infinity. 

It is easy to define a whole series of functions which tend to 
infinity with x, but whose order of greatness is smaller than the first. 
Ihns y/x, v'.r, y/x, ... are such functions. We may say generally 
that a.-, where a is any positive rational number, is of the oth 
oidei ot greatness when x is large. We may suppose a as small 
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198-201] .. 

jis we please, e.g. less than 0000001. And it might be thought 
that by giving a all possible values we should exhaust the 
possible ‘ orders of infinity ’ of f (x). At any rate it might be 
supposed that if f (x) tends to infinity with ./•, however slowly, we 
could always find a value of a so small that .<-° would tend to 
infinity more slowly still; and, conversely, that if/(a) tends to 
infinity with x, however rapidly, we could always find a value 
of a. so great that x a would tend to infinity more rapidly still. 

Perhaps the most interesting feature of the function log .r is its 
behaviour as x tends to infinity. It shows that t he presuppositio n 
stated above, which s eems so natura l, is u nfounded . The logarithm 
ofx tends to infinity with xjnit more slowly than any positive power 
of x, integral or fractional. In other words log a — :c but 
(loga?)/* - —0 for all positive values of a. 

This fact is sometimes expressed loosely by saying that ‘ the 
order of infinity of log a- is infinitely small but to say that 
anything is ‘ infinitely small ’ is just as meaningless as to say that 
anything is ‘infinitely great’, or that ‘ a* = oo’, and we therefore 
advise the reader to avoid such modes of expression. 

200. Proof that (log^/tf^O as x — x . Let /3 be any 
positive number. r l1ien j/< < 1 ft'-* when t > 1 , and so 


C*dt f* dt . ae ,-i* 
T < )i t-~*’ 0 J. 


or log x < (,r* - 1 )l& < 

when a; > 1. Now if a is any positive number A we can choose a 
Hinnller positive value of B. And then 


I ar* 


0'< (loir x)/x~ < .•* -*!& {x > 1 ). 


But, since a>&, //3 —0 as a- - oc , and therefore 

(log x)/x* -*-0. 

201. The behaviour of log x as ,/• — + 0. Since 

(log x)/x a = - IT l‘>g If 

if x = 1 jy, it follows from the theorem proved above that 

lim //“ log y = - lim (log x)/x* = 0. 


X ♦ + <*> 

•; \*i~x 


dte fog 7 x Mentis to — =© hnc^ fog (1/x) — — loga;^to ^oo as x tends 
-'to zero by positive values, blit log (1/a?) tends to co more slowly 
than any positive power of 1/x, integral or fractional. 


ft > 

9 


■*o 


O 
o 


it 
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202. Scales of infinity. The logarithmic scale. Let ns consi 
more the series of functions 

.r, N Ar, sAr, #r, ...» 

which possesses the property that, if /(.r) and <£ (x) are any two of the 
functions contained in it, then /(.,*) and </> (a-) both tend to cc as x-*- jl , while 
f(.v)!<t> (.v) tends to 0 or to x according as f (.r) occurs to the right or the 
left of in the series. We can now continue this series by the insertion 
of new terms to the right of all those already written down. We can begin 
with log .r, which tends to infinity more slowly than any of the old terms. 
Then N /(log x) tends to oc more slowly than log or, 4^(loga;) than ^/(log x), and 
so on. Thus we obtain a series 

r, s'- 1 ', s'*, —, ... log x, N /(log.r), ^/(log x), . ^(log x), ... 

formed of two simply infinite series arranged one after the other. But this 
is not all. Consider the function log log .v, the logarithm of log.r. Since 
(log/)/.»■“0, for all positive values of a, it follows on putting x'=\ogy that 

(log logy)/(logy) a = (log x)Jx a 0. 

Thus log log y tends to cc with y, but more slowly than any power of logy. 
Hence we may continue our series in the form 

•r, log.r, s /( log.r), (log x\ .. . l og log .v , ^(log log.r), ... ^/(loglog .v), ■ J .; 

and it will by now be obvious that by introducing the functions log log log x, 
log log log log .r, ... we can prolong the scries t o any extent we like. By 
nutting ,(•— \iu we obtain a similar scale of infinity for functions of y which 
tend to cc as >/ tends to 0 by positive values.* 

Examples LXXXIV. 1. Between any two terms/(a*), F(. r) of the series 

we can insert a new term <f> (t) such that cf>(. r) tends to oc more slowly than 

/(.*•) and more rapidly than /’(.r). [Thus between N '.r and ^.v we could insert 

l«etwccn s '(log.r) and ^/(loga*) we could insert (log.r) 61 -. And,generally, 

<P (.'•) = v '!./'(•••) -f’’GO} satisfies the conditions stated.] 

" "" m m — 1 1 *■> 

2. Find a function which tends to x more slowly than «/.r, but more 
rapidly than .r°, where a is any rational numlter less than 1/2. [ N /.r/(log .r) is 

such a function; or K ; .r,'(log.r) 8 , whore 3 is any positive rational number.] 

3. Find a function which tends to x more slowly than N /.v, but more 
rapidly than s '.r/(log .«•»«, where n is any rational number. [The function 

loglog.r) i s such a function. It will be gathered from these exam]>les that 
iiicotiiftfctenrss is an inherent, chameteristic of the logarithmic scale of infinity.] 

-1. How does the function 

/(•'•)= {-v a (log.r) a (log log x) m " \;{.v p (log.r) 8 ' (log log.r) 8 } 

Iteliave as tends to x 1 [If a +3 then the behaviour of 

f(.r) = .v a ~ p (log.r)®' -8 ' (loglogo.')°' 

l* or fuller information as to 4 scales of infinity ’ see the author's tract 4 Orders 
of Infinity \ Cnnih. Math. 'Tracts, No. 12. Alt* 304,170,* 




* 
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is dominated by that of If a then the power of .r disappears and 

the behaviour of/(x) is dominated b$ - that of (h>gx) a , unless «' = £', " hen 

it is dominated by that of (loglogx)* . Thus /(.r)^xjf a > or 
a=0,a> 0\ or a=/3, a = 0\ a” > 0", and /(x)-^0 if n < (i, *>£ a = 0. a < 0\ or 

a = 0. = a"<0".] 

5. Arrange t he functions x,V(log x), x N '(log x) log logx, x log log x/ v '( log .<), 
(x log log log .r)/V(log log x) a ccording to th e rapidity with which they ten 

to infinity as x-*-«. 

6. Arrange 

log logx/(xlogx), (logx)/x, xlog log x/ s f(.i~+D, { v '(x+ 1;; x (1 °g* 

according to the rapidity with which they tend to zero as x—x. 

7. Arrange 

x log log (1 /x), s 'x/{log (1 lx )), v '{ r * lo S( 1 x »' < 1 “ COS c) log (1 ‘ X) 

according to the rapidity with which they tend to zero as x~+0. 

8. Show that 

D x log log x= 1 /(x log x), D x log log log x = 1 /(x log x log log x), 

and so on. 

9. Show that 

* 

D x (log X) a = »/{x (log X ) 1 _ a }, 
and so on. 

203 The number e. We shall now introduce a rtumber, 
usually denoted by e, whieh is ofj mmense importan ce, in higher 
mathematics. It is, like tt, one_oLJ- ho f-ndamental eon.sta.its 

of analysis. 

We cl e fine e as the number whose logarithm is 1. In other 

words <? is d efined by the ecpmtion 

Cult 

l= L r 

Since log x is an increasing function of x, in the stricter sense of 
K 95 it win only pass once through the value 1. Hence oui 
definition does in fact define one d efinite number. 

Now log xy = log x + log y and so 

log x 3 = 2 log x. log x - 3 = 3 log x. log x” = /* log x, 

where n is any positive integer. Hence 
r log e" = n log e = n. 


IK (log logx) a = «/{x log x(log log x) 1 a !, 
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Again, if p and q are any positive integers, and e p!q denotes the 
positive 5 th root of e p , we have 

p = log e p = log ( e p!q ) q = q log e plq , 

so that lo ge p,q = p/q. Thus, if jj_ has any p ositive rational value, 
and e y denotes the positive yth power of e, we have 

log e' J = y .( 1 ), 

and log e~ y = — log e v = — y. Hence the equation (1) is true for 
all rational values of y, posi tive or nega tive. In other words the 
equations 

y = log x, x = e' J .( 2 ) 

are consequences of one another so long as y is rational and e' J 
has its positive value. At present we have not given any definition 
of a power such as e y in which the inclex is irrational, and the 
function e' J is defined for rational values of\y only. 

1 / 

Example. Prove that 2 < e < 3. [In tlie fin* place it is evident that 

i, *'• i (• ■* " * c^-«) 

J l t , 

and so 2 < e. Also . - • V. 1 

f 3 dt f - (It f 3 dt f 1 (iu j ' 1 dU du* 

J 1 ( _ J . V J * 7 -Jo 2~/ + J 0 2 tTi ~ 4 ./„ 4 ~u* > l ' 

s<> that e < 3.] 

204. The exponential function.; We now define 'file ex¬ 
ponential function e' J for all real values of y as t he inverse of 
the logarithmic function. In other words we write 


x = e" 


v 


if y = log ic. 

\\ e saw that, as r varies from 0 towards x , y increases 
steadily, in the stricter*’ sense, from — x towards oc . Thus to 
one value of x corresponds one value of y, and conversely. Also y 
is a c ontinuous function of x, and it follows from* § 109 that x is 
likewise a continuous function of y. 

It is easy_t ogive a d irect proof of the continuity of the exponential function? 
For if x = i-v and .r + £ = then 

dt 

T* 

Thus n is greater than £/(.r + f) if £>0, and than |£|/*-jf £ <0; and if n is 
very small £ must also l>e very small. 
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203—205] or 1 n.E-Ai- * 

Thus e v is a positive and continuous function of y which 
increases steadily from 0 towards =c as y increases from -» 
towards ao . Moreover is the positive ;/th powe r of the number 
e in accordance with the elementary definitions, w henever A is 
a rational number. In particular e" = 1 when y = 0. _ The general 
form of the graph «>f e» is therefore as shown in Tig. o3. 



205. The principal properties of the exponential 

function. (1) If that '/ = h’S'-> t,un (h J' h ~ *' 

and 


dx 

(f U 


= ./• = t'J. 


Thus the derivative of the exponential function is equal to the 
function itself. More generally, if a- = «*» then d.rdp = ae ^ 


(2) The exponential function satisfies the functional 'equa t io n 

/( < y + 2)=/(//)/^)- 

WmT his follows, when yand . are rational front the ordinary rules 
of indices*-*™ v or z, or both, are irr ation al then we can choose t_t_ 

sequences y lt y, . y». ” gince the exponential 

such that lim t/„ = y, hm = z. ^ 1 nen, since l 

function is continuous, we have 1r- r 

x e* = lim e' J * x lim e*<* = lim e y » + *« = e ,/+z . 

In particular e*' xr" = e°=l, or = !/«*• 
lii) We may also deduce the functional equation satisfied by e« 
from that satisfied by lo'gir. For if y. = legal. y, = log a- so that 
=e i-., .r, = eV\ then y, + y,= log <r, + log a-, - log ar.x, and 

e w.+«/. = = .-r,a* 2 = e Vl x e !/ *. 


W. ( 


#o/v 


IL 
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Examples LXXXV. 1. If dx/dy = ax then x = Ke a », where K is a 
constant. 

2. There is no solution of the equation /(y+3) =/(?/)/(*) fundamentally 

distinct from the exponential function. [We assume that /(y) has a differential 

coefficient. Differentiating the equation with respect to y and z in turn, we 
obtain 

/' (y+z) —f {y)f(z), f (y+z)=f(y)f ( 2 ) 

and so/'(y)//0/)=/'(r)//(3), and therefore each is constant. Thus if x = f(y) 
then dx/dy=ax, where a is a cons taut, so that x=Ke°» (Ex. 1).] 

3. Prove that (fj - ] )/y — a as y + o. [Applying the Mean Value 
Theorem, wc obtain e** - \=ay^v, where 0 < | r, | < \y j.] 

206. (3) The function e* t ends to infinity with y more rapidly 
than any power of y, or 

lim ipje'- 1 = lim e-'-'y* = 0 
as ,/or all values 0/ a however great. 

We saw that (log .«•)/.**-0 as .r-^oc, for any positive value 
of /3 however small. Writing a for l/£, we see that (log.r )«/*-0 
for any value of a however large. The result followsmi putting 
iV ~ ey - Jt . ls c,ear a,so that extends to oo if y > Q, and to 0 if 
7 < a,ul ’ n ea °h case more rapidly than any power of y. 

From this result it follows that we can construct a^^^fiuitv - 

similar to that constructed in § 202, but extending ip the oppositedWtion : 

T : a W4 lo .° f flluct,olw wh,dl ,eni1 to * more and'more rapidly as 
1 lie scale is / 1 J 




inhere of course ** ..., e", ... denoted, / e( ^ 

U.U-SOO . 


• **" SO 
•V.£T c i *\ 17 tv~ *•• c- < c • * 


The reader should try to apply the remarks about the logarithmic scale 
made in , 2 ,2 and , xs. uxxxrv, to this ‘expon ential scale ' also.^Tho two 
may of course U t t he order of one is reversed) be combined into one^- 

— 1 ■"* lo S • • • h»g .r, ..r, . e* ^ 


207. The general power The teloiT'^' il^'Leen’ 


i i i ~ . w: tuuvviuii uity u, 

defined only for mt.onal valuea of *, ex&e^ in the particular c 


case 


T‘- io ; »"r 

and r «„ the dependent in di re „„i„ g i„ propel. 

t ojh o ni oDLn flt u m L idan o f taking X as the independent variable, except whe^TTTs 
necessary to cons.der a pa.r of equations of the type y = log x. * = e , simultaneously v 
when there is some other special reason to the contrary. ^ 
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when a = e. We shall now consider the case in which a is any 
positive number. Suppose that x is a positive rational number 
p/q. Then the p ositive P valuc y of the power a* 1 * is given by 
yq = a p • from which it follows that 


and so 


q log y =p log a, log y = (p,'q) log « = a; log a, 

y = e* lo * a . 


We take this as our definition of a x when x is irrational. Thus 

j t is to be observed that u x , when x is irrational, 
is defined only for positive values of a, and is itself essentially 
positive ; and that log a* = x log a. The most important properties 
of the function a x are as follows. 

(1) Whatever value a may have, u x x av = a x+y and (a x )" = a x,/ . 

In other words the laws of indices hold for irrational no less than 
for rational indices. For, in the first place, 

a x x a v = e xXosa X e J/lcg, ‘ = e ,x+ i' ,loga = a x+,J ; 

and in the second 

(a x ) ! ' = e vloga * = e x ' jXo ' ta = a xv . 

(2) If a>\ then a x = e* lu * a = e“ x , where a is positive. The 
zraph of a x is in this case similar to that ot «*., and a x —- oc 

!■ — oo . more rapidly than a ny .power of x. 

If a < l then a x = e xloga = e~ px , where /3 is positive. The graph 
of u x is then similar in shape to that of e*, but reversed as regards 
right and left, and « x 0 as a' —oo, more rapidly th an jmy 

power of 1 /x. 

(3) u x is a continuous f unctio n of x^ and 

jj z a x — ]j x e* lo *« = e xlota log a = « x log ((. 

(4) a x is also a continuou s f unction of «, and 

J) a a x = D a e xloga = e x,olin (xja ) = xa x ~\ 

(a x - l)/x -*■ logo as x ^0. This of course is a more_ 
corollary'from the fact that D x a* = a* log a, but the particularly 
form of the result is often useful; it is of course equivalent to the 
result (Ex. lxAV. 3) that (e^ - D/x+aus x — 0. 

I„ the course of the preceding chapters a great many results involving 
the function « x have been stated with the limitation thatjrjs rational. The 
definition and thooroms given in this section enable us to remoyejhis 

r oHtiiction. 
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208. The representation of e* as a limit. In Ch. IV, 

§73, we proved that {1+(l/n)}“ tends, as n—co, to a limit J 
which we denoted provisionally by e. We shall now identify this 
limit with the number e of the preceding sections. We can 
however establish a more general result, viz. that expressed by 
the equations 



As the result is of very great importance, we shall indicate alter¬ 
native lines of proof. 


(1) Since 


it follows that 


log ( 1 + .vt) = 


dt 


1 + .i t ’ 


>« 


lim Kmi + 

/i-^o h 


If we put It = 1/f, we see that 


:c 


4m f log j 1 + ~ = x 

s : 

as g -w ^ or £ -» — ;c Since the exponential function is^con- 
tinuous it follows that • 

(1 + ?) = 

\ £/ 

as £ -*- cc or £ — — ao : i.e. that 


f !i'“ (* + + f)-«*.(2)- 


If we suppose that £ — cc or£—-oc through integral values 
only, we obtain the result expressed by the equations (1). 


< 2) ,f " is a,, . v I M,sitivc integer, however large, and x > 1 , we hav 

r < [' d_L < dt 

Jl t 

or < ‘^'J | n (1 -.r-i »•) < log j. < „ jn 


Writing y_for log.r, so that >, is positive and x = e", we obtain, after 
simple transformations, 


(3> 


some 


Now let 


K0”<*<0-1)". 


l+ n~ ri " 


1-*=I 
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Then Oc^C^o, at any rate for sufficiently large values of «; aud, by 
(9) of § 74, 

r)o n - T)i n < 11 H-> n 1 (n -2 - *7i) = J/ 2 Vi n / n i 

which evidently tends to O as n oc . The result now follows from the 
inequalities (4). The more general result (2) may be proved in the same way, 
if we replace l/7t by a continuous variable h. 

209. The representation of log.r as a limit. We can also prove 
(cf. § 75) that 

lim n (1 — .r _I *') = lim n (x 11 * — 1 ) = log c. 


1*0 


For n (**'» - 1)-(I - x - 1 ") = « (a- , n - 1) (1 - x ~ ,/ "), 

which tends to zero as n oo, since 7t(j- ,/w -l) tends to a limit (£ 75) and 
i « to 1 (Ex. xxvil. 10). The result now follows from the inequalities (3) of 

£ 208 . 

Examples LXXXVI. 1. Prove, by taking y = 1 and n = G in the in¬ 
equalities (4) of § 208, that 2.5 < <? < 2.9. 

2. Prove that if / > 1 then (/•/" 1 ~') < l/«, and so that if 
.. i■ > 1 then 


\ Hence deduce the results of >5 209. 

3 . If $„ is a function of n such that n£ n -+-l as »-*- eo, then (1 
[Writing n log (1 +£„) in the form 

, /«£»\ l°g ( 1 + £„) 

\l ) 

and using Ex. lxxxii. 4, wo see that /t log (I + £„) — /.] 

4 . If x,, then (I +£„)--— <* ; and if 1 + £,. > 0 and n( H — 

(l+£n)"— 0 . 


fc.)"— «*• 


— -x. , then 


5. Deduce from (1) of § 208 the theorem that «•' tends to infinity more 
rapidly than any power of y. 

210. Common logarithms. The reader is probably familiar 
with the idea of a logarithm and its use in numerical calculation. 
He will remember that in elementary algebra log a a-, the logarithm 
of . 7 ; to the base a, is defined by the equations 

.r = a v , y = log a x. 

This definition is of course applicable only when y is rational, 
V though this point is often passed over in silence. 


II. 


24 
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Our logarithms are therefore logarithms to the base e. For 
numerical work logarithms to the base 10 are used. If 

y = log a* = log, a-, 5 = log, 0 x, 

then x = e y and also .c= 10' = e zlosl °, so that 

logio-t’ = (log, •'•)/( log e 10). 

Thus it is easy to pass from one system to the other when once 
log, 10 has been calculated. 

It is no part of our purpose in this book to go into details 
concerning the practical uses of logarithms. If the reader is 
not familiar with them he should consult some text-book on 
Elementary Algebra or Trigonometry.* 


Examples LXXXVII. 1. Show that 

D x (?'* cos by = r& ,x cos (by + d), D x e"* sin bx=re ax s\n ( b.v+6) 

where r= \'{'i- + b~), cos d = a;r, sin 0 = bjr. Hence determine the »th deri¬ 
vatives of the functions «-' Lr cos by, e' tr sin by, and show in particular that 
l) x n e" r = a" e" 1 . 

2. Trace the curve y = c~ a * sin bx, where a and b are positive. Show 
that i/ has an infinity of maxima whose values form a geometrical progression 
and which lie on the curve 




— ax 


(J /nth. Trip. 1912.) 


I 


3 • Integrals containing the exponential function. Prove that 

, (>r ; , it cos h.r + b si n bx 

,jfix cos f )X ,( r — — 


k-+6- —. J— 

[Denoting the two integrals hy /, ./, and integrating by parts, we obtain 

,i/ = c“* cos by + bJ, o.I = t-^si n bx - bl. 

Solve these equations for / and •/. ] 

l. Prove that the successive areas bounded by the curve of Ex. 2 and the 
positive halt of the axis of .r form a geometrical progression, and that their 


Hurn is 


b i + --«■/* 


c 


a- + b- \- e ' an ' b * 

f>. Prove that if a > o then 


* See for example Chrystal’s Al<jebra, vol. i. ch. xxi. The value of l OR 10 is 
2*302... and that of its reciprocal -434... . 
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G. If/ n = Je ax x >t dx then al n =e**x* - [Integrate by parts. It 

follows that I n can be calculated for all positive integral values of «.] 

7. Prove that, if n is a positive integer, then 

j * e~ x x n dx=n ! e~( - I f-, — •••“—?) 

and f e~ X x n dx — n !. 

8 . ' Show how to find the integral of any rational function of e*. [Put 
* = logic, when c*= u, dx/du = 1/w, and the integral is transformed into that 

of a rational function of ?/.] 

0 . Integrate 


] 2. Pro\ 


(cV* + it-e - x ) {c-e' + b-e “ x ) ’ 

distinguishing the cases in which « is and is not equal to b. 

10 Prove that wocan integrate any function of the form P(x, e ax , i J,z ,...), 
where P denotes a polynomial. [This follows from the fact that P can be 
expressed as the sum of a number of terms of the typo ix-e**, where m is a 

positive integer.] 

11 . Show how to integrate any function of the form 

P (.v y «*•*, d ,x y cos lx, cos mx, .... sin lx, sin nix, ...). 

e that j It (x) dx, where X>0 and* a is greater than the 

greatest root of the denominator of U (.r), i« convergent. [This follows from 
the fact that e** tends to infinity more rapidly than any i»ower of x.\ 

13 p ro vo that j e-^+^dx, where X > 0, is convergent for all values of 

on d that the same is true of where « in any positive 

integer. 

,4. Draw the graphs of <->, and a-log-T deter- 

.nining any maxima and minima of the function* and any point* of ll.flox.on 

on their graphs. 

15 . Show that the equation <•«*-. far, where a and b are positive, has two 
real roots, one, or none, according as 6 > «*, 6 = «f, or b < a*. [1 he tangen 

tfi the curve y = v az at the point (£, c a t) is 

,j — e at o (a- — $), 

Which posses through tlm origin if of= 1, so that the line y=ur.t- touche* the 
curve at the point ( 1 /a, «). The result now liecome* obvious when wo draw 
the lin opk The reader should discuss the coses m which a or f. or both 

are negative.] _ 2 
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1G. Show that the equation e* = l+x has no real root except x=0, and 
that e z =l+x+&x s has three real roots. 

17. Draw the graphs of the functions 

log {x++ 1)}, log * e ~ ax cos2 hx ' 


e -<»/*)•, c-(«/*)* ^( 1/x), c- cot - B , 


e 


— COt- X 


IS. Determine roughly the positions of the real roots of the equations 

e* sin x = 7, e*‘ sin x— 10000. 


i,.g(.v + ^ + i))=4, ^-|±£ 


1 

10000 ’ 


19. The hyperbolic functions. The hyperbolic functions cosh x* 
siuhx, ... are defined by the equations 

cosh x — 4 (c*+ e~*) t sinh x = i (e 1 — c ~ *), 

tanh x= (sinh ar)/(cosh .r), cotli x= (cosh ,r)/(sinh x), 

seeh x= l/(eosh .r), cosech x= l/(sinh x). 

Draw the graphs of these functions. 

20. Establish the formulae 

cosh (- x) = cosh j*, sinh (- x) = - siuli x, tanh (- x) = - tanh x, 
cosh-.r — sinli 2 .r= 1 , seeh 2 x + tanh* .r= 1 , coth* x — cosech 2 .tr = 1 , 
cosh 2.r=cosh 2 .i* + sinh 2 a*, sinh 2x= 2 sinh x cosh x, 
coj.1i (or + y) = cosh x cosh y + sinh .r sinh y, 
sinh (.r+y) = sinh.r coshy + cosh x sinh y. 

21 . A erify that these formulae may be deduced from the corresponding 
formulae in cos.,- and siu.r, by writing cosli .c for cos a* and i sinh.r for sin.tr. 

[It follows that the same is true of all the formulae involving cos nx and 
sin ,i.r which are deduced from the corresponding elementary properties of 
cos a- and sin x. The reason of this analogy will appear in Ch. X.] 

22 . Express cosh a- and sinh a* in terms (a) of cosh Sx ( 6 ) of sinh 2a. 

iscuss any ambiguities of sign that may occur. (ifat/,. Trip. 1908.) 

-3. Prove that 

I> x e<»sh x = siuh x, l ) s sinh a = eosli.tr, /^tanh .r = sech 2 .r, Z) x coth.v= -cosech 2 u\ 

D x seeh x= seeh x tanh .»•, f) x cosech .r— - — cosech x coth .r, 

IK log cosh x= tanh x, JJ X log j sinh .r | = coth a, 

l) x arc tan c*= 4 seeh .<•, D x log tanh 4 x j = coseeli x. 

[All these formulae may of course be transformed into formulae in into- 
gration.J 


* ‘ Hyperbolic cosine * : for an explanation of this phrase see Hobson’s 7 W«,o- 
nomttry, ch. xvi. J 
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24. Prove that cosh x > 1 and — 1 < tanh x < 1. 

25. Prove that if y = cosh x then x=log {y±>/(y 2 - 1)}, ify=sinh x then 
j ._log {y 4- v /(y 2 + 1 )}j a'id if// —tanh.r then x=A log {(1 +y)/(l -y)}- Account 
for the ambiguity of sign in the first case. 

20 We shall denote the functions inverse to cosh x, sinh x, tanh .r by 
arg cosh .r, arg sinh a-, arg tanh .r. Show that arg cosh x is defined only when 
r >1 and is in general two-valued, while argsmh x is defined for all real 
vah.es of x, and arg tanh x when - 1 <x< 1 , and both of the two latter 
functions are one-valued. Sketch the graphs of the functions. 

27. Show that if — ^<x<U and y is positive, and cos x cosh y = 1, then 

y =: log (sec x + bin x), D x y = sec x, D v x = scch y. 

28. Prove that if a > 0 then J = sinh W a) * tt,,d /,/(x* - a*) ‘ S 

equal to arg cosh (x/«) or to - arg cosh ( - .»*/«), according as x > 0 or x < 0. 

2'). Prove that if «>0 then f J* a , is equal to - (1 /«) arg tanh (x/«) or 

t,, - ( 1 la) arg cotl. (x/«), according as | x | is less than or greater than a. [The 
results of Kxs. 28 and 29 furnish us with an alternative method of writing 
a good many of the formulae of Ch. VI.] 


30. Prove that 

dx 


[ 

/ 


_ _ = 2 log U'(x - a) + S '(X - h) | («</>< x), 

— Ml 


= 2 logU'(« -x) + s /(6-x){ (x <a <b). 


(a < x < b). 


J\{x-a){x-b)\ 
dx 

N ';(" -x)(b-x)\ 

f = 2 are bin / (r~~) 

)j{(.V - a) (b - x)} V V 6 -- 1 / 

31. Prove that 

f ‘ x U >g(l + A x) dx = i ~ ij i! < A f x- 2 r/x = ,\. 

J ° (J/ciM. 7Vi>. 1913.) 

So l V o the equation a cosh x + 6 sinh x-c, where c > 0 , showing that it 
iJno real roots if & 2 + cW« 0 , while if 6 ‘ + c *-«’>0 it lues two one, or 
no rc .al roots according as « +b and « - b are both positive, of op,>os.to signs, 
or both negative. Discuss the case in which V 1 + c‘- a- = 0. 

33. Solve the simultaneous equations coshxcoshy = «, sinh xsudiy = /*. 

31 as x-^«. [For x '"and (log x)/x — 0. Cf. 

Fv XXV. I 11] Show also that the function x‘■" has a maximum when 
r\=e and draw the graph of the function for positive values ot x. 


35. x- 


1 as x + 0 . 
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36. If {/(n + l)}/{^C(n)}-*-£, where 0, as then '4/{f («)} ~*~l. 

[For log/(» + l) — log/(«)-»-log?, and so (l/n)log_^(»)-^logi (Ch. IV, Misc. 
Ex. 27).] 

37. i'J(n !)/« -*-l/easH-*-x. 

[If f(n) = «-'•» ! then {/(» + 1)}/{/(»)} = {I + (l/n)} Now use 

Ex. 36.] 

38. 5/{(2«) !/(« !)*} 4 as n -*■ oc . 

39. Discuss the approximate solution of the equation e*=.r 1000000 . 

[It is easy to see by general graphical considerations that the equation 
has two positive roots, one a little greater than 1 and one very large*, and one 
negative root a little greater than - 1. To determine roughly the size of the • 
large positive root we may proceed as follows. If <;-* = .*•«»*•<*'«> then 

•v = 10*’ 1. .g j-, log x = 13-82 + log log .r, log log .r=2’63 + log (1 + 1 2©i2££\ ^ 

roughly, since 13 82 and 2 63 are approximate values of log 10° and log log 10° 
respectively. It is easy to see from these equations that the ratios log a*: 13-82 
ami log log a* : 2 63 do not differ greatly from unity, and that 

x = 10° (13-82 + log log x) = 10" (13-82 + 2 63) = 16450000 
gives a tolerable approximation to the root, the error involved being roughly 
measured by 1 0 « (log log a--2*63) or (10° log logx)/13 82 or (10 n x 2 63)/13-82, 
which is less than 200,000. The approximations aro of course very rough, 
but suffice to give us a good idea of the scale of magnitude of the root.] 

-10. Discuss similarly the equations c*«= 1000000.i-iwwooo 6 jc'_ r iooooooooo 

211. Logarithmic tests of convergence for series and 
integrals. We showed in Ch. VIII (§§ 175 3 'el se,j.) that 


5 1 r d-r 
7 <»>°) 


aiv convergent if 6-> 1 and divergent if s £ 1. Thus 2(l/») is 
divergent, but 1 r-Ms convergent for all positive values of a. 

We saw however m*§ 200 that with the aid of logarithms we 
can construct functions which tend to zero, as n — oc, more 
rapidly than 1 //, yet less rapidly than «-»-* however small a may 
be, provided of course that it is positive. For example l/(» logn) 
is such a function, and the question as to whether the series 

v _ I— 

n log n 

* Th ? . p braso > is of course not used here in the technical sense 

explained in Ch. I\ . It means ‘ n good deal larger than the roots of such equations 

as usually occur in elementary mathematics \ The phrase • a little greater than ’ 
must be interpreted similarly. 
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is convergent or divergent cannot.be settled by compari son wi t h 
any series of the type — n 

The same is true of such series as 

v 1 ^ Jog log n 

*■* n (log ny ’ »\/(h>g/i)' 

It is a question of some interest to find tests which shall enable 
us to decide whether series such as these are convergent or 
divergent; and such tests are easily deduced from the Inte g ral 

TesS'Sf § 174. 

For since 1 

DAU^y-- x l 0 ; g l r D,\o g lo g x = 

we have 


x log cc' 


re dx (log f V~* — (1°S a )'~* [ l = log log f - log log a, 

J„^(U^y-~ 1-* ' >K_ 

if «>1 The first integral tends to the limit -(loga) 1 7(1 s) 
as f - oo , if .s > 1. and to =e if * < 1- The second integral tends ^ 

to oo. Hence the series and integral 

1 _ f <** 

ZnOogn)-’ L x(logxy 

where n. and a are greater than unity, are convergent if s> 1. 

divergent if s £ 1. .- « ■ , 

It follows, of course, that S*00 » convergent. ,f *(») » 
positive and less than K\\n (log..)-), where * > 1, for all values of 

‘•eater than some definite value, and divergent it <M"> « P oslt,vc 
U . . . t i vul ]{!(n lug n) for all values ot n greater than some 

definfte’ value. ' And' there is a corresponding theorem for integrals 

which we may leave to the reader. 


Examples LXXXVIII- 


1 . The hol ies 
. (log 7*) ,W0 


n 


a - 1 


2 ,7717,g n f ’ * « ,0,/,0 ° ’ »*+l « (logH) 7 0 

. * rTho convoroenco .if the first series is a direct consequence 
}t l7r^n S section. That of the second fot.ows from 

' „ ,,,,-vioo ; H less than for sufficiently large values of «, how- 

the fact that (log.,/ « ^ 1>oaitiv(! . Xnd so, taking 3=1/200. 

in \oL than »»-«'*» ^ sufficiently large values of a. 1 ho 

convergence of the third series follows from the comparison test at the end 

the last section.] 
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2. The series 


71 log n 


are divergent. 


n (log n) M ’ „iooioi (i og „)ioo» - ( n j og rt )2 + \ 


3. The series 


2 (log n)P v ( lt >S20 p (1°S lo S «) 7 v (log log n)P 
«‘ + * » 1+ ‘ ’ “ 71 (log 71 )* + * ’ 


«• ’ 71 

where .*> 0 , are convergent f«.r all values of p and q ; similarly the series 

2 1 _ ^ 1 -1 

n l ‘ 11 (log n)* 9 

arc divergent. 


77* * (log 7t)»* (log log 77)9 ’ “ „ (log 7<)* "« (log log «)»* 


4. The question of the convergence or divergence of such series as 

1 log log log n 


V_.____ jg__ 

" log n log log a ’ ,t lug H N /(log log ><) 


cannot ho settled by the theorem of 375, since in each cose the function 

under the sum of summation tends to zero more rapidly than l/(wlogw) vet 

less rapidly than >7 -«(log »)->—, where «, is any positive number however 

sma I 1-or such series we need a still more delicate test. The reader should 
Or able, starting from the equations 

1 -s 

.v 1. >g .v l. »g._. .»•...log*., .v(l<>g* ,r)« ’ 

1 


T>x (log t .»•'> — = 


D x log* f , .?•= __ 

*• "A 1 ' 'g.- -c... I. .g* _ , .v log* a * 

where log lug log.,-, log :! = log log log . 7 -. to prove the following 

theorem : Mr *•/■/.* b 

, 1 r dx 

" K’ - log, ,7 ... log*. , „ (log* J „ log,. log,. r ... log* _ j~c 


V 

Mo 


ZmZ«wZ fr' .. ' ,: r rar ‘" . . « W » 8 anv numbers 

TrZ ' T, “•«' '"S*- are |TO i,i™ when 

T ' . '■; l,UOs of ”•* rtml « increase very rapidly as increases : 

og, >0 requires .r> 1 . log.,,->o requires .«•>«-, log‘log.r >0 require* 

xvl &• > 20,000, 


%.«f r 


r„. V** a- x GTfto 

(0 •<> ' 


1I,U ra,dOT *. . " Wvo ,h " axtreino rabidity with whirl, the higher 

“'“T""'. ... .. “ ^ "'"1 *■". inert-use with The June 

Z"J , a T X ; l|,I>licS . '*• s " cl ' functions as ««* nIld where „ lw , 

} \.i no greater than unity It has been cominitcd that 9!>" has 389 6i)3 loo 
figures, wh.le Into., has nf r„urse Hi.OOO.i K>0,000. ,'onyemelv tterntTf 
increase nf the higher logarithmic functions is extremely slow. Thus to m,J 
log log log ogu- > , we We n, u, r se , a ttutuherwUh over 8000 

-- _ J See the flotnote to p. 362. 

jfrvt -»A —, ^ ^QO * 0^7^^ | L3\S) 4 




-C. " 

1-* w 






% •> 
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5. Prove that the integral {log where 0 < a < 1, is con¬ 

vergent if * < - 1, divergent if <> - 1. [Consider the behaviour of 

a. s ( + + 0. This result also may he refined upon by the introduction of 
higher logarithmic factors.] 

G. Prove that f'^- {log Qj'cfar has no meaning for any value of «. 

[The last example shows that , < - 1 is a necessary condition for convergence 
at the lower limit: but <log(l/.r)P tends to x like (1 -x)*, asx-1-0, <1 * 
is negative, and so the integral diverges at the upper limit w hen ■ J 

7. The necessary and sufficient conditions for the convergence of 

J l x a-i |log^-^| dx arc «>0, *>—1- 


Examples LXXXlX. *L Euler’s limit. Show that £ ^ * 0 


i*i 




1 1 


/'<t> (") = 1 +2 + 3 + "* + «-l 


-log n 




\ , il.,* mils follows at once from 

- -* — Eui -' s 

K. constant.] *' ^ *•"* " 


constant.] 

2. If a and b are positive then 

11.1 


1 


a a + b 

tends to a limit as n-*-<*> 


a + 2b «* 4- (« 


-1 )b 


* log ('* + »b 


3. If 0<«<1 then „i- 

0(a) = 1 +2 -* + 3-•+...+(«- •) ‘-JT- 

tends to a limit as n-*- • 


/ 


4 Show that the series 


1 


1 


I + 2(I+*) + 3(i+-J + A> 


+ ••• 


is divergent. [Compare the general term of the series with /(«!•>« ; 

Show also that the series derived from 2 in tlm same way that the aboto 

is derived from 2 («/»), is convergent if *> 1 and otherwise divergent. 

5 . Prove generally that if 2«,. i» a scries of positive terms, and 

s n = U| + + . •. + m m » 

then 2(«„/»„-,) i» convergent or divergent according e» 2«„ « convergent or 
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divergent. [If 2 «„ is convergent then s„_, tends to a positive limit /, and so 
2 («„/*„-,) is convergent. If 2 «„ is divergent then and 

“»/*» -1 > 1°8 { 1 + (“«./*»- i)} = log (*„/«„ _,) 

(Ex. lxxxii. 1); and it is evident that 

]o S /«i) + log (* 3 /*.) + ...+ log (*,,/*„ _,) = log (*„/*,) 
tends to x as n x .] 

0. Prove that the same result holds for the series 2 (tc,,/s n ). [The proof 
is the same in the case of convergence. If 2»/„ is divergent, and 
from a certain value of >, onwards, then s n <2s n _ lt and the divergence of 
2 (»,. '*„) follows from that of 2 (*„/<„_,). If on the other hand « n > 5n _, for 
an infinity of values of », as might happen with a rapidly divergent series, 
then »„/,<„ > \ for all these values of 7 t.] 

7. Sum the series 1 - A + .... [\y e have 

1+ ^ + - + s; =Io s( 2 ''+ , ) + v+«.. 2(|+j+-. + i)=log(n+l )+y+ V, 

hy Ex. 1, y denoting Euler’s constant, and f „, being numbers which tend 
to zero as x . Subtracting and making n-*- x we sec that the sum of the 
given series is log2. Sec also § 213.] 

•S. Prove that the series 

Z { ~ l)n (, 1+ l + ■•■ + nh~ ]o^S,l ~ C ) 

oscillates finitely except when C’=y, when it converges. 

212. Series connected with the exponential and log¬ 
arithmic functions. Expansion of e* by Taylor’s Theorem. 

Since all the derivatives of the exponential function are equal 
to the function itself, we have 




n'i-l 


e* — 1 + ... +-— -+- e ex 

- (» - 1)! nl 

"i'Vv* (>< t * < *’ * >ut n as , whatever be the value of a? 

( hx. xxvii. 1 2); and c 0x < e r . Hence, making n tend to oo , we have 

e* = 1 + 4- + _i_ ; £!! + / j \ 

2 : ■** ^ n : .Id- 

TIu * 8erit * s 0,1 tho *«ght-hand side of this equation is known as 
the exponential series. In particular we have 


.n 


and so 


e ~ 1 + 1 + si + 

- • n. 


( 2 ); 


f 1 1 1 . 1 , , 1 \ x * 

[ + + 2] +...+ n ,+...j = l +x + '-+... + - + .(3), 
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a result known as the exponential theorem. Also 
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a * = e z ,0ft * = 1 + (.rlog«) + 


(x- log a)- 


9 


+ . . . 


(-i) 


for all positive values of a. 

The reader will observe that the exponential series has the property of 
reproducing itself when every term is differentiated, and that no other series 
of powers of .v would possess this property : for some further remarks in this 
connection sec Appendix II. 

The power series for e* is so important that it is worth while to investigate 
it by an a lternative method which does not depend upon Taylor’s Theorem. 

Let 


•i 


E n (x)= 1 +-*• + ■-,+ • ••+ ,. 

M • *» • 

and suppose that .r>-0. Then 

/ v\ H fx\ n (n - 1 ) /*\* »(«-(x 

0+s) =,+w («) + -iT2-u) + - + !.•*»:« 

Which is less than (a*). And, provided « >.r, we have also, by the binomial 
theorem for a negative integral exponent, 

Thu “ 

But*fs 208) the first and bust functions tend to the limit e* as and 

therefore E n (*) must do the same. From this the equation (1) follows when 
is positive; its truth when £ is negative follows from the fact that he 
coTponenthd - series, as wits shown in Ex. lxxxi. 7, sat.st.es the lunetional 
equation f{x) /(.'/) =/(*+y), so that /(*)/ (-x)-J (O)- 1. 

Examples X0. 1- Show that 

COsll X = 1 + ^ . ■+" qpj -* ;j 1 + r, ; + 

2 If a- is positive then the greatest term in the exponential series is the 
([*)+ D-th, unless a- is an integer, when the preceding tern, is equal to it. 

Show that * !>(«/«)". [For «"/« ! is one term in the series for «-.] 

4 . Prove that v“ = («“/« !) (2 + .V,+^)i where 




I 


+ 


1 


4-..., <S* = (1 — »') +(1 — *')(! 21/) + ..., 


l + „^(l+„)(l+2v) 
and v=l/n; and deduce that «! lias lictwccn 2(/i/e) n and 2 (n + 1) (n/e)". 

U. Employ the exponential series to prove that «* tends to infinity more 
rapidly than any power of x. [Use the inequality c- JC >.r n /« !.] 
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6. Show that e is not a rational number. [If e=plq , where p and q are 
integers, we must have 



9 


or, multiplying up by q !, 


2! + 3! + , ’' + </! + " 


> 



* + l + (tf + l)(*+2) + * 


and this is absurd, since the left-hand side is integral, and the right-hand 
side less than {l/(y + 1)} + {!/(? + 1)}* + ... = 1/?.] 


4 • Sum the scries 2 P r (w) — f , where P r (n) is a polynomial of degree r 

ii a • 


in n. [We can express P r (n) in the form 

H 0 + *4i« + A.,n (n - 1) + ... + A r n (« - !)...(« — r+l). 


and 


«* 


2 Pr 00 - -K 2 ij + -1.S , j-, + ... + J r * , 

= (.10 + A j.r -f +... + J r .v r ) e*. ] 


H. Show that 


X H 3 


x It* 


^ ;j » •*" ~ (•*•’ + 3 a" 2 + c*, 2 - -, x* = (a- 4- 7-r 2 + Car 3 + a- 4 ) e*; 

and that if .% = l 3 + 2 3 +... +«3 then 

2 S „' ~ \ (4a- + 14.i- + 8a J +ad) e*. 

In particular the last .scries is equal to zero when x= -2. {Math. Trip. 1004.) 

0. Prove that 2 (n/n !) = *, 2(»*/» •') = 2e, 2 (»*/»!) = 5e, and that 2 (n*/n !), 
'vliere is any positive integer, is a positive integral multiple of e. 

I < >. I 'rove that 2 £ = J(.r- - 3.r + 3) e* + $.** - 3}/**. 

[Multiply numerator and denominator by « +1, and proceed us in Ex. 7.] 

11. Determine «, b , c so that {(jr+a)c*+{bx + c)}/A* tends to a limit as 
» -^0, evaluate the limit, and draw the graph of the function + 

a ?+a * 

12. Drew the. graphs of 1+.,-, I+,+*.,•=, 1 +.r+ J.,* + l*» and compare 

them with that of <r x . • " 1 


13. Prove that «-«-! 4-a--'- +...-(- iy.*_ j 3 positive or negative 
according as » is odd or even. Deduce the exponential theorem. 


212, 213] 


OF A REAL VARIABLE 


381 


14. If 






,Y 0 = <?*, A'j = e* - 1, X 2 = e x - l- x, X, = e* - 1 - x - !), 

then dX v /dx = A\_ l . Hence prove that if f >0 then 

A' l (t) = J t X 0 d.v<(e‘, X,(<) = )[ X ' (lx < j[**<t*<* \[ xdv = 
and generally A’„( 0<f, «'• Deduce the exponential theorem. 

15. Show that the expansion in powers of /> of the )>ositive root of 
x l + 1 * = <i l begins with the terras 

a \\-hp log « -H/> 2 log « (2 +logo)}. (J lath. Trip. 1909.) 

213. The logarithmic series. Another very important 
expansion in powers of x is that for log(l + • / ’)- J^incc 


f 1 dt 

io g (i +*) = J (t r+i’ 


ami 1/(1 + 1) = 1 — t + t 2 — ... if t is numerically less than unity, it is 
natural to expect* that log (1 + x) will be equal, when - 1 < a- < 1 , 
to the series obtained by integrating each term of the series 
1 _ t + l* - ... from t = 0 to t =.r, i.e. to the series x -±x J + y .r* 

And this is in fact the wise. For 
1/(1 + t)=\-t + t 1 

and so, if x > — 1 , 

(* dt 


(- i y n t m 

1 ) ro -‘+ i+ t - ’ 


, , r i n 

V f x dt ^ , . /_ 1 y..-i_ + (- 1 

Jog(l +ic)= j" YT - t = x- 2 + - + ( U * 


)”* Rm, 


R 


f* t M dt 

= Jo 1 +f 


where 

We require to show that the limit of R m , when m tends to oc , 
is zero. This is almost obvious when 0 < x ^ 1 ; for then R m is 

positive and less than 


/, 


, r m +1 

V n dt = —- . , 

o "* + 1 


L „d therefore less than l/(m + D- I* on the other hand - 1 < a <0, 
ve put t = - u and x = - %, »° thrtfc 


ft u m du 

d-J, r=v 


See Appendix II for some further remarks on this subject. 
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which shows that R in has the sign of (— l)”'. Also, since the 
greatest value of 1/(1 — u) in the range of integration is 1/(1 - £), 
we have 


0 < R m < 


_ l _ r* 

1 -gJo 


u 


in 


du = 


r n 


:-< 


(»« + 1) (1 — P) (m+ !)(!-£) 


and so R m 0. 


Hence log (1 4-a-) = x — -4- — ..., 

provided that — 1 <x^ 1. If a- lies outside these limits the series 
is not convergent. If <c=l we obtain 

log 2 = 1 — £ + 

a result already proved otherwise (Ex. LXXXIX. 7). 


214. The series for the inverse tangent. It is easj r to 
prove in a similar manner that 

f* dt r* * 

arc tan x = I — = (1 - t- + t* — ...) dt 

J o l + J o 

= a — a-‘ 4- -^.r 3 — ., 

provided that — IS ^ 1. The only difference is that the proof is 
a little simpler; for, since arc tan x is an odd function of a\ we need 
only consider positive values of a. And the series is convergent 
when .r = — 1 as well as when x= 1. We leave the discussion to the 
reader. The value of arc tan a* which is represented by the series 
is of course that which lies betwee n — \tt and when — 1 1, 

and which we saw in*fch. VII (Ex. LXIII. 3) to be the value 
represented by the integral. If a = 1, we obtain the formula 

|tt= 1 - J + i- .... 

Examples XCI. 1. =-»■ +A«’ a + J.r 3 + ... if — 1 £x<\. 

argtanh.r=Hog^j-^)==.c+^.F 3 +i.r 5 + ... if -l<.r<l. 

•1. Provo that if x is positive then 

{Math. Trip. 1911 .) 

4. Obtain the series for log (1 -f-.r) and arc tan a: by means of Taylor’s 
theorem. 

[A difficulty presents itself in the discussion of the remainder in the 
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first series when x is negative, if Lagrange’s form 11,, = ( — 1)" _I a-/{» (1 + 0x)"} 
is used ; Cauchy’s form, viz. 

it n = (- i ) n - 1 (i - 0)" - 1 **•"/( 1 + 

should be used (cf. the corresponding discussion for the Binomial Series, 
Ex. lvi. 2 and § 163). 

In the case of the second series we have 
D z n arc tan a = D»~ 1 11 /(1 -h.r 2 )} 

= ( _ 1 )»-!(>, _ i)! (x~ + 1 )-" - sin {/< arc tan (1/a-)} 

(Ex. xlv. 11), and there is no difficulty about the remainder, which is obviously 
not greater in absolute value than l//«.*] 

5. If y>0 then 

'->sy=2 {£n + 3 (f+l) + S (i+d +•••} • 

[Use the identity y = (l +^|)/ (l - j“{)• This series ,nu - v 1>c usod to 

calculate log 2, a purpose for which the series 1-A + A-..., owing to the 
slowness of its convergence, is practically useless. Put y«= 2 and find log 2 
to 3 places of decimals.] 

6. Find log 10 to 3 places of decimals from the formula 

log 10 = 3 log 2 + log (1 +1). 


7 . Provo that 

log (~r^) = 2 {i^+l + 3(2x+l) s + 5(2i-+i)* + "*} 

if a>0, and that 

(a —i)»(g+2 )_ g r 2 1 / 2 y 1 / i_y + 1 

(a- + 1 )* (A - 2) 2 la- 3 - 3a- + 3 \A® - 3a-/ 5 Y*» - 3a/ j 

if a>2. Given that log 2 =» 0931471... and log 3= I 0980123..., show, by 

nutting x= 10 in the second formula, that log 11 =2-397895.... 

1 {Math. Trip. 1912.) 


8. Show that if log 2, log 5, and log 11 are known, then the formula 

log 13 = 3 log 11 + log 5 - 9 log 2 

gives log 13 with an error practically equal to -00015. {Math. Trip. 1910.) 

9. Show that 

h log 2*= 7« + 56 + 3c, A log 3= 1 la + Be, A log 5 = 10« + 126 +7c, 

where a = arg tanh (1/31), 6-arg tanh (1/49), e-nrg tanh (1/101). 

[Those formulae enable us to find log 2, log 3, and log 5 rapidly and with 
any degree of accuracy.] 

* The formula for /f/ arc tan x fails when x = 0, as arctan(l/x) is then 
undefined. It is eaBy to see (cf. Ex. xi.v. 11) that urctau(l/x) must then be 
interpreted a« meaning Jw. 
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10. Show that 

^7r = arctan (1/2) +arc tan (1/3) = 4 arc tail (1/5)— arc tan (1/239), 
and calculate it to 6 places of decimals. 

11. Show that the expansion of (1 +.r) l + * in powers of x begins with the 

terras 1 +:r+.r 2 + ha?. (Math. Trip. 1910.) 

12. Show that 

log,«e - (**+1)} iog 10 , 

approximately, for large values of x. Apply the formula, when x= 10, to 
obtain an approximate value of log,„e, and estimate the accuracy of the result. 

% (Math. Trip. 1910.) 

13. Show that ^.log (f^.) = ^ + (l+i)^ + (l+i + i)^ + ..., 
if - I < .r < 1. [Use Ex. lxxxi. 2.] 

14. Using the logarithmic series and the facts that log,,,2-375$ = -3758099... 

and Iog, 0 c = -4343..., show that an approximate solution of the equation 
.r-=100 log I0 .r is 237*58121. (Math. Trip. 1910.) 




15. Expand log cos x and log (sin x/.v) in powers of .r as far as .r 4 , and 
verify that, to this order, 


1<>g sin .r = log .r - * log cos .r + J log cos i x. 

(Math. Trip. 1908.) 

* dt 

j-^4 = v —fax*+ if — 1 < .r < 1. Deduce that 

1 “Jr + S -...= {*r + 2 log (s'2 + 1 )}/4 n '2. (Math. Trip. 1896.) 
[Proceed as in £ 214 and use the result of Ex. xi.vin. 7.) 

[l7. Prove similarly that 


16. Show that 




21 -* + * 



i-dt 

l+t* 


{tt- 2 log( N '2+l)}/4 x '2. 



18. Prove generally that if a and h are positive integers then 

1_1_ J_ = f't»-'dt 

a a+ £»</ +26 "* J 0 1+C ’ 

and sii that the sum of the series can be found. Calculate in this way the 
sums of 1 - J + 1 - ... and —_ 


215. The Binomial Series. We have already (§ 163) 
investigated the Binomial Theorem 


(1 + .r) m = 1 + 
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assuming that — 1 < x < 1 and that m is rational. When m_ is 
irrational we have 

(1 + x)' n = e mXo *' l+z) , 

D x (1 -r x) M = (m/(l + .r)j e ,n '°«'' +z > = m (1 + x) m ~\ 

so that the rule for the differentiation of (1 + x) m remains the 
same, and the proof of the theorem given in § 163 retains its 
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validity We^shftfrTmt thscuss-bhtr question of the convergence 

“• r-t*J 

of the series when x = 1 or = — 1 . , - •• >°. • -*•*■ 

_ • « 11 . ... A. I A. I A' 1 1 « lw... 


Examples XCII. 1. Prove that if - l<a< 1 then 

1 .1.1.3, 1 . 1 , 1 : 3 


JOTW) - * ’ * ^ 4 ** .'(1 -•?> > ^ 2 r " + 2 . 4 ^ + • * 


2 . Approximation to quadratic and other surds. Let s fJi he a 
quadratic surd whose iiuinericul value is required. Let A 2 l** the square 
nearest to .1/; and let J/= A-’ + .r or M=i\*-X, x being ]»ositive. Since .r 
cannot he greater than .V, .v/A 2 is comparatively small and the surd 

'M= S s}\ 1 ± {xjN’ 1 )) can he expressed in a series 

= v {' ± \ ± **•} ’ 

which is at_jiny rate fairly rapid ly conve rgen t, and may l>e very rapidly so. 

Tims -i+ny - ftfrjon 

f. 1 / 3 \ 1 . 1 / 3 \- )tf. f pcx^c^r: 

v'«7 = v'(«4 + 3) - 8 ,1+2 \G 4 / ~ 2.4 (,04 ) + 

Let us consider the error committed in taking 8ft (the value given by 
the first two terms) as an approximate value. After the second term the 
terms alternate in sign and decrease. Hence the error is one of excess, and 
is less than 3 2 /04 2 , which is less than 003. 

3. If a- is small compared with A' 2 then 

s / ( x 2 +x) - iV+ 4 C V 4- r ^4 r , t .) ■ 

the error being of the order X*/A 7 . Apply t he pro cess : ~^ 

[ Expanding by the binomial theorem,K#h7i\V '’*~‘«-tit • 

JC ^ jc^ 

s!( A ■ + x) = A + ; 3 + , .. r-6 • 


bx*l 128A ,T . Also 

jVx 


,/<A'* + *)- 

v . __ 

1 * 2iV SA 

y 

3 + 1 d 

than the 

numerical \ 

aluc 



\ 

x ( 


\** 

r 4.v( l + 

2iV‘v 4 A 

’ 8 A' 


lie next term, viz. 


\*» 


the error being less than x*jZ2.Y 7 . The result follows. The same method 
may he up plied to surds other than quadratic s urds, e.g. to i/1031.] 

• See Bromwich, Infinite Srrie*, pp. 15:i rt ,tq. ; Hobson, Plan, Trigonometry 
(3rd edition), p. 271. 

26 


" *** ** ** I 

*^i-r 

386 THE LOGARITHMIC AND EXPONENTIAL FUNCTIONS [IX 

4. If Jf differs from A' 3 by less than 1 per cent, of either then ^/M differs 

from r- iV + i (J//A’ 2 ) by less than A r /90000. 7Vijp. 1882.) 

=' - -*5 

5. If J/=7V M +.v, and a: is small compared with A r , then a good approxi¬ 
mation for is 

51 v 5 M _ 21 Sx _ 

f»6 1 + 5C A' 3 14(7J/+5iV 4 )' 

Show that when N = 10, jr=l, this approximation is accurate to 16 places 
of decimals. {Math. Trip. 1886.) 

6. Show how to sum the series 

! w 0 

where T r (a) is a polynomial of degree r in n. 

[Express P r (n) in the form J„ + A x n + d 2 n (« — 1)4-... as in Ex. xc. 7.] 

7. Sum the series 2 a ( ) .e**, 2 n- ( ) x n and prove that 

i> \«/ I) \«/ 

X / 1)1 < 

2 /< 3 ( ) .»•» = Jmi 3 .v 3 4- m (3»« — 1) j- 2 + »«?} (14- .r) m ~ 3 

o \ « / 

216. An alternative method of development of the theory of the 
exponential and logarithmic functions. We shall now give an outline of 
a method of investigation of the properties of e* and log .f entirely different 

in logical order from that followed in the preceding pages. This method 

r 2 

starts from the exponential series 1 4 .r 44 _ We know that this series 

is convergent for all values of .«•, and we may therefore define the function 
expo; by the equation 

•I** 

exp.»=l+x+~ t 4- .(1). 

• 

We then prove, ns in Ex. l.xVxi. 7, that 

exp ,v x exp y = exp (.*• +y) . (2). 

\ oxi > /i — 1 h //- . 

Agam — 1 - A - = 1+ 2 -. + 3 ! + — - 1 + P-(^)» 

where p (h) is muuerically less than • 

I h'< +iiA! 2 +!Pi 3 + ... = ! l/< i/(i - J A A l), 

so that p (//) — 0 as It 0. And so 

exp (x+ h) — exp x /exp h - 1\ 

- h - -=cxp.r ^ .J - A —) exp x 

ns h ->- 0, or 

D x exp .r = exp x .(3). 

Incidentally we have proved that exp.r is a continuous function. 

Wo have now a choice of procedure. Writing y = exp .v and observing 
that exp 0 — 1, we have 

/'» dt 

H.T- 


(hi 
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and, if we define the logarithmic function as the function inverse to the 
exponential function, we are brought back to the point of view adopted earlier 
in this chapter. 

But we may proceed differently. From (2) it follows that if >i is a positive 
integer then 

(exp .r)" = exp nx, (exp 1 )*• =e.\p u. 

If a: is a positive rational fraction m/n, then 

{exp (//«/«)}" = CS P »i = (exp 1)"', 

and so exp (m/n) is equal to the positive value of (exp 1 )*“■". This result may 
be extended to negative rational values of.r by means of the equation 

exp .r exp ( — a) = 1 ; 

and so we have 

exp x = (exp 1 ) x = t- r , 


say, where * = exp 1 — 1 + 1 + jj + g-, + •• •. 

for all rational values of x. Finally we define e* y when x is irrational, as 
being equal to exp.r. The logarithm is then defined as the function inverse 

to exp a 1 or c*. 

Example. Develop the theory of the binomial series 


1 + ( 7 ) X+ ( 2 ) • p2 +-" =/( m » •*)• 


where - 1 <*•< 1, in a similar manner, starting from the equation 

f (m, x )/(«<’, x) = f (ni + wi', .r) 

(Ex. i-xxxi. <»). 


MISCELLANEOUS EXAMPLES ON CHAPTER IX*. 

1 Given that log,,, c = *4343 and that 2 10 and 3« are nearly equal to powers 

of 10, calculate log,,,2 and log w 3 to four places of decimals. 

(J lath. Inf». 1!X).>.) 

2 Determine which of (A«) V '‘ and is the greutor. [Take logarithms 

und‘observc that ^3/(^3 + i n) <iJ»< 6029 < log 2.] 

•} Show that log,„» cannot be a rational number if « is any positive 
integer not a power of 10. [If ** is not divisible by 10, and log.««=/>/'/. "o 
. * io»» = «'/, which is impossible, since 10" ends with 0 and a' does not. 

If „ = 10“iV, where N is not divisible by 10, then log, 0 iV and therefore 

log| 0 «=« + log,o^’ 

cannot lx; rational.J 

• A considerable number of these examples are taken from Bromwich’s Infinite Serin. 
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4. Fur what values of x are the functions log a-, log logo:, log log logo:, ... 
(a) equal to 0 (b) equal to 1 (c) not defined ? Consider also the same question 
for the functions lx, llx, lllx, ...» where lx= log j x |. 

5. Show that 

log x “ ( j ) 1«*g (-*•'+ 1 > + ( o ) lo ° (•«-'+ 2 ) -••• + (- 1 ) n log (x + n) 

is negative and increases steadily towards 0 as .r increases from 0 towards so . 
[The derivative of the function is 

£ ( _i//“V - =_ _ _ 

,, \r 'x + r .r (.r+1) ... (j* + «)’ 

as is easily seen by splitting up the right-hand side into partial fractions. 
This expression is positive, and the function itself tends to zero as .r ac , 


since 


log (a- + r) = log x + ( x , 


where (x U, and 1 - ^ ) 4- ( “ ) - ... =0.] 


6. Prove that 

(J'yfcfcr.<-£«!(log 

\«.r/ x x n * 1 \ ° 2 n) 

{Math. Trip. 1909.) 

7. If x> — 1 then x*> (1 + x) {log(l +a*)} 2 . (Math. Trip. 1906.) 

[Put 1 +.r=«!^ and use the fact that sinh £>£ when £>0.] 

Show that ;log(l +x))j.c and .r/{(l + .r) log(l +.r)} both decrease steadily 
as x increases from 0 towards x . 

9. Show that, as x increases from —1 towards x, the function 
(l+x)~ lr * assumes once and only once every value between 0 and 1. 

(Math. Trip. 1910.) 

10. Show that .--r — - \ as x 0. 

log (1 +*r) x 2 

11. Show that —- : — - decreases steadily from 1 to 0 as x increases 

log(l+.r) x 

from —1 towards x. [The function is undefined when .r=0, but if we 
attribute to it the value A when .r=0 it becomes continuous for .v=0. Use 
Ex. 7 to show that the derivative is negative.] 

12. Show that the iunction (log £ — log *r)/(£ — .r), where $ is positive, 
decreases steadily as x increases from 0 to £, and find its limit as x 

13. Show that e*> Mx‘ , where M and jY are large positive numbers, f 
x is greater than the greater of 2 log M and 10.V-. 

[It is easy to prove that log .r< 2 s '.r ; and so the inequality given is 
certainly satisfied if 

.r> log M+ 2 X s /.r, 

and therefore certainly satisfied if hx> log.]/, i.r> 2A r s f x.~\ 
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14. If f(.v) and </>(.r) tend to infinity as .r-*-x, and J' x , 

then f(.v)/<t> (j-‘) . [Use the result of Ch. VI, Misc. Ex. 33.] By Liking 

= (Jj (a;) = log .i - , prove that (log.r)/x a -^0 fi.r all positive values of a. 


15. If p and 7 are positive integers then 


1 


1 


log 


0 


+ ——- + ...+ 

pn + 1 pn + 2 qn 

as n — x . [Cf. Ex. LX.WIII. C.] 

1 ( 1 . Prove that if x is positive then a log {A (1 + .' -1 '*)} — h '"b r as 

l We haVC , „ log(l-u) 

«log{i(l +x ,/ '*)} = «log {1-i(*= O -•*' '■) u 

where i/. = A (1 -.r ,/ “)- Now use $ 209 and Ex. i.xxxii. 4 .] 

17. Prove that if a and b are positive then 

{A («‘ '• + /,«»)}•• — N '(o&). 

[Take logarithms and use Ex. 1G.] 

18. Show that 

1 + y + 1 +... +j = A h»g a + log 2 + A y + f, 
where y is Eule* constant (Ex. l.xxxix. 1) and *,.-*■ 0 as « — x . 

19 . Show that 

l+J-£+i+* - 1 + ?, + -. = iM°g 2 , 

the scries being formed tan the series 1 -J + J - .. by taking alternately two 
positive terms and then one negative. ['I he sum of the first.!« terms is 

1 + ‘ + ! + ... +s L- i -i(i+^+•••+,*) 

= A log 2 a 4- log 2 + Ay + <„-A (log a + y + O. 
where o. and *,/ tend to 0 as n<c . (Cf. Ex? i.xxvm. G).] 

20. Show that 1 - A - j + J - f, ~ A + ft “ i*o “ ••• = h lo « 2 * 

21. Provo that 

where.* = 1 + ‘ + ■ • - + \. *.- > + l + • ■ • + 2 „ - 1 • He ““ ' >rOV ° “““ tho 

of the series when continued to infinity is 

-3 + 8 log 3 + 2 log 2. 


{Mat/,. Trip. 1905.) 


22. Show that 

v 1 __ 2 log 2 — 1, 1 . Q l— ■= jj (log 3 - 1 )■ 

2 n( 4a*-l) ° ,»(»*'-!) 
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23. Prove that the sums of the four series 

50 1 *(__])»*-1 cc 1 co (_i)n-i 

7 4n 2 - I ’ ? 4n*~i ’ f (2« +1)2-1’ ?(2» + l)*-l 


are A, ^7r - &, A log 2 -1 respectively. 

24. Prove that n ! (o/«) n tends to 0 or Jo oc according as«<eora>«. 

[If u„ = ti\(a/n) n then «„ + i/«'„ = a {1 + (1/m)} - " a/e. It can be shown 
that the function tends to x when a = e: for a proof, which is rather beyond 
the scope of the theorems of this chapter, see Bromwich’s Infinite Series , 
pp. 461 et 

25. Find the limit ns x-*~ x of 

/« (1 + rti.r+...+« r r r \ A * +A ' x 


2 log 


/«„ + a , x + +« rj r r \ A * ' A '^ 

... + b r x r ) ’ 

distinguishing the different cases which may arise. (Math. Trip. 1886.) 

26. Prove that 

2 log (l+f) (.r > 0 ) 

diverges to x. [Compare with 5 (.»•/«).] Deduce that if .v is positive then 

(1 +a-)(2+.v) ... (n+x)/n !-*- x 

as n x . [The logarithm of the function is 2 log ^1+’-^.] 

27. Prove that if .r > - 1 then 


as n x . 


(.r + 1 )« (. r + 1) (.r + 2) (.v + 1) (x + 2) (x+ 3) 

2 ! 

+ (x+l)(x + 2) (x+3) (.r+4) 

(Math. Trip. 1908.) 

I I lie difference between l/(.r+l) 2 and the sum of the first n terms of the 


series is 


__I 

(•t-+ l) 2 (.r+ 2)(.v + 3)... (.v + 7i + 1) 

Xn equation of the type 

Ae ax + Bt fix +... = 0, 

where -1, //, ... are polynomials and a, ... different real numbers, can hold 
for all values of .r. [If a is the algebraically greatest of a, £, ..., then the term 
Ae ar outweighs all the rest as ac .] 


29. Show that the sequence 

«, = <?, = a 3 = /, ... 

tends to infinity more rapidly than any member of the exponential scale. 

[Let c j (x) = e x 9 c 2 = and so on. Then, if e k (.r) is any member of the 

exponential scale, a n > e k (n) when n > *.] 
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30. Prove that 




where „ is to be put equal to * (x) and 0 to *(*) after differentiation. 

Establish a similar rule for the differentiation of </> (x) C(x) ‘ X< >1 - 

31 p ro ve that if D x n e’** = e-*<t>„ (-r) then (i) «M*) is a polynomial of 
degree », (ii) *„ + i = -**.++/, and (iii) all the roots of 4 >,. = 0 -e real mid 
distinct, and separated by those of <*>„., = 0 . [lo prove (m) ^muo the truth 
of the result for « = 1 , 2 , ... *, and consider the signs of <f> K+l for the » values 

of x for which <^=0 and for large (positive or negative) values of x.] 

32. 'The general solution of J (xy)=/(x)/(y), " here / is a differentiable 
function, is .V', where </ is a constant: and that of 

/(.r 4 - y) +/(-r - .'/) = 2 / (x)/(y) 

is cosh o.r or coscr, according as/" (0) is positive or negative. [In proving 
the second result assume that / has derivatives of the hrst three orders. 

rhcn 2fix)+y- {/"(*)+«„) = 2 /(- r > [/(°) + W (0)+ '»’! 1 • 

where . and tend to aero with y. It follows that /( 0 )-l, /'( 0 ) = 0 , 
= so that « = s , {/"( 0 )! " r a — Ji f 

33 . ' Howdothefunctionsw^"‘ 1 ''>..v- i "- |,/ ' , .a“- l, '- r >la-haveasa^ + Ol 

34. Trace tlie curves y = tanxc ' tan *, y = sinxlog tan Ax. 

35 The eqimtion e'=«x +6 has one real root if « < 0 or « = 0, b> 0. If 
«>0 then it has two real roots or none, according as «log«>/> « oi 

a log a < b — a. 

■W Show by graphical considerations that tl.e equation + 2bx+c 

h,u, one, two, or thre ‘ real n.ots if „ > 0 , none, one, or two if - < 0 i and show 
how to distinguish Ik; tween the different wises. 

37 . Trace the curve y~'- log ('-J 1 ) , slewing that the ,K>int ( 0 , j) is 

a centre of symmetry, and that as a- increases through all real values, y 
Steadily increases from 0 to 1. IJcduce that the equation 

. no rca ) root unless ()<«<l, and then one, whose sign is the same as 

that of a-4. [In the first place 

iB clearly an odd function of x. Also 

^^{ia.coth.w-l-log^O}' 
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The function inside the large bracket tends to zero as and its 

derivative is 

1 fi ( i* Vl 

a* \ \siiiih hxj I ’ 

which has the sign of x. Hence dyjdx > 0 for all values of a.] 

38. Trace the curve y =e l/x x /(j.' 2 + 2.r), and show that the equation 

e l,x J(x i + 2.v) = a 

has no real roots ifn is negative, one negative root if 0 <n < n = e 1 N /(2 + 2 N /2), 

and two positive roots and one negative if «> a. 




30. Show that the equation /„ (x) = 1 + .v + £ +... + ^' = 0 has one real 

2 ! n 1 

root if n is odd and none if n is even. 

[Assume this proved for n=l f 2, ... 2*. Then «., (x) = 0 has at least 
one real root, since its degree is odd, and it cannot have more since, if it 
had, f jj. + , (.»•) or/it(.c) would have to vanish cnee at least. Hence /o* *, (x) = 0 
has just one root, anil so .fj*+ ■*(•*') = 0 cannot have more than two. If it has 

V/t 4 * a. ^' Vu * Sil . v n a,u ^ & then /'at + a (•*■’) °r/flfc+ i (*p) must vanish once at legist between 
a and ,1, say at y. And 

0 y^* + 2 

M + 2 (y) =/* ♦ i (y) + ;2f+2)) > °‘ 

Hut Sxk + - 2 V 1 ') iilso positive when .?• is large (positively or negatively), and 

slall " g - win * hmv that these results are contradictory. * Hence 

’yia- + j(* ,; ) = 0 has n<» real roots.] 

•IO. Prove that it « and b are positive and nearly equal then 

approximately, the error lwing alwut J {(«- 6)/«{3. [Use the logarithmic 
series. This formula is interesting historically as having been employed by 
Napier for the numerical calculation of logarithms.] 

- 11 . Prove by multiplication of'series that if — 1 < .t* < 1 then 

i {log(l +x)}2=J.r2_|(i + i) J J + |(i + i + i);r 4_ > 

i (arc tan*)*«.$.** - i (1 + i)or« + J (1 + * + J) .r«- .... 

4 '2. Prove that 

(1 + a.y) l x = «“ {1 - A n 2 .r + (8 + 3a) a 3 .*- 2 (1 + * x )}, 

where with x. 

43. The first » +2 terms in the expansion of log ^1 +x+ ^ + ... + £^) i„ - 


powers of x are 


f . * 1 / 1_x .r 2 j* ^ 

nl l«+l 1 • (» + 2) + 2! '(»r+3j“- + (“ l)B n\ (2w+l)f * 


x» 

( 2 n 

{Math. Trip. 1899.) 
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44. Show that the expansion of 

/ x- x »\ 

e-M> (-*- 2 -"-^) 


in powers of x begins with the term. 


2 ,-^rn' (J/aM - Trip - ,909) 

n+l .<=. ('*+»') («■ + *+ 1) 

45. Show that if - 1 <.t <l then 

1 .1.4 v> , 1.4.7 , _ x(x + H) 

ii* + z7(i 2 ^ + 3Te^ 3 ‘* +, ”“97T^)W» 

3 X + 0^ + 8^9 8A +, "“ 27 (l — •*0 ,O/3 • 

[Use the method of Ex. xcn. 6. The results are more easily obtained by 
differentiation; but the problem of the differentiation of an infinite series is 

beyond our range.] 


«JI + t ♦ 1 


/■" (lx 1 | { a \ 

40. Provethat J. (j .+„ )(x+b) ~ <7^6 lo » W ’ 

• (I — It — It log 


f*_ dx 

Jo (x + a)(x 


(01 ■ 


+ by- (a - by* b [ 

C x dx _= —L- [a log (j) -« + />}. 

Jo (.v + a)(.v + l>) 2 (a - !>)* \ \bj ) 

• I * _ dj _= 1 , {krra — b log (j') j , 

Jo (x+a)(j? + V*) (a* + b*)b \- W 

r x -— -_ = 1 - | A nb + a log (’£\\ , 

J n (x + a) (x 3 + b 3 ) a i + b-)~ \b/j 

provided that a and I, are positive. Deduce, and verify independently, that 
each of the functions 

«-l-log«, « log « — « -h I, An-*/- logo, A*r+«log/f 
is positive for all positive values of a. 

47. Provo that if «, 0, y are all positive, and fS*>ay, tben 

'* dx __ i , o ( 0+Jiff * - n y)j . 

0 oi“ + 2^r + y ” ^(5* - **>) 8 l ^' ,y) i 

while if a is positive und ay>F the value of the integral is 

m-e tan „ )> 

that value of the inverse tangent hei..« chosen which lies 

Are there any other really different cases ... winch the integral .s co.nc.g 

48. Prove that if <i> - 1 then 

r ^ r dt _ g r «*«—. 

j. A co»h/+« y, 


/, 
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and deduce that the value of the integral is 


;/(l - a-) 


arc tan 




if — 1 <a< 1, and 

1 . J(a + l) + K f(a-l) 2 . , 

~r. — r, —5-r log —■{ -77-r-( = „ .. arg tanh 

x /(a--l) *V(a+l)-*/(«*- 1) N /(«--l) 

if u > 1. Discuss the case in which a = 1. 


v/(^) 


C r dx 

49. Transfonn the integral J —-- ■ .. , where «>0, in the same 

Jo (x+a)J(&+ly 

ways, showing that its value is 

1 , a + l+^(«s+l) 2 „ , N /(«* + l) 

-,v log — — - , ■ „ , v = — -3——, arc tanh — - -—- . 


n'(« s + 1) 0 a + 1 — s /(a 2 -f-1) </(«*+!) 


a + 1 


50. Prove that 


j arc tan xdx =^rr - i log 2. 


51. If 0<a<l, 0</9<l, then 


r_ i* ___j_, o-i +s«) 

J -, v '{( 1 - 2a* + a-) (1 - 20Lr+0*)} s /(«0) 8 1 - x /(a0) ' 


52. Prove that if «>6>0 then 


r — 

J -« cos 


h0 + 6&inh 6*) # 


53. Prove that 


ns.*-** 

I o 1 +-*•- ./ J 1 + r 2 J o l+a^ 


and deduce that if «>0 then 


f dx = ~ log a. 

Jo a- + .c- 2« 

[Use the substitutions .v= I I and .r = a?/.] 

54. Proveth.it j log ^1 + dx= na if a >0. [Integrate by parts.] 


CHAPTER X 


THE GENERAL THEORY" OF THE LOGARITHMIC, EXPONENTIAL, 

AND CIRCULAR FUNCTIONS 

217. Functions of a complex variable. In Ch. Ill we 

defined the complex variable 

* = * + iy *. 

and we considered a few simple properties of some classes of 
expressions involving z, such as the polynomial 1 (A R * s 
natural to describe such expressions as Junctions of 2 , and in 
fact we did describe the quotient P(z)IQ(z), "here P(z) and Q(z) 
are polynomials, as a ‘ rational function \ We have however given 
no general definition of what is meant by a function of 

It might seem natural to define a function of 2 m the same 
way as that in which we defined a function of the real variable 
i.e. to say that is a function of * if any relation subsists 
between 2 and Z in virtue of which a value or values of ^ corre¬ 
sponds to some or all values of s. But it will be found, on closer 
examination, that this definition is not. one from which nnvjmrht 
can be derived. For if * is given, so are .c and y, and conversely . 
to assign a value of * is precisely the same thing as to assign a 
pair of values of x and y. Thus a ‘function of _ , accoM^in^, t 
the definition suggested, is precisely the same thing as «i complex 

function . 

/ (*, y) + l 9 (•'*» y)> 

of the two real variables x and y. For example 

a-iy, xy. i*| = %/(**+</=). am» = arctan(yW 
arc ■ functions of The definition, although perfectly legitimate, 

• In this chapter wo shall generally find it convenient to write r + W rather 
than x + yi. 
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is futile because it does not really define a new idea at all. It is 
therefore more convenient to use the expression ‘ function of the 
complex variable z ’ in a more restricted sense, or in other words 
to pick out, from the general class of complex functions of the 
two real variables ./* and y, a special class to which the expression 
shall be restricted. But if we were to attempt to explain how 
this selection is made, and what are the characteristic properties 
of the special class of functions selected, we should be led far 
beyond the limits of this book. We shall therefore not attempt 
to give any general definitions , but shall confine ourselves entirely 
to special functions defined directlv. 


■i 

> b#l % 


218. We have already defined polynomials in z (§ 39), 
rational /auctions of z F {§ 4»>), and roots of z (§ 47). There is 
no difficulty in extending to the complex variable the definitions 
of algebraical /auctions , explicit and implicit, which we gave 

2t!—27) in the case of the real variable ./•. In all these cases 
we shall call the complex number z, the argument (§ 44) of the 
point z, the aryament of the function f ( z ) under consideration. 
The question which will occupy us in this chapter is that of defining 
and determining the principal properties of the logarithmic, ex¬ 
ponential, and trigonometrical or circular functions of z. These 
functions are of course so far defined for real values of z only, the 
logarithm indeed for positive values only. 

We shall begin with the logarithmic function. It is natural 
to attempt to define it by means of some extension of the definition 

C 7 tit 

log = I y > 0); 

and in order to do this we shall find it necessary to consider 
briefly some extensions of the notion of an integral. 

219. Reaf and complex~curvilinear integrals. Let AB 

be an arc C of a curve defined by the equations 

• r = <M0. = 

where </> and y\r are functions of t with continuous differential 
coefficients <^>' and yfr' ; and suppose that, as t varies from t 0 to 

the point (.v, y) moves along the curve, in the’sam'e cfirection, from 
A to B. 
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Then we define the curvilinear integral u* 




f 1 0 ( r >!/) <j£ + fl !/) f Il!j . ( 1 


where a and h are continuous functions of ./• and y, as being eqPii 
valent to the o rdinary integra l obtained by effecting the formal 

subsHtutlons * = <f> (O, y = ^ (0> to 

{<7 ( <f>. yfr) <b' + /'(</>. ) 'f'l (/ '- 

/u 

We call C the path of integration. 


rt 


~ ^e^us suppose now that 

z =x + iy = <f>(t) + iyfr (0. 

SO that X describes the curve C in Argand’s diagram as t varies. 

Further let us suppose that 

/(x) = u + iv 

a polynomial in * or r ational fu nction of x. 

Then we define 

f f (z) dz. ..( 2 ) 

as meaning 

| (m + iv) (d.c + idy), 

J c 

which is itself defined as meaning 


| (uda - vdy) + i(vdx + udy). 


220 The definition of Log ?. Now let f=f + ») be any 
complex number. We define Log ?, the general logarithm ot ?, 

by the equation 


Log K = 


j* dx 

J r z 


where C is a curve which starts fro.nj. and end s n t£ ami docs 
not pass through the origin. Thus (Fig. 54) the paths «). (6), («) 
are paths such as are contemplated in the definition 1 he value 
of Log * is thus defined when the particular path of integration 
has been chosen. Kut at present it is not clear h o w fa r _ the value 
of Log 2 resulting from the definition depends upon wlmt path is 
^ chosen. Suppose for example that f is real and positive, say 
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equal to £. Then one possible path of integration is the straight 
line from 1 to £, a path which we may suppose to be defined by 


^-'<"1- 


(«*) \ 


(c)[ 


Fig- 54. 

th<- equations x=t, //=(). In this case, and with this particular 
choice of the jjath of integration, we have 

so that Log £ is equal to log the logarithm of g according to the 
definition given in the last chapter. Thus o ne value at any rate 
of Log when £ is real and positive, is log £. But in this case, as 
in the general case, the path of integration can be chosen in an 
infinite variety of different ways. There is nothing to show that 
evert/ value ot Log £ is equal to log g ; and in point of fact we 
shall see that this is not the case. This is why we have adopted 
the notation Log £, Log g instead of log log g. Log £ is (possibly 
at, any rate) a many valued function, and log £ is only one of its 
values. And in the general case, so far as we can see at present, 
th ree a lternati ves ar e eq ually possibl e, viz. that 

(1 ) we may always get the same value of Log £, by whatever 
path we go from 1 to £; 

(2) we may get a different value corresponding to every 
different path ; 

(•L we may get a number of different values each of which 
corresponds to a whole class of paths: 

ami the truth or lalsehood ot any one of these alternatives is in 
no way implied by our definition. 
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221. Tlie values of Log f. Let us suppose that the polar 
coordinates of the point z = £ are p and <f>, so that 

£ = p (cos <f> + i sin <f >). 

We suppose for the present that — tt < <f> < tt, while p may have 
any positive value. Thus £ may have any value other than zero 

or a real negative value. ^ 

The coordinates (x, //) of any point on the path C are functions 
of t, and so also are its polar coordinates (»*, 0). Also 


t v f <h i dx + id 'J 

= -J c ,-MjT 


— — i/ 

in virtue of the definitions of § 219. But .»• = rcos 6, y = r sin 0, and 

% +4=(«-*S - '• sin * *) 4 ( sin " S + - c "- s 0 f) 

. . /dr . </0\ 

= (cos 6 + i sin *>U + ,r 

so that ei ia 

w t - /: is—</; S ■“ -ns—isa 

where [log 7 *] denotes the difference bet ween the values of log r at 
the points corresponding tof = f. and 7 = L, and [3] has a similar 

meaning. 

It is clear that 

[log r] = log p — log 1 = log p \ 

but the value of [0] requires a little more consideration. Let us 
suppose first that the path of i ntegration is the straight liny from 
1 to £ The initial value of 0 is the amplitude of 1, or rather 

one of the amplitudes of 1, viz. y 

2/ctt, where k is any integer. Let 
us suppose that initially 0 = 2.1'tt. 

It is evident from the figure that ‘ * 

0 increases from 2/c7 r to 2/ctt + <f> _ y^Xo/ ; _ 

as t moves along the line. Thus O i * 

[0] = (2/ctt + </>)- 2/ctt = <f>, 

and, when the path of integration ' '«• ° * 

is a straight line, Log £ = log P + '</>• 


G 
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We shall call this particular value of Log £ the principal 
value. Wheiijtf is real and positive, £ = p and (f> = 0, so that the 
principal value of Log f is the ordinary logarithm log £ Hence it 
will be convenient i n general to denote the p rincipal value of 
Log £ by log £. Thus 

log £ = log p + i<f>, 

and the principal value is c haracterised by the fact that its 
i maginary part lies bet ween — 7r and it. 

Next let us consider any path (such as those shown in Fig. 56) 
such that the area or areas included 
between the path and the straight 
line from 1 to £ does not include 
the origin. It is easy to see that 
[#] is still equal to <f>. Along the 
curve shown in the figure by a 
continuous line, for example, 6, 
initially equal to 2krr, first de¬ 
creases to the value 

2/.-7T - XOP Fig. 56. 

and then increases again, being equal to 2kir at Q, and finally 
to 2/.-7T+ <f>. The dotted curve shows a similar but slightly more 
complicated case in which the straight line and the curve bound 
two areas, neither of which includes the origin. Thus if the path 
of integration is such that the closed curve formed bg it and the 
line from 1 to £ does not include the origin , tfien 

Log £= log £ = log p + if. 

* '11 the other hand it is easy 

* 

to r,,nst met paths of integration 
■".'•n that [0] is not equal to <f>. 

• insider, for example, the curve 
indicated by a continuous line in 
Fig. 57. If 0 is initially equal 
to 2A'7 t, it will have increased 
by 2 -tt when we get to P and 
by 47 t when we get to Q; and its 
final value will be 2/.-7T + 477 -+ <£, 
so that [$] = 47r + </> and 

Log £ = log p + i (4tt + </>). 




Fig. 57. 
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In this case the path of integration winds twice round the 
origin in the positive sense. If we had taken a path winding 
k times round the origin we should have found, in a precisely 

similar way, that [0] = 2kir + and 

Log £ = logp + i (2&tt + (/>). 

Here k is positive. By making the path wind round the origin 
in the opposite direction (as shown in the dotted path in hig. 5 1 ), 
we obtain a similar series of values in which k is negative. 
Since \i\ = P, and the different angles 2k w 4- 0 are the diflere.it 
values of am f, we conclude that ev e ry value of h.g j ? j + ■ a. uf is 
a value of Log?; and it is clear from the preceding discussion 

that every value o f Log ? must be o f this form . 

We may summarise our conclusions as follows: the general 
value of Log £ is 

log £|+i am £ = log p + i(2lnr + <f>), 

where k is any positive or negative integer. The value of k is 
determined by the path of integration chosen. If this path 

straight line then k = 0 and 

Log K = log K = log P + ix f>- 

In what precedes we have used ? to denote the argu.nent of 
the function Log (. and (?, y) or (p, 0) to denote the c mo pdinates ol 
t- and 2 (x y), (r, 0) to denote an arbitrary point on the path ot 
integration and its coordinate s. There is however no reason now 
w hv we should not revert to the natural notatio n in which 2 is used 
as t he argument of the function Log 2 , and we shall do this in 

the following examples. 

rTQTn T,lP<i XCIII. 1. We supposed above that -rr<0<n, ami «<> 
excluded the cose in which 2 is real and negative. In this ca.se the str.ug it 
lilic . from 1 to 2 passes through 0, and is therefore not admissible as a path 
1 ration Both tt and - tr are values of am 2 , and 6 is equal to one 01 

rrr;L,.?rv—-w. - 

log | * 1 +1* am *, viz. log ( _ z) + (2i t+l)rr«, 

where k is an integer. The values log (-z)+rri and log ( - 2 ) - *i correspond 
to paths from 1 to 2 lying respectively entirely above and entirelyheJow 
re-! axis Either of them may be taken us the pnnc.pal value of Log 2 
convcnience'dictotes. We shall clioose_thc value log ( - *) +J Lcorresponding 

to the ti rat p ath. 
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2. The real and i maginary parts of any value of Log 2 are b oth continuous 
functions of x and y, except for jr=0, y = 0. 

3. The functional equation satisfied by Logs. The function Logs 
satisfies the equation 

Log s, r.» •= Log 2 | + Log z-> .( 1 )» 

in the sense t hat every value of cither side of tliis equation is one of the values 
of the other side. This follows at once by putting 

= r, (cos d x 4- 1 sin 0,), z-> = r» (cos 6-> + i sin d.,) t 
and applying the formula of p. 401. It is however not true that 

log 2 , z-. = log r, + log 2 2 .( 2 ) 

in all circumstances. If, «?.</., 

2 j = 2 a = h ( — 1 -f i's'3) = cos jj»r +1 sin ?,rr, 

then log 2 | = log 2 a = r.rri, and log 2 , + log 2 2 = which is one of the values of 
Log 2 j 2 j, but not the principal value. In fact log 212 .,= — gnu. 

An equation such «is (1), in which every value of either side is a value 
of the other, wo shall will a complete equation^ or an equation which is 

ymn/Jctcl;/ true. 

4. The equation Log;" 1 = m Log 2 , w here m is an integer, is n ot completely 
truej every value of the right-hand side is a value of the left-hand side, but 
the converse is not true. 

f>. The equation Lo g ( 1 / 2 )= — Log ; is c ompletely true . It is also true 
that log (1, 2 )= — logs, except when 2 is real and negative. 

C. The equation 

log f “^Tj) = log (--<*) - log (2 - />) 

is trim if : lies outside the region bounded by the line joining the points z = a y 
j = />, a nd lines through these points parallel to OX and extending to infinity 
in the negative direction. 

7. The equation 

'”S (* I i) = lo S ( 1 - f) - log (' -1) 

is true if : lies outside the triangle formed by the three points 0, a y b . 

• s . Draw the graph of the function I(Log.r) of the real variable r. [The 
graph consists of the positive halves of the lines f/ = ilcTT and the negative 
halves of the lines y = (:>X* -f l) 7r.] 

i). The function fix) of the real variable .r, defined by 

«■/(•*•■)=/>«- + (v- p) I (lug J‘)i 

is equal to p when x is jmsitive and to q when x is negative. 
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10 The function /(x) defined by 

„f(x) = pn+{q-p)l {log (X - 1)} + (r - q) I (log x) 

is equal to p when *•> 1, to q when OCrCl, and to r when *<0. 

For what values of a is (i) log* (ii) any value of Log; (a) real o, 

( b ) purely imaginary? 

12. If z =x + t'y then Log Log z = log H + »'( e + 2 ^ Tr )> whore 

]{- = (log r) 2 H-(^+2?-rr)-’ 

and 0 is the least positive angle determined by the equations 

cos e : sin 6 : 1 :: log r : B + itn : ^/{(log r)*+(0 + 2*,r) 2 5. 

Plot roughly the doubly infinite set of values of Log Log (1 + .V3), indicatin 
which of them are values of log Log (1 +. J3) and winch of Log log (1 +. % /3). 

222 The exponential function. In Ch. IX we defined 
.. function e v of the real variable y as the inverse of the function 
‘ I log *. It is naturally suggested that we should define a function 
of the complex variable 2 which is the inverse of the function 

Lo g-z. 

Definition. If any value of Log 2 is equal to ?, we call z the 
erZonentudof^and write 

Thus 2 = exp? if r = Log U is ccrtain that , to a "J g 1 ™" 

value of 2 correspond infinitely many different values of ?. It 
would not be unnatural to suppose that, conversely, to any given 
value of ? correspond infinitely many values of 2 , or ,n other words 
that cxn ? is an infinitely many-valued function of ?. This is 
ho w eV er not the case, as is proved by the following theorem. 

Theokem. The exponential function exp ? is « one-valued 

function of K- 

For suppose that 

= r , (cos 0, + i sin Q x \ z* = r, (cos 0, + i sin 0,) 

are both values of exp £ Then 

K = Log z x = Log z,, 

and so log r. + i («. + 2mx) = log r, + * (A + 2»wb 

where m and n arc integers. This involves 

log r, = log r„ 0, + 2mw = 0, + 2 nir. 

Thus r, = r„ and 0 , and 0, differ by a multiple of 2ir. 
z \ = Z. t . 26 — 2 


Hence 
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Corollary. If £ is real then exp£=e^, the real exponential 
function of £ defined in Ch. IX. 

For if z = e*> then logz = £, i.e. one of the values of laogz is £. 
Hence z = exp £. 


223. The value of exp £. Let £ = £ + irj and 

z = exp £ = r (cos 0 + i sin 0). 

Then £ + ii 7 = Log ^ = log r + t (0 + 2/mr), 

where m is an integer. Hence £ = log r, ij = 0 + 2imr, or 

r — e*, 0 = tj — 2 ni nr ; 

and accordingly 

exp (£ + irj) = e* (cos 77 4- i sin 77 ). 

If 77 = 0 then exp £ = e f , as we have already inferred in § 222 . 
It is clear that both the real and the imaginary parts of exp (£ + irj) 
are continuous functions of £ and 77 for all values of £ and 77 . 


224. The functional equation satisfied by exp £. Let 

£1 = £1 + ifh . £2 = £_• + irj 2 . Then 


exp £, x exp £_, = e f * (cos 77 , + V sin 77 ,) x e^ (cos 77 2 + i sin 77 *) 

= {cos (77, + 770) + i sin (77, 4 - 770)} 

= exp (£, t- £ s ). 


The exponential function therefore satisfies the 
./ (£1 + £;)=/ (£ 1 ) ./ (£:). on equation which we h 
(§ 205) to be true for real values of £, and £„. 


functional relation 
ave proved already 


225. The general power at. It, might seem natural, as 
exp £ = when £ is real, to adopt the same notation when £ is 
complex and to drop the notation exp £ altogether. We shall not 
follow this course because we shall have to give a more general 
definition of the meaning of the symbol e t : we shall find then 
that et represents a function with infinitely many values of which 
exp £ is only one. 

We have already defined the meaning of the symbol at in a 
considerable variety of cases. It is defined in elementary Algebra 
in the case in which a is real and positive and £ rational, or a real 
and negative and £ a rational fraction whose denominator is odd. 
According to the definitions there given hits at most two values. 
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In Ch. Ill we extended our definitions to cover the case in which 
cl is any real or complex number and £ any rational number p/q , 
and in Ch. IX we gave a new definition, expressed by the equation 

a* = e < 108 a , 


which applies whenever £ is real and a real and positive. 

Thus we have, in one way or another, attached a meaning to 
such expressions as 

3*/*, (-1) ,/3 , (n/ 3+^’)- ,/s . (3‘5 ) i+V2 ; 

but we have as yet given no definitions which enable us to attach 
any meaning to such expressions as 

(1 +iy*, 2\ (3 + 2i)' +3i . 

We shall now give a general definition of of which applies to all 
values of a and £ real or complex, with the one limitation that 

a must not be equal to zero. 


Definition. The function a* is defined by the equation 

a< = exp (£ Log a) 

where Logo, is any value of the logarithm of a. 

We must first satisfy ourselves that this definition is consistent 
with the previous definitions and includes them all as particular 


cases. 


( 1 ) If a is positive and £ real, then one value of £ Log a, viz. 
flog a, is real: and exp (flog a) = e< ", which agrees with the 
definition adopted in Ch. IX. The definition of Ch. IX is, as 
we saw then, consistent with the definition given in elementary 
Algebra ; and so our new definition is so too. 


(2) If a = e r (cos | + i sin yfr), then 

Log a = r + i + 2/«7 t), 

exp {(p/q) Log a) = e*""! Cis {(ji/q) ( + + 2 m 7 r)}, 

where m may have any integral value. It is easy to see that if m 
assumes all possible integral values then this expression assumes q 
and only q different values, which are precisely the values of 
found in § 48. Hence our new definition is also consistent with 

that of Ch. III. 
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226. The general value of a*. Let 

£ = £ 4 - 17), a = a (cos yfr+i sin yfr ) 
where — ir < \f/=7r, so that, in the notation of § 2 lo, cr 6 01 
t = log <r. 

Then 

£Log a = (g 4- 177 ) {log <r +1 (>/r 4- 2 w7t)} = L 4-t-M, 

where 

L = £ log <r — t) (\fr 4- 27/i7r), M — 1 7 log <r 4- £ (■v/r 4- 2m7r) ; 
and = exp (£ Log a) = e L (cos il/ 4- i sin M). 

Thus the general value of a$ is 

log < 7 -•,!* *-2intr» ^ C0 S {?; log a 4- £ (•'/'“ 4- 2w7r)) 

4- i sin [t) log tr 4- £ (^ 4- 2m7r)]]. 

In general a 5 * is an infinitely many-valued function. For 

! _ g^logo—>|(.7<+2mw) 

has a different value for every value of m, unless 77 = 0. If on the 
other hand 77 = 0 . then the moduli of all the different values of at 
are the same. But any two values differ unless their amplitudes 
are the same or differ bv a multiple of 27r. This requires that 
£ ( 4 - 2nrrr) and £(>fr 4 - 2h7t), where m and n are different integers, 
shall differ, if at all, by a multiple of 2-7T. But if 

.£(>//- 4 - 2//<7t) — £ (fir 4- 2»7 -) = 2A*7T, 

the:-. £ = k/(m — n) is rational. We conclude that a* is infinitely 
/ ■. 1 y-valued unless £ is real and rational. On the other hand we 
-,ave already seen that, when £ is real and rational, a* has but a 
finite number of values. 

The principal value of td = exp (£ Log a) is obtained by giving Log a its 
principal value, i.e. by supposing m = 0 in the general formula. Thus the 
principal value, of is 

t ,( lotr<r-r)j. / cos ^ log cr 4 + i sin (7 log cr + 

Two particular cases are of especial interest. If a is real and positive 
and £ real, then rr — <i, *Js = 0, £ = £, yj = 0, and the principal value of efi is 
which is the value detined in the last chapter. If ]a|*=l and £ is 
real, then <r = l, £ = £, rj- 0, and the principal value of (cos yfr + i sin is 
cos £yfr + i sin £\(r. This is a further generalisation of De Moivre’s Theorem 
(SS 4. r >, 49). 
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Examples XCIV. 1. Find all the values of **. [By definition 

t*=exp (i Log t). 

But «=cos4»r + * sin iw, Log »'--=(2£+&)irt, 

where * isany . nw nCT- ( - + ^»=-^ 

All the values of i* arc therefore real and positive. J 
2. Find all the values of (1 +*’)*> ** * S + 1 ")' *• 

3 The values of a* when plotted in the Argand diagram, are the vertices 

of an equiangular pol ygon inscribed in an 

independent of a. 

[If «£= r (cos 0 + i sin 6) we have 

r=e ( 0 = r,log<r + £ (^ + 2«ir); 

, • i <**+ '!*>/* ,-rflK i 

and all the points lie on the spiral /— <r * J 

4 . The function «£ If we write e for « in the general formula, so that 

log <r = 1, + = 0, we obtain 

e (_ e f-Smwi» {cos (»? + 2mir{) + i sin (n + 2«i «■£)}. 

The principal value of e< is <* (ccm , + .*«i„ 7>, which is equal to exp £ (ft 223). 
I„ particular, if £ is real, so that r, = 0, we obtnin 

,6 (cos 2/«»r£ + > sill 2»urf) 

th0 general and .« a» tl.c principal value. «< <lcnoting here the positive 
value of the exponential defined in Ch. IX. 

5 Show that Loge<=(l +2»wi)f+2«i, where ,n and a are any integers, 
and that in general Log«< has a double infinity of values. 

«. The equation 1/«<-<*' f » oon.pletely true (Ex. xc,n. 3): it is also true 
of the principal values. 

7 . The equation «<xb<=(ab)< is completely true but not always true of 
the principal values. 

<r is not completely true, but is true of the 

principal vahrwe ‘"[Every value of the right-hand side is a value of the left- 

hand side, but the general value of « xa , v,x. 

exp {£(l«ga+2wiri)+£ (log« + 2n»ri)}, 

i8 „ot uh a rule u value of »nle.ss ,« = «.] 

y what are the corresponding result* as regards the equations 

Log a<=£ Log «, (a<f = (aty = < 


10 For what values of £ is («) any value <6) the principal value of J 
(i) real (ii) purely imaginary (iii) <»f unit modulus? 
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11. The necessary and sufficient conditions that all the values of at should 
be real are that 2 £ and {17 log | a \ + $ am a}/»r, where am a denotes any value of 
the amplitude, should both be integral. What are the corresponding con¬ 
ditions that all the values should be of unit modulus ? 

12. The general value of |.r < +x“ < |, where x>0, is 

e -(m - n)«r^2 {cosh 2 (m +71) 7T 4-cos (2 log-r)}]. 

13. Explain the fallacy in the following argument : since c 2m ’ rt = e~ n ’ rt = 1, 
where m and n are any integers, therefore, raising each side to the power t, 
we obtain e~ imn =e ~ 2n, ‘. 


14. In what circumstances arc any of the values of .r*, where x is real, 
themselves real ? [If x>0 then 

x* = exp (x Log a*) = exp (.r log x) Cis 2 »i 7 r.r, 

the first factor l»eing real. The principal value, for which ?n=0, is always 
real. 


If x is a rational fraction />/(% 4-1), or is irrational, then there is no other 
real value. But if x is of the form pj2q, then there is one other real value, 
viz. — exp (x log .r), given by m = q. 

If x= — £<0 then 

■** = cx l> { “ £ L °g (-$)) = exp ( - £ log £) Cis { - (2m 4-1) *•£}. 

The only case in which any value is real is that in which $=pl(2q + l), whon 
m=q gives the real value 

ox P( — £ log £) Cis (-/>«■) = ( -1 

The cases of reality are illustrated by the examples 

(A)- = ±^A, = (— 3 )~^ = - \/3.] 

If*. Logarithms to any base. Wo may define f = Log„ - in two different 
ways. We may say (i) that ( = Log„ 2 if the principal value of is equal to 2 ; 
or we may say (ii) that Log a 2 if any value of a* is equal to 2 . 

Thus if a = o then f= Log, 2 , according to the first definition, if the 

prim ’ d value of c< is espial to 2 , or if exp £= 2 ; and so Log, 2 is identical 
wit • Log 2 . But, according to the second definition, f=Log „2 if 

e ^ =ex p (f Li >g •;) = 2 , f Log e = Log 2 , 
or C = (Log 2 ) (Log e), any values of tho logarithms being taken. Thus 

<T = Loir * = — g 1 *l + ( amg + 2m»r) 1 ' 

1 4- 2«»r* 

so that C >3 a doubly infinitely many-valued function of 2 . And generally 
according to this definition, I.og a 2 = (Log 2 )/(Log a). 

Hi. Log, 1 =r2 »itti7(1 4-2/itt t). Log, ( — l) = (2»i41) «■»*/( 1 + 2/irri) t where m 
ana n arc any integers. 
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227. The exponential values of the sine and cosine. 

From the formula 

exp (£ 4 - iv) = exp £ (cos rj+i sin 7 ?), 

we can deduce a number of extremely important subsidiary 
formulae. Taking £ = 0, we obtain exp (it?) = cos 7 ? + i sin 7 ?; and, 
changing the sign of 7?, exp (- it?) = cos V ~ 1 s ‘ u Hence 

cos 7/= £ {exp (it?) + exp( —it?)}, 

sin t? = - £ i {exp (it?) - exp ( - it?)}. 

We can of course deduce expressions for any of the trigonometrical 
ratios of 7? in terms of exp (it?). 


228. Definition of sin £ and cos £ for all values of £. 

We saw in the last section that, when £ is real, 

cos £= h {exp (t£) + exp (- i£)j.O <*)- 

sin £= - 11 {exp (i'£) - exp (— *£)}. 0 &)• 

The left-hand sides of these equations are defined,by the ordinary 
geometrical definitions adopted in elementary Trigonometry, only 
for real values of £. The right-hand sides have, on the other 
hand, been defined for all values of £, real or complex We are 
therefore naturally led to adopt the formulae ( 1 ) as the definitions 
of cos £ and sin £ for all values of £. These definitions agree, ... 
virtue of the results of § 227, with the elementary definitions for 

real values of £. 

Having defined cos ? and sin ?, we define the other trigone- 
metrical ratios by the equations 

cotf siiTr 5 co S f 

It is evident that cos? and sec? are even functions of ? and 
sin ?, tan ?, cot ?. and cosec ? odd functions. Also, if exp (.?) - I, 

we have 

cos ?= 1 |« + (1/0). si, ‘ ?= -4 ' l<-(l/0). 

cos* ? + sin 3 r=HI< + 0/01’ - (‘ - ( 1 /DI 3 ] = 1 .< 3 >' 

We can moreover express the trigonometrical functions of 
?+ ?- in terms of those of ? and ?' by precisely the same formulae 
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as those which hold in elementary trigonometry. For if exp (tf) = t, 
exp (i£') = t', we have 

cos (f + r) = i («' + = i {(‘ + ]) (*' + 7) + (‘ - 7) (* - ?')} 

= cos £ cos % — sin £ sin £'. (4) ; 

and similarly we can prove that 

sin (£+ £') = sin £cos £" -f cos £ sin £'.(5). 

In particular 

cos (£ + 4 7r ) = ~ s ' n £* sin (£ + Att) = cos £.(6). 

All the ordinary formulae of elementary Trigonometry axe 
algebraical corollaries of the equations (2)—(6) ; and so all such 
relations hold also for the generalised trigonometrical functions 
defined in this section. 

Ml 

229. The generalised hyperbolic functions. In E\. lxxxvii. 19, we 
defined cosh f and sinh f, for real values of f, bv the equations 

e "shf=i {c.\pf + e.\p(-f)}, sinh f = i |cxp f - exp ( - f)} .( 1 ). 

W c can now extend this definition to complex values of the variable; 
we can agree that the equations ( 1 ) are to define cosh f and sinli f f° r 
all values of f real or complex. The reader will easily verify the following 
relations: 

eos if = ci»sli f, sin if= /sinh f, cosh if=cos f, sinh if=t sin f. 

\\ e have seen that any elementary trigonometrical formula, such as 
the formula cos if = cos- f - siu* f, remains true when f is allowed to assume 
complex values. It. remains true therefore if we write cos if for cos f, sin if 
for sin f and cos-if for cos if: or, in other words, if we write cosh f for cos f, 
1 sinh f for sin f, and cosh if for cos if. Hence 

cosh if = cosh- f + sinh 2 f. 

1 lie same process of transformation may ho applied to any trigonometrical 
identity. It is of course this fact which explains the correspondence noted 
in Lx. lxxxvii. il between the formulae for the hyperbolic and those for the 
ordinary trigonometrical functions. 

9 

230. Formulae for cos (f + 117 ), sin (£ +/»j), etc. It follows from the 
addition formulae that 

cos (f + itf) = cos f cos i,, - sin f sin it, = cos f eosli 17 - 1 sin $ sinh 17 , 

sin (f + ir,) — sin f cos it, + cos $ sin it, = sin f cosh >7 + t cos f sinh r,. 

These formulae are true for all values of f and 17 . The interesting case 
is that in which f and >, are real. They then give expressions fertile real and 
imaginary parts of the cosine and sine of a complex number. 
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Examples XCV. 1. Determine the values of £ for which cos £ and sin £ 
are (i) real (ii) purely imaginary. [For example cosf .s real when i-O or 

when £ is any multiple of n.] 

2 . i cos (£ + in) I = >/(cos 2 £ + sinh 2 n) = ( cosh 2 1 + cos 2 ^ )} ’ 

| sin (£ + in) | = V(»in* £ + sinh 2 n) = (cosh 2n — cos 2 £)}. 

[Use (e.g.) the equation |cos (*+A »)\ = J{^ (f+ «**>«» («“»•»)}•] 

. sin 2 ^+* sinh 2 ., t /*.,•_), sin f*~ tsilll> |; . 

3. tan (£ + *1) = - OKh 2l? + cos 2£ ’ cosh 2,, - cos 2£ 

[For example ^ + ^ cos (| _ _ sin 2£-fsin2 b, ^ 

tan (| + "?) = co S u + i - n Tcos (£ - bj) cos 2 £ + cos 2 u, 

which leads at once to the result given.] 

cos £ cosh n 4 - i sin £ sinhjj 
see (£4- »*/) = £ (cosh 2 if+cos 2$) 

sin £ cosh n — i cos £ 51**11 *1 
cosec (£ + in) = ^ (cosh 2*7 - cos 2$) 

5 . If | eoa (f + *,) I -1 then sin*£ = shill 2 * 1 . and if | *. (« + «!-» ‘“on 
cos 2 1 = sinh 2 n- 

6 . If |cos(£4-bj)|= L theu . 

sin {am cos (£4- n?)} “ ± s ‘ n * £ — — 8,11 1 n ' 

7. Prove that Log cos (£ + nj ) E= -' 1 + 1 ^* where 

y| = A log (cosh 2 ij 4- cos 2£)} 

and is any angle such that 

cos li sin Ii --- „ • 

cos £ cosh f,“ ~ sin £ sinh n n'S* < co8h 2r,+ cos ' 

Find a similar formula for Log sin (£ + »l)- 

R Solution of the euuation coaf-.. where - 1* real. 

f = i + end equating real and imaginary parts. » oh,am 

cos £ cosh sin £ sinh .7 = 0 . 

. . it<»f it If (i) n = 0 then cos £ = «, which n 

Hence either ,=0 „r f . a mnl^c^ - . J ^ ^ .. 

impossible unless - 1 £«=*• 1 •>* 

£ = 2 in ± arc cos «t, 

, /» ...rl Irr I f (jj = Ml IT tllCII COsIl >7 « ( “ 1 )"‘ «* 80 

where arc cos « lies between • - ‘ _ } ^ m Js ()Jtl If „ = ± 1 then n = 0 , 

that either a ^1 and m is even, <* If «, |> 1 then cosh r; = | “ I. ,ind wc 

and we are led back to our l.rst ciise. If » | > 

are led to the solutions . 

c= 2 i:ir ± i log { «W(a s -D> («> 1 )> 

£«(2/' + l)»r±* log{-a + v '(^-*>1 . _ 

For example, the general solution of cos £ $ 


Putt ing 


S' 
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9. Solve sin £ = a, where a is real. 


10. Solution of cos£=a + */3, where £ + 0. We may suppose 0>O, 
since the results when /3 <0 may be deduced by merely changing the sign of i. 
In this case 

cos £ cosh q = a, sin £ sinh q = — /3.(1), 

ftiid (a/cosh i 7 ) 2 +(/ 3 /sinh tj) 2 = 1. 

If we put cosh- rj = x we find that 

x- - (1 + „* + 02 ) .r + « 2 = 0 

or .v = (* 1 , ± A 2 ) 2 , where 

--!« = * V{(a+ l)-*+ 02 }, d.,= A s /{( a - l)2 + /9 2 }. 

Suppose n > 0. Then A , > A* > 0 and cosh q = A j ± A 2 . Also 

cos £ = a/(cosh rj) = A j + A 3 , 

and since cosh q > cos £ we must take 

cosh q = J 1 + J.,, COS £ = A ! — A 2 . 

The general solutions of these equations are 

£ = 2 /-ir ± arc cos M , 7 = ± Io g {L + s r(L 2 - 1 )}.( 2 ), 

where L — A , + .1/ = „l, — .1, and arc cos M lies between 0 and An-. 

The values of q and £ thus found above include, however, the solutions of 
the equations 

cos I cosh q—a, sin £ sinh q=(3 .(3), 

as well as those of the equations ( 11 , since wo have only used the second of 
the latter equations after squaring it. To distinguish the two sets of 
solutions we observe that the sign of sin £ is the same as the ambiguous sign 
in the first of the equations ( 2 ), and the sign of sinh q is the same as the 
ambiguous sign in the second. Since 0>O, these two signs must be different. 
Hence the general solution required is 

C = 2 / tt ± [arc cos M- i log {L + x /(Lr - 1 )}]. 

11 . Work out the cases in which a <0 and a = 0 in the same way. 

12 . If = 0 then A = A «+l + A;a —1 and J/ = A|n + l| — A|a — 1 |. 
^ erify that the results thus obtained agree with those of Ex. 8 . 

13. Show that if ,1 and 0 are positive then the general solution of 
nin f *=a-f *3 is 

C = *«■ + ( - 1 )* [are sin .1/ + i log {L + L 2 - 1)}]. 

where arc sin M lies between 0 and Arr. Obtain the solution in the other 

| lossi lile ciuses. 


hi. Solve tan £ = a, where n is real. [All the roots are real.] 
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15. Show that the general solution of tan £=a + i/3, where /34=°> is 

. , (a 2 + (l+/3) 2 | 

C = *rr + i 6 + i l log | a . 2+(1 _ / 3 ) 2 j- > 

where 6 is the numerically least angle such that 

cos 0 :sin 6 : 1 :: 1 - a 2 -/3 2 : 2« : N /{(1 -a 2 -/3 2 ) 2 +4a 2 }. 

16. If 2 = ^ exp (£ rrt), where £ is real, and c is also real, then the modulus 
of cos 2nz — cos 2 ire is 

N /[i'{l + C os 4 ttc + cos (2tt£ s /2) + cosh ( 2 n £ N /2) 

— 4 cos 277-ccos (7t£ y ,! 2 ) cosh (tt£ «/ 2 )J]. 

17. Prove that | exp exp (£ + itj) I = exp (exp $ cos 9 ). 

R {cos cos (£ + itj)) = cos (cos $ cosh rj) cosh (sin $ sink n)> 

I {sin sin (£ + *»;)}= cos (sin £ cosh 9 ) sink (cos £ sinh n )- 

18. Prove that |exp £| tends to cc if £ moves away towards infinity along 
any straight line through the origin making an angle less than W with OX, 
and to 0 if £ moves away along a similar line making an angle greater than 

^ 71 - with OX. 

19. Prove that |cos£| and | sin £ | tend to cc if £ moves away towards 
infinity along any straight line through the origin other than either half of 

the real axis. 

20. Provo that tan ( tenths to -/ or to < if ( moves away to infinity 
along the straight line of Ex. 10, to - , if the line lies shore the real ax,., and 

to i if it lies below. 

23lt The connection between the logarithmic and the inverse 
trigonometrical functions. We found in Oh VI that the mtcgral of a 
rational or algebraical function *<*, », A •■•), «'>ero a, A ... ore constants 
often assumes different forms according to the values of a, A - i sometnnes 
it can be expressed by means of logarithms, and sometnnes by means of 
inverse trigonometrical functions. Thus, for example. 


if a > 0 , but 


( <i c — = ! arc tan — 

J J* + tt -Jo V ; 


t Jx _ 1_I,,,,! 

J 2 */(-«) I * + V( “«) 


if „ < 0. These fact, suggest the existence of some functional eom.^tion 
between the logarithmic and the ~ ^we'ite ex- 

^ter,,,, * ...a . ... 

is the inverse of the exponential function. 

Let us consider more particularly the equation 

C ,lr I . / 


•T — a 




2 - 0 - 
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which holds when a is real and (x-a)/(x+a) is positive. If we could write 
ia instead of a in this equation, we should be led to the formula 

arc tan (£) = ^ log + C .(3), 

where C is a constant, and the question is suggested whether, now that we 

have defined the logarithm of a complex number, this equation will not be 

found to be actually true. 

% 

Now ($5 221) 

Log (.r ± ia) = \ log (.r- + a 2 ) ±i (<f> + 2 X' 7 r), 
where k is an integer and </> is the numerically least angle such that 
cos </> = x/ s f(x* 4- a-) and sin <f>=at^ (.r 3 + a-). Thus 


27 U ' S (^+7a) = 


where l is an integer, and this does in fact differ by a constant from any 
value of arc tan (07 a). 

The standard formula connecting the logarithmic and inverse circular 
functions is 

arc tan .v=± Log .( 4 )’ 

where x is real. It is most easily verified by putting .r = tany, when the right- 
hand side reduces to 


I. Log (>■■«> + _ > Log (exp 2 iy)=y + /' 

2/ \cos y — i sin y) 2 1 1 * 


7T, 


where k is any integer, so that the equation (4) is ‘ completely 7 true (Ex. xcm. 
3). The reader should also verify the formulae 

arc cos .r = — i Log {x ± i v /( 1 - .r-)}, arc sin r = — i Log {ix ± s '( 1 — •r 3 )}.. .(5), 

where — 1 <.rgl : each of these formulae also is ‘completely ’ true. 

Example. Solving the equation 

cos»/ = .r = i{y + (l / »}, 

where y = exp Ju), with respect to y, we obtain y = x + i s f{\ — .r 2 ). Thus: 

" = ~ * L< »g y = - i Log }.r ± i N /( 1 - .r 3 )}, 

which is equivalent to the first of the equations (;*>). Obtain the remaining 
equations (-1) and (5) by similar reasoning. 


232. The power series for exp z*. 

that when z is real 


We saw in S 212 


z~ 


-'Xpz = l+z+- + 


( 1 ). 


Moreover we saw in § 191 that the series on the right-hand side 


It will be convenient now to use z instead of as the argument of the 
exponential function. 
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remains convergent (indeed absolutely convergent) when z is com¬ 
plex. It is naturally suggested that the equation (1) also remains 
true, and we shall now prove that this is the case. 

Let the sum of the series (1) be denoted by F(z). The series 
being absolutely convergent, it follows by direct multiplication (as 
in Ex. LXXXI. 7) that F (z) satisfies the functional equation 

F(z) F(h) = F(z + ft) .( 2 >- 

Now let z = iy, where y is real, and F (z) = J (y)> Then 

f ( y) f (k) =f(y + k) ; 


and so 


But 


/0y + O-/(y) = / ^j/(O^(. 
/'(A-)- 1 1 . *' fc + ( - C) l + l- 

- =M 1 + 2! + 3! + •••) ’ 


and so, i f | k \ < 1, 

/<*> - 1 - ,• | < (i + .*, + ■•■) u- < (e - 2)! * 1 • 

Hence (/(*) - 1|/A—» »sk~0, and so 

/'( y )« lim /O + O- S&) = ./<y) .C3). 


A'—0 


Now 


f (y) = F(iy) = 1 +(>'y) + <1 2 > + •• = <*><y> + *> 

where <b (y) is an even and * (y) an odd function of y. and so 

|/(y)i=VU<My)!’ + W r <^ !3] 

= V[(<*> (y) +<!/)) !<#> (y> - 

= viJ’o'y) F <- *'y)) = = 1; 

and therefore /(y) = co3 K + ism K. 

where V is a function of y such that — 7r < 1 s 7r - 1 v> . . 

a differential coefficient, its real and imaginary parts cos 1 and am 
, .• i and arc a fortiori continuous functions 

have differential coefficients,anu j g 111111iW . that V 

of y. Hence K is a continuous fl.nct.on » y- to 

changes to K + K when y changes to y + *■ l he" * »ds 

zero with k, and 

AT = fees ( 1'+ VO - cus n/{ co *0 + Vf) . 

Of the two Unt/'on the right-hand side the first tends to a 
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limit when k-*-0, since cos l r has a differential coefficient with 
respect to y, and the second tends to the limit — sin Y. Hence K/k 
tends to a limit, so that Y has a differential coefficient with respect 
to y. 

Furfcher f (y) = (— sin Y 4- i cos F) . 

But we have seen already that 

/' (y)= if(y) = - sin r+ I cos Y. 

Hence T Y = y + C, 

where C is a constant, and 

/ (y) = cos (y+C) + i sin (y 4- C). 

But /(0) = 1 when y = 0, so that C is a multiple of 2ir, and 
f {>/) = cos y + i sin y. Thus F ( iy ) = cos y 4- i sin y for all real 
values of y. And, if x also is real, we have 

F (x 4 - iy)= F (.r) F( iy) = exp x (cos y 4- i sin y) = exp (x 4- iy ), 

or exp z — 1 42 + g| + .. 

• 

for all values of z. 

233. The power aeries for cos ^ and sin 2 . From the 
result of the last section and the equations (1) of § 228 it follows 
at once that 

cos z — 1 — 


O', 


—4 

4! 


+ Sinw “3! 4-I’—- 


for all values of r. These results were proved for real values of z 

21»7 , 1 

in Lx. LVi. 1. 

Examples XCVT. 1. Calculate cos i and sin ? to two places of decimals 
l»y means of the power series for cos c and sin z . 

Prove that cos ; ; :£eosh c , and sin • | <siuh \z. 

Prove that if c|<lthen cos s | < 2 and \ sin z | < g j z |. 

4. Since sin = 2 sin :cos: we have 

I’rovc by multiplying the two series on the right-hand side (§ 195) and 
equating coefficients (Jj 194) that 

\ crify the result l»y means of the hiuomial theorem. Derive similar identities 
from the equations 

cos y r + sin 2 1, cos 2c = 2 cos 2 z - 1 = 1 - 2 sin 2 5 . 
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5. Show that exp {(1 + 0 — 2 2* n exp (£ nirt) ,. 

6 . Expand cos 2 cosh 2 in powers of z. [We have 

cos * cosh 2 + i sin 2 sinh 2 = cos {(1 - 0 z) = h [exp {(1 + 0 *} + exp { - (1 + 1 ) *}] 

= h 2 2 1 ” {1 + ( - 1)"} exp (i nrri) ^ , 

and similarly 

- »• 

= 4 2 2 1 " {1 + ( “ 1)"} ex I> ( “ i nn{ ) JT\ • 


~r» 

o 

cos z cosh 2 — i sin 2 sinh z = cos (1 -|- 1) z 

2 " 

o 

2 2 r* 2 , 2 - s 


Hence cos 2 cosh 2 = £ 2 2 J " {1 + ( - 1 )**} cos \ n n ^ = 1 - + -gj- “ .1 

0 

7. Expand sin z sinh 2 , cos z sinh z, and sin z cosh 2 in powers of 2 . 

8 . Expand sin 2 z and sin 3 2 in powers of 2 . [Use the formulae 

sin 2 z = 4 (1 — cos 2t), siu 3 *=£ (3 sin 2 -sin 3z), .... 

It is clear that the same method may he used to expand cos" 2 and sin" 2 , 
where n is any integer.] 

9. Sum the series 


cos 2 . cos 2 2 . cos 3 2 


sin 2 . sin 2 z . sin 32 


-+ 2! 


>S .>2 t'_ BI J. 

— + *>- ! . 1- 2 1 


+ 


3 ! 


“ 4 " • • • a 


[Hero C + M = 1 + ® + **+ ■ ■ •;« 1 > <«P<*» 

= exp (cos 2) {cos (sin 2) + i sin (sin 2)}, 

and similarly 

C-iS= exp {exp ( - it)) = exp (cos 2) {cos (sin 2) - i sin (sin 2)}. 
Hence C-exp (cos 2) cos (sin 2), £ = cxp (cos 2) sin (sin 2).] 


10 . Sum 1 + : v-j— + 


« cos 2 « 2 cos 2 2 . a sin 2 , a 2 sin 2 2 

2! - + •••• TT + - Yr + '- 


1 1 . Sum 


cos 2 2 cos 42 
*“11 4 ! 


cos 2 cos 3 : 




1 ! 


:*! 


+ • •• 


and the corresponding series involving sines. 

12. Show that 

! cos 4 z + c os 8 2 + = £ {cos (cos2) cosh (sin 2) + cos (sin 2) cosh (cos 2)}. 

13 show that the expansions of cos (.r + /i) and sin (x + /i) in lowers of /, 
(Ex. l.vi. 1 ) are valid for all values of x and /*, real or complex. 

234. The logarithmic series. We found in § 213 that 

log(l + z) = z-±z i +^ - .(1) 

when * is real and numerically less than unity. The series on the 

ri 2 ht-hand side is convergent, indeed absolutely convergent, when 

h 27 

H. 
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z has any complex value whose modulus is less than unity. It is 
naturally suggested that the equation (1) remains true for such 
complex values of z. That this is true may be proved by a 

modification of the argument of § 213. We shall in fact prove 
rather more than this. viz. that (1) is true for all values of z such 
that j z £ 1, with the exception of the value — 1. 

It will be remembered that log(l + z) is the principal value of 
Log (1 + z), and that 

log (1 + *) = , 

where C is the straight line joining the points 1 and 1 -f- z in the 
plane of the complex variable u. We may suppose that z is not 
real, as the formula (1) has been proved already for real values 
of z. 


If we put 

z = r (cos 6 + i sin 6) — £r, 

so that , r 1 g 1, and 

« = l + Kt % 

then u will describe C as t increases from 0 to r. And 

f _ f r 

J C 11 i 1 + ^ 


= k-£•-•* + ?r-- ... + (- + 

J 0 


(— 1 yn^m+i^m" 


- o m 


1 + ft 


- dt 


m 



where 



-•■■+(- 1 





f r t m dt 

!o i +& 


(3>-. 


It follows from (1) of § 1G4 that 

Ji | c f r t m dt 

J o ! I + Kt 1 


(4). 


Now ; 1 + £t j or u i is never less than to-, the perpendicular from 
O on to the line C\* Hence 




.»»+! 


( /« + 1 ) TO- (w 4 - 1 ) TO- ’ 


Since ; is not real, C cannot pass through O when produced, 
recommended to draw a figure to illustrate the argument. 


The reader is 
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and so R m -*-0 as m-*- oo . It follows from (2) that 

log(1 -f* z') = z — ^ z- 4* ^z 3 ...(o). 

We have of course shown in the course of our proof that the 
series is convergent : this however has been proved already 
(Ex. LXXX. 4). The series is in fact absolutely convergent when 
| z | < 1 and conditionally convergent when z j = 1. 

Changing z into — z we obtain 

= — log (1 — z) = z 4- iz 2 + 4*.(b). 



235. Now 
log (1 4- z) = log {(1 + r cos 0) 4- i r sin 6) 


= h log (1 + 2r cos 0 4- r») 4- i arc tan 


sin 0 


4 - r p.os 0 




That value of the inverse tangent must be taken which lies 
between -4 tt and *tt. For, since 1 + * is the vector represented 
by the line "from - 1 to z, the principal value of am (1 4- z) always 
lies between these limits when z lies within the circle I z\ = 1. 


Since z m = r m (cos md 4 - V sin m0), we obtain, on equating the 
real and imaginary parts in equation (5) of § 234, 

£ log(1 4- 2r cos 0 + i*) = r cos 0 - £r*cos 20 4- cos 30 - .... 


arc tan 


an / r sin 0 \ = rs i n # — ^ r a sin 20 4- ^ r 3 sin 30 — .... 
\1 + T COS 0/ 


These equations hold when 0 £ r 2 1, and for all values of 0, except 
that, when r= 1, 0 must not be equal to an odd multiple ot tt. 
It is easy to see that they also hold when -UrSO, except that, 
when r = — 1, 0 must not be equal to an even multiple of tt. 

A particularly interesting case is that in which r = 1. In 

this case we have sin ^ x 

lo g (1 + *)- log(i + Cis 0) = * log (2 4- 2 costf) 4- * arc tan 

= | log (4 cos’ \0) 4- hi0. 


if _ tt < 0 < tt, and so 

cos 0 - i cos 20 + i cos 30 - ... = i log (4 cos 1 k0), 
sin 0 — \ sin 20 4- i sin 30 — ... = £#• 


• See the preceding footnote. 
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The sums of the series, for other values of 0, are easily found from 
the consideration that they are periodic functions of 6 with the 
period 27r. Thus the sura of the cosine series is ^ log (4 cos 3 for 
all values of d save odd multiples of 7r (for which values the series 
is divergent), while the sum of the sine series is £ (6 — 2kir) if 
(2k— l)7r < 6 < (2fc+ 1) 7 r, and zero if 6 is an odd multiple of n r. 
The graph of the function represented by the sine series is shown 
in Fig. 58. The function is discontinuous for 0 = (2k+ 1)7r. 



If we write »2 and — iz for z in (5), and subtract, we obtain 

h lc « •••• 

I f 2 is roaI and numerically less than unity, we are led, by the results of 
§ 231, to the formula 

arc tan 2 = 2 - + - m 

already proved in a different manner in § 214. 

Examples XCVII. 1. Prove that, in any triangle in which a>b, 

log c = log a - - cos C - — s cos 2C — .... 

[ Use the formula log c= A log (a 2 + b--2ab cos C).] 

2 . Prove that if - l<r<l and -A*r<d<A 7 r then 

/• sin 2 d - \ r 2 sin 4d + \ r» sin 6 6-... = 6- arc tan {(~) tan d} , 

the. invoke tangent lying between -iwnnd j Determine the sum of the 
senes for all other values of d. 

3. Prove, by considering the expansions of log(l + ir) and log (l - fc) j„ 

powers of 2 , that if - l <r< 1 then b ' 

r sin 6 + *r 2 cos 2d - *r 3 sin 3d — \ H cos 4d +... = A log (1 + 2r sin d + r 2 ), 

cos d + A r 2 sin 2d - r 3 cos 3d - ^ r* sin 4d +... = arc tan (- rCOS0 \ 

\1 — r sin e) ’ 

r sin d - i r 3 sin 3d + ... = \ log ( 1 t^L si » 6 +»*\ 

\1 — 2r sin d + r 2 / * 

r cos d -1 r» cos 3d+... = J arc bin , 

the inverse tangents lying between - Att and Ajt. 


r e< 
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4. Prove that 

cos 0cos 0 — 4 cos 20cos* 0 4- J cos 30cos 3 0-... log(l +3 cos 2 0), 

sin 0sin 0 — 4 sin 20 sin 2 0 + £ sin 30 sin 3 0 - ... = arc cot (1 4-cot 0 4 -cot 2 0), 

the inverse cotangent lying between - i rr and i rr ; and find similar ex¬ 
pressions for the sums of the series 

cos 0 sin 0 - h cos 20 sin 2 0 +.sin 0cos 0 - A sin 20 cos 2 0 4-.... 


23& Some applications of the logarithmic series. The 
exponential limit. Lot * be any complex number, anti h a real 
number small enough to ensure that i hz , < 1. Then 

log (1 4- hz ) = hz — A (hz) 1 4- £ (//£) J — •••» 

and so 


where 


\o 3 (\+hz) = z+ hz) 
ft 

<f>(h, z) = — \hz* + — \h a z* 4- ..., 


hz ’ 


| (f) (h, z) | < | hz- | (1 + | A* | + | h*z 2 1 + .. •) — j _ j / {2 
so that <f> (A, *)— 0 as A —0. It follows that 


: „log (l+A*) 

A 


1 i in 


( 1 ). 


If in particular we suppose A = 1/m, where n is a positive integer, 
we obtain 

liin nlog^l + -J = z, 

and so n . g * 

liin (l 4- = bin exp |m log (l 4- -jj = exp *.(2). 

This is a generalisation of the result proved in § 208 for real 
values of z. 

From (1) we can deduce some other results which we shall 
require in the next section. If t and h are real, and h is sufficiently 

small, we have 

hz 


log (1 + tz + hz) - log (14 -tz) = 1 \ og (i + - 
which tends to the limit z/( 1 4- tz) as h ^0. Hence 


tz 


d 

dt 


{log(l 4 -tz)) = 


(3). 
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We shall also require a formula for the differentiation of 
(1 + tz) m , where m is any number real or complex, with respect 
to t. We observe first that, if <f> (t) = yjr ( t ) 4- (0 a complex 

function of t, whose real and imaginary parts (0 and x (0 
possess derivatives, then 


% (exp <f> ) = J {(cos X 4- i sin x ) exp 


dt 


= {(cos x + 1 sm X ) 'K + (“ s * n X + 1 cos X) x\ ex P if 

= W + ix) ( cos X + 1 s * n x) ex P ^ 

= W' + { x) exp 4- ix ) = <f>' exp <f>, 

so that the rule for differentiating exp <f> is the same as when <f> is 
real. This being so we have 

j t (1 + tz) m = j t exp \m log (1 + tz)\ 


mz 


= j exp {m log (1 + te)} 

= mz (1 4- tz) m ~ l .(4). 

Here both (1 + tz) m and (1 4- tz) m ~ 1 have their principal values. 


237. The general form of the Binomial Theorem. We 

have proved already (§ 215) that the sum of the series 



is (1 -f s) m as exp (w» log (1 + 2 )}, for all real values of m and all real 
values of s between — 1 and 1. If a n is the coefficient of z u then 

«,.+i ; _ | m-n\ 
a n n+1 

whether m is real or complex. Hence (Ex. lxxx. 3) the series 
is always convergent if the modulus of z is less than unity, and we 
shall now prove that its sum is still exp {m log (1 + ■*)}, i.e. the 
principal value of (1 4- z) ,n . 

It follows from § 236 that if t is real then 

~ (1 + tz)’" = mz (1 + tz)<-'-\ 
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* and m having any real or complex values and each side having 
its principal value. Hence, if <f> (0= (1 + tz)” we have 
^><n. ( t ) = m (m - 1)...(»« - n + 1) (1 + ^) m "• 

This formula still holds if t = 0, so that 

4> n (°) = 

n! \«/ 

Now in virtue of the remark made at the end of § 164, we have 


(0) . , < p . 4. r 

<f>( 1 ) = <f> (0) + <t> (°) + + --* + ( n - 1 )! 

» ___J_ [\l -t) n - l <f> ,n, (t)dt. 

)lJo K 


(»*— 1 ) 


( 0 ) 


where 


But if z = r (cos 0 +1 sin 6) then 

1 + t z = VO + 2 * r cos 0 + <*»•*) = 1 “ * r ’ 


and therefore , _ , yi _i 

| m (m - 1 n + > - y ;z ^ * 

Jin , <-(/i — 1) ! jo(l-fO 

where 0 < 0 < 1 ; so that (cf. § 163) 


say. But 


i w(w—l) — ( _i«-*+nj= p „, 
i«» \< K -(a - 1) ! 


pn+ I 
Pn 


m — « 


r—~ r, 


and so (Ex. XXV... 6) - 0 , and therefore R u -<>■ as »—• 

Hence we arrive at the follow,ng theorem. 

Theorem. The sum of the binomial series 

1+ (7)* + (2)*’ + - 

, , „/! 4..M Where the logarithm luxe its principal value, 

- ■“ - 

account of the more difficult case in which \ z, 
on pp. 225 et seq. of Bromwich’s Infinite Senes. 
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Examples XCVIII. 1.' Suppose m real. Then since 

„ / r sin 0 \ 

log (1 + z) = i log (1 + 2 r cos 0 + r 2 ) +1 arc tan ) ’ 


we obtain 


2 2 " = exp {Am log (1 + 2r cos 0+r 2 )} Cis |m arc tan 

= (1 + 2r cm 0 + r*)' m Cis {/* arc tan (j + ■”*)} . 

all the inverse tangents lying between — A ir and A n. In particular, if we 
suppose 0=hir, z = ir, and equate the real and imaginary parts, we obtain 

1 ” ( 2 ) r ' + ( 4 ) H “ ••• = ( 1 + r2 ) 4 ”' cos (” l arc tan r )> 

("') r ~ ( 3 ) + (”*) — - - - = ( 1 +r 2 ) 4 "' sin (m arc tan r). 

2. Verify the formulae of Ex. 1 when m = l, 2, 3. [Of course when m is 
a positive integer the series is finite.] 

3. Provo that ifO^rcl then 

1 _ IjJ r2 . 1 •® • 7 . _ = / |V(1 +r*) + l\ 

2.4 + 2.4.6.8 - V 1 2('l + ^y /’ 

1 1 .3.r, 1.3.a. 7 . 0 _ /fs'(i+r*)-n 

2 2.4.6 + 2.4.6.8. 10 VI 2(1 +r“) /* 

[Take 7n = — $ in the last two formulae of Ex. 1.] 

4. Prove that if —|7r<0<rirr then 

mt) = co.s”*0 [l - ("' ) tan*0 + tan 4 0 — ...} , 


<« IS 


sin »/0=cos m d |) tan 0 - ) tnn 3 d + ... ^ , 


for all real values of mi. [These results follow at once from the equations 
cos /ad 4-/ sin ///0 = (cos 0 + i sin d) m = eos m 6 (1 + i tan 0)”*.] 

We proved (Ex. i.xxxi. (»), by direct multiplication of series, that 
t (//», ~} = ~ ( ' ) where [c J<1, satisfies the functional equation 

/(»*> *)/(»»'. -*)=/(»/ + /»', 3 ). 

Deduce, by an argument similar to that of § 216, and without assuming the 
general result of p. 423, that if m is real and rational then 

/(*», -) = exp {m log (I + z)}. 

6 - If - and n are real, and — 1 < 2 < 1 , then 

2 = °° s !m >"b' (1 + *)}+* »in !>* log (1 + «)}. 
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MISCELLANEOUS EXAMPLES ON CHAPTER X. 

1 . Show that the real part of i 10 *^" > s 

e (4»+l)w*/8 008 {J(4X-+1) rr log 2}, 

where k is any integer. 

2. If a cos 0 + bsin B + c = 0, where a, b, r are real and «.«*>«* + 6 * then 

. L a. • i I c I + >/(< *-<»»-&*) 

0 = ill it + a±t log J(a- + 6 2 ) * 

where m is any odd or any even integer, according as c is positive or ue^tive, 
and a is an angle whose cosine and sine are + b) an(1 h ' '- a + 1 

3. Prove that if 6 is real and sin 6 sin <f> = 1 then 

<£ =r(jfr +n ± i log cot h (krr + 6), 

wliere t is any even or any odd integer, according .us sin 6 is l»sitive nr 
negative. 

4. Show that if x is real then 

!*- exp {(« 4 - ib) x) =(« + ib) exp{(« + ib) *}, 
c exp {(« + ib) x) 

/exp >(a + ib)x}</.r= a + ib 

Deduce the results of Ex. lxxxvii. 3. 

5 . Show that if a>0 then j^ exp {-(<* + *b) x) dx= —- + anJ 

results of Ex. lxxxvii. 5. 

G. Show that if (x/«) J + (y/t)«= 1 i« the equation of an ellipse ^ 

denotes the terms of highest degree in the equation of any other a ge i. 
curve then the sum of the eccentric angles of the points of mtersection of the 
ellipse and the curve differs by a multiple of 2 rr from 

- » {log/ (a, ib) - log/(a, - *)}• 

[Tl.o eccentric angle* are given by/(a cos h sin a) + ... =0 or by 


/{!“(“+{,)• - 4 **(“-,')}+ • = o. 


where „ = ex,, i. , and *. is equal to one of the values of - / Log /•, whore P is 
the product of the roots of this equation.] 

7 . Determine the number and approximate positions of the roots of the 

equation tan z = where « is real. . 

[We know already (Ex.'xvn. 4) that the equation has infinitely imu..> real 
roots. Now let z = x + iy, and o<p»ate real and imaginary parts. Wc obtain 
sin 2 a-/(eos 2x + cosh 2y) = ax, sinh 2 y/(cos 2x + cosh 2 y) - ay, 

ho that, unless x or y is zero, wo have 

(sin 2 j-)/ 2 .r = (sinli 2y)/2y. 
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This is impossible, the left-hand side being numerically less, and the right- 
hand side numerically greater than unity. Thus x=0 or y = 0. If y — 0 we 
come back to the real roots of the equation. If x=0 then tanh y = ay. It is 
easy to sec that this equation has no real root other than zero if a £ 0 or 
a >1, and two such roots if 0 <a < 1. Thus there are two purely imaginary 
roots if 0 <« < 1 ; otherwise all the roots are real.] 

8 . The equation tans = az + 6 , where a and 6 are real and b is not equal 
to zero, has no complex roots if a zg 0. If a>0 then the real parts of all the 
complex roots are numerically greater than j b/2a |. 

9. The equation tan z=«/*, where a is real, has no complex roots, but 
has two purely imaginary roots if ce< 0 . 

10. The equation tan z — a tanh cz, where a and c are real, has an infinity 
of real and of purely imaginary roots, but no complex roots. 


11. Show that if x is real then 


* £>n 

c°* cos b e = 2 * t 
0 n! 



where there are i(n + l) or i(« + 2 ) terms inside the large brackets, 
a similar series for c"*sin b.r. 


Find 


12. If n (ft (z, «)-*-« as , then {l+<f>(z, »)}"-*- exp z. 

13. If (f) (() is a complex function of the real variable t, then 

[ I'sc the formulae 

0 = 0 + *X» 0 = * log (0 3 + X 3 ) + * arc tau (x/0)-] 

14. Transformations. In C'h. Ill (Exs. xxi. 21 et seq., and Misc. Exs. 
22 cl seq.) we considered some simple examples of the geometrical relations 
between figures in the planes of two variables z, Z connected by a relation 
z — /(Z). We shall now consider some cases in which the relation involves 
logarithmic, exponential, or circular functions. 

Suppose firstly that 

z = cx\)(irZja) , Z={ajn) Log z 

where a is positive. To oue value of Z corresponds one of r, but to one of z 
infinitely many of Z^ If x, y, r, 6 are the coordinates of s and J, Y, /f, © 
those of Z, we have the relations 

x = e nX/a cos (rr 1», y = c vX/a sin (rr Y/a ), 

-V = («/»r) log r, Y= (ad/ir) + 2ka, 

where k is any integer. If we suppose that — w< 0 < rr, and that Logs has its 
principal value log z, then k=0, and Z is confined to a strip of its plane parallel 
to the axis OX and extending to a distance a from it on each side, one point 
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of this strip corresponding to one of the whole r-plane, and converse 1 }. ^ J 
taking a value of Log* other than the principal value we obtain a si. 
relation between the r-plane and another strip of breadth 2a in the Z-plane. 

To the lines in the Z-plane for which X and T are constant correspond the 

circles and radii vectores in the z-plane for which r and 6 are «mstam T 
one of the latter line, corresponds the whole of a parallel to OX, bat to a 
circle for which r is constant corresponds only a part, of length a fa 

parallel to 0 Y. To make Z describe the whole of the latter 
make z move continually round and round the circle. 

15. Show that to a strai K ht _Jinc in the Z-plane corresponds an gani- 
annular spiral in the c-plane. 

16. Discuss similarly the transformation z = c cosh ( 

particular that t he whole .-.plane c orrespond ^, ag^ng^ ^ ^ „ f 
number of strips in the Z-pUiK, eae i paraU ^ t he ellipse 

breadth 2a. Show also that to the line A - 

{c cosh (nAJa} + {c sinh («■ 

remaining segments of the axis of j ? 

17 Verify that the results of Ex. 1G are in agreement with those of 
and Iho.,1 of y Ch. Ill, Misc. Ex. 25. [The transtarmatmn z-ccosh(wZ-O 
may bo regarded as compounded from the transformations 

jsC2„ z.-Jfe-Hl/tz)), 2-z = exp (,rZ/«).] 

l8 . Discuss similarly the transfer.. zpOhmh showing that 

to the lines X-X„ correspond the coaxa l. cn c hs 

j x -o coth (2e X„/«) [* +,/W J coscch* (2 a A 0 /a), 
and to the lines'IWa the u,tt ta g ». iaL »I - » <£'" of eoaxal circles. 

,9. The Stereographie and Mercator s 

-=..1:0 - •. . * - 

the coordinate of the projection of the point a.c 

x=2ei(l+C), y = 2 ^/( 1 +C)» 

• o* . i/JI-isrf, where cL i* the longitude (measured from the 
XelloTalfd^ the north X “ th ° " ,,l,er0 - 
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This projection gives a map of the sphere on the tangent plane, generally 
known as the Stereographic Projection. If now we introduce a new complex 

variable , . . 

Z=X+iY=* -i logic= — t logi(x+»y) 

so that X=<p, Y= log cot 4 6, we obtain another map in the plane of Z , 
usually called Mercator’s Projection. In this map parallels of latitude and 
longitude are represented by straight lines jwirallel to the axes of X and 1 
respectively. 


20. Discuss the transformation given by the equation 



showing that the straight lines for which x and y are constant corres{>ond to 
two orthogonal systems of coaxal circles in the J?-plane. 


21. Discuss the transformation 

showing that the straight lines for which x and y are constant correspond to 
sots of eonfocal ellipses and hyperbolas whose foci are the points Z=a and 
Z=h. 

[We have J(Z-a) + J(Z - b) = J(b-a) exp ( .r + i», 

*J{Z -a)- S \Z - b) = J(b - a ) exp ( -x - iy ); 
and it will l>o found that 

Z- «!+ Z—h — l> —a cosh 2.r, Z — a . — j Z — b — b — a ! cos 2y.] 


22 . The transformation z = Z x . If z = Z x , where the imaginary power 
has its princi]>al value, we have 

exp (log r+ i$) = z = ox p (i log Z) =exp (i log R - ©), 

so that log r = — 0, 6 = log R + 21tt, where X- is an integer. As all values of X - 
give the same point c, we shall suppose that X‘ = 0, so that 


logr=—0, 0=logA’.(1). 

The whole plane of Z is covered when R varies tli rough all positive 
values and 6 from - n to n : then r 1ms the range exp(— n) to exp i r and 6 
ranges through all real values. Thus the if-plane corresponds to the ring 
iMUinded by the circles r = exp( — 7 r), r — exp n ; but this ring is covered 
ntinitely often. If however 0 is allowed to vary only between — tt and tt , 
so that the ring is covered only once, then R can vary only from exp ( — n) to 
exp 7r, so that the variation of Z is restricted to a ring similar in all respects 
to that within which c varies. Each ring, moreover, must Iks regarded as 
having a barrier along the negative real axis which r (or Z) must not cross, as 
its amplitude must not transgress the limits — tt and tt. 
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We thus obtain a correspondence between two rings, given by the pair of 

eqUati ° nS Z-c-S 

where each power has its principal value. To circles whose centre is the 
origin in one plane correspond straight lines through the origin m the other. 

23. Trace the variation of « when Z, starting at the point exp moves 
round the larger circle in the positive direction to the point - exp along 
the barrier, round the smaller circle in the negative direction, back along the 
barrier, and round the remainder of the larger circle to its original position. 

24. Suppose each plane to be divided up into an infinite .series of rings 
by circles of radii 

c -(2« + l)», e", e aw . + 1 •••• 

Show how to make any ring in one plane correspond to any ring int\* 
other, by biking suitable values of the powers in the equations . 

25 If c = any value of the power being taken, and moves along an 
equiangular spiral whose pole is the origin in its plane, then moves along an 
equiangular spiral whose pole is the origin in its plane. 

26 How does where « is real, behave as * approaches the origin 

26 How loos ' > roulld and round a circle whose centre is the 

origin (the imit circle if »■* has its principal value), and the real .1 imaginary 

parts of Z both oscillate finitely.] 

.. c „ /_ -a * hi where a and f> arc any real 

27. Discuss the same question for ^=- > 

numbers 

• ao 

28 Show that the region of convergence of a series of the type I •<. 

rr_.^ =““ s&s&ar 

the forms of the level curves of 


z -a {concentric circle*), (z~ a ) ( z b > 
(z — a)/{z — If) (couxal circle*), e *l* ' 


{Cartesian ovals), 

(straight lines). 

z i l r~ 

of l/W |. The reader will > 

_pf a complex variable.] 
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31. Sketch the forms of the level curves of ( 1 ) --exp 2 , ^ 

Fig. 60, which represents the level curves of sin z. The cun e- an 
correspond to k = ‘ 35, *50, '71, l'OO, 1'41, 2 00, - s.I, 400.] 

32. Sketch the forms of the level curves of exp,-*. 

constant. [Fig. 61 shows the level curves 0 20 , - -05, OoO, 

corresponding to the values of X* given >\ °S 

VrL—....3SSX- 

“r«rr..i.-sr"-- 

i-vni Correspond to i = -29, -37, r,0, 87, 1-70, - 

we have taken and the curve, correupmd o i- M 

3 00, 5-20, 9 00, 15-59. If c = l then the curve* are the 
Fig. 60, except that the origin and scale are di en n ■ ] 




34. Prove that if 0<d<- then 

cos e 4- A cos 30 4* A cos 50 + ... = i lo 8 cot $ 

aud determine the sums of the series for all other values of « for winch they 
are convergent. [Use the equut.on 

* + | z » + Az*+...~i 1 °g(jrV 

. • wi.fi,, fl is increased by it the sum of each s« ii<.s 

where 2 = co» 6 + 1 «»» 6 . ^ ^ tho firMt formu la holds for all values 

simply cliangos its sign. f j } diverges), while the sum of the 

of 0 wave mult.,,lea .f ^™*£ |: " I £ f _ *„ if («*+ 1) „<««**+■> ", 
second senes is Jw it t > 

and 0 if 6 is a multiple of rr.) 
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35. Prove that if 0<0<irr then 

cos 0 — J cos 30 +£ cos 50 — ... = \n, 

sin 6 sin 30+V sin 50 -... = £ log (sec 0 + tan 0) 2 ; 

and determine the sums of the series for all other values of 0 for which they 
are convergent. 


36. Prove that 

cos 0 cos a + A cos 20 cos 2a + \ cos 30 cos 3a +...= — ^ log {4 (cos 0 — cos a) 2 }, 
unless 0-a or 0 +a is a multiple of 2n. 

37. Prove that if neither a nor b is real then 

dx 


_ = _ log (-a)- l og (-6 ) 

0 . (x- a) (x- 6) a-b 


[ -J 

J 0 .(x-a 


each logarithm having its principal value. Verify the result when a=ci\ 
b = — ci, where c is positive. Discuss also the cases in which a or b or both 
are real and negative. 

38. Prove that if a and (3 are real, and £>0, then 

dx ni 


/ 


u X 2 - (n + ip)- 2 (a + ifi) * 

Wliat is the value of the integral when £<0 ? 

35. Prove that, if the roots of Ax* + 2B.v + C=0 have their imaginary 
parts of opposite signs, then 

dx ni 


i 


_ , A x - + 2 Bx +C V /(ZT-- A C ) ’ 

the sign <>f AC) l»eing so chosen that the real part of {^f{B~ — AC))j Ai 

is positive. 
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Root 


I*. CWw ff* 

* *'*•*• *t >l 
Let 


We can represent 


(To Chapters III, IV, V) 

The Proof that every Equation has a 

. (./-•— cfU. <*~o f 

<W " ^r= /-»( 2 ) = « 0 j“ + a, 2 " - 1 +... + «„ 

be a polynomial in z, with real or complex coefficients, 
the values of 2 and Z Uy points in two planes, which we may call the .-plane 
and the /f-plane respectively. It is evident that if 2 descries a dosed p. £h y 
in the 2 -plane, then ^ describes a corresponding closed path V in the /f-plane. 
We shall assume for the present that the path £ does not pass t hrou gh t je 

origin. r «•-'*». *■ r% * c - 

To any value of Z correspond an infinity of values of ain/T, differing by 
multiples of 2»r, and each of these values v aries continuous ly as Z describes 
r * We can select a particular value » f am Z corresponding to each point 

Y 




-U 




«'<) 


Fig. B. 


of P, by first selecting a particular val ue corresponum g i » ’ 

of and then following the continuous variation of this value as ^ nioves 
along P. We shall, in the argument which follows, use the phrase the 
amplitude of and the formula ornate denote the particular value of the 
amplitude of ^ thus selected. Ita am* denotes a outvalued an«l con- 
tinuo ug,f unction of X and Y, the rcal_a_nd imaginary parts.of X. 

* It is here that we assume that V does not pass through the origin- 

1 ' ^ 



'-♦O 

4:*r 
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When Z, after describing r, returns to its original position, its amplitude 
may be the same as before, as will certainly be the case if r does not enclose 
the origin, like path (a) in Fig. B, or it may differ from its original value by 
any multiple of 2 tt. Thus if its path is like ( b ) in Fig. B, winding once round 
the origin in the positive direction, then its amplitude will have increased 
by 271-. These remarks apply, not merely to r, but to any closed contour in 
the if-plane which does not pass through the origin. Associated with any 
such contour there is a number which we may call ‘ the increment of am Z 
when Z describes the contour’, a number independent of the initial choice of 
a particular value of the amplitude of Z. 

We shall now prove that if the amplitude of Z is not the same when Z 
returns to its original position , then the path of z must contain inside or on 
it at least one point at which Z= 0. 


We can divide y into a number of smaller contours by drawing parallels 
to the axes at a distance from one another, as in Fig. C\* If there is, 
on the boundary of any one of these contours, a point at which Z= 0, 
what we wish to prove is already established. We may therefore suppose 



that this is not the case. Then the increment of am Z, when * describes 
y, is equal to the sum of all the increments of am if obtained by supposing 
- to describe each of these smaller contours separately in tho same sensojisy. 
For if ; deseriltes each of the smaller contours in turn, in the same sense, 
it will ultimately (see Fig. D) have described the boundary of y once, and 
each part of each of the dividing parallels twice and in opposite directions. 
Thus P(J will have l*cen described twice, once front P to Q and once from Q 
to P. As c moves from P to (J, am Z varies continuously, since Z does not 
pass through the origin ; and if the increment of am if is in this ease 0, then 


its increment when c moves from (j to P is — 6 ; so that, when we add 
up the increments of am if due to the description of the various parts of the 
smaller contours, all cancel one another, stive tho increments due to the 
description of parts of y itself. 


There is no difficulty in giving a definite rule for the construction of these 
parallels: the most obvious course is to draw all the lines x = AS,, y = k8 1 , where 
A is an integer positivo or negative. 
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Hence, if am Z is changed when z describes y, there must l>e at least one 
of the smaller contours, sav yi, such that am Z is changed when z describes 
y,. This contour may be a square whose sides are parts of the auxiliary 
parallels, or may he composed of parts of these parallels and parts of the 
boundary of y. In any case every |>oiut of the contour lies in or on the 
boundary of a square A| whose sides are parts of the auxiliary parallels and 
of length fi|. 


We can now further sulslivide y, by the help of parallels to the axes at a 
smaller distance 8., from one another, and we can find a contour y 2 , entirely 
included in a square Aj, of side 8-> and itself included in A|, such that am Z 
is changed when ; describes the contour. 


Now let us take an infinite sequence of decreasing numbers fi lt 8 S , .... 
8„ lt ..., whose limit is zero.* By repeating the argument used above, we can 
determine a series of squares A,, A._„ .... A,„, ... and a series of contours y,, 
y 2 , ..., y,„, ... such that (i) A m + , lies entirely inside A,„, (ii) y,„ lies entirely 
inside A,„, (iii) am Z is changed when r describes y m . 

If I/,.,) *«>d (x, n + a,„, !/„ l + 8„ l ) are the lower left-hand and upper right- 
hand corners of A,„, it is clear that .r t , ...» J\„, ••• is an increasing and 
.r 2 + a 2 , ..., + ...-I decreasing sequence, and that they have a 

common limit .r 0 . Similarly t/,„ and //„. + *„. have a common limit y,„ and 
(y 0t y,,) is the one and only point situated inside every square A,„. How¬ 
ever small 8 may l»e, we win draw a square which includes ( j \,, //„), and whose 
sides are parallel to the axes and of length 8 , and inside this square a closed 
contour such that am# is changed when z describes the contour. 


It win now be shown that 

l* (a - ,, + it/,,) = 0. 


For suppose that /*(.*•„■+*>..) =«, " here | a | = p><>. Since P(x + it/) is a con¬ 
tinuous function of x and ;/, we can draw a square whose centre is (.r,,,//„> 
ami whose sides are parallel to the axes, and which is such that 

| r (s+ it/) - (.«•„ + it/,,) I< A/> 


at all points .r+»>/ inside the square or on its !*oundnry. 
. /' (.»• + it/) = a + (f>. 


At all ttiicli points 


where \ <t>' < b(>- Now let us take any closed contour lying entirely inside 
this square. As z descril>es this contour, Z=a + <J> also describes a closed 
contour. But the latter contour evidently lies inside the circle whose centre 
is a and whose radius is £,», and this circle does not include the origin. 
Hence the amplitude of Z is unchanged. 


But this contradicts what was proved above, viz. that inside each square A,„ 
wo can find a closed contour the description of which by z changes am Z 

I lence P (x„ + it/,,) = 0. 


We may, take 3,„ — 
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All that remains is to show that we can always find some contour such that 
arn Z is changed when z describes y. Now 


Z = a u z" 



We can choose /t so that 


j«i 

" 11 rt 


+ 


*% + ...+ 
a u iP I I & 


where b is any positive number, however small ; and then, if y 
whose centre i.s the origin and whose radius is A\ we have 


is the circle 


Z=a x ,z n (1 +p) % 


where j/> < at all points ori y. We can then show, by an argument 
similar to that used above, that ani(l+p) is unchanged as i describes 
y in the positive sense, while am z u on the other hand is increased by 2htt. 
Hence am Z is increased by 2m r, and the proof that Z= 0 has a root is 
completed. 


We have assumed throughout the argument that neither r, nor any of the 
smaller contours into which it is resolved, posses through the origin. This 
assumption is obviously legitimate, for to suppose the contrary, at any stage 
of the argument, is to admit the truth of the theorem. 

We leave it as an exercise to the reader to infer, from the discussion 
which precedes and that of £ 43, that when z destyribes any contour y in the 
posit ire sense, the increment of am Z is where k is the number of roots 

of Z=0 inside y, multifile roots being counted multiply. 

There is another proof, proceeding on different lines, which is often given. 
It depends, however, on an extension to functions of two or more variables of 
the results of as 102 et sea. 

We define, precisely on the lines of £ 102 , the upper and lower bounds of a 
function f (.*•, //_>, for all pairs of values of x and y corresponding to any point 
of any region in the plane of (.r, y) hounded by a closed curve. And we 
can prove, much as in $$ 102, that a continuous function f (*v f y) attains its 
upjKM* and lower bounds iu any such region. 

Now \Z\ = ' P(.r + iy) | 

is a positive and continuous function of .r and y. If m is its lower bound for 
points on and inside y, then then* must bo a point z lt for which \Z\ = m, and 
this must he the least value assumed by j Z . If m = 0, then /*(£„) e=0, and 
we have proved what we want. We may therefore suppose that m>0. 


The point must lie either inside or on the boundary of y: but if y is 
a circle whose centre is the origin, and whose radius li is large enough, then 
the last hypothesis is untenable, since • 7* (:) ac as j c x . We may 
therefore suppose that c„ lies inside y. 
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If wc put z = Zn+C and rearrange P(z) according to powers of we obtain 

P (z) = P ( Zo ) + A , £ + .1 >C- + — + A n<C 

say. Let A k be the first of the coefficients which does not vanish, and let 
\A k \ = n, | = " r<; can c fi° ose P so small that 

1 A k + i I P +1 A k + s I P~ + ••• + A -• P n_1 <4 P- 

T l ien 1 P (z) - P (*o) - <4* I <*PP*. 

and | P(*)|<I P(zo) + A k ( k I + *PP* 

Now suppose that * moves round the circle whose centre is *, and radius p. 

The “ P(z„) + A k C k 

moves /• times round the circle whose centre is P ( 2 ,,) and radius A k C k = PP*> 
and passes * times through the point in which this circles intersected by 
the line joining P (z n ) to the origin. Hence there are / points on the cut c 
described by s at which i P(z 0 ) + A k C k = I/'(*„) I - PP' and so 

I p (z) 1 < 1 p (*o) 1 - pp 1 + * pp* - m - i < m ; 

and this contradicts the hypothesis that m is the lower limit of PC) |. 

It follows that m must be zero and that P (z„)=0. 


EXAMPLES ON APPENDIX I 

1 . Show that the number of roots of/W-0 which lie within a closed 
contour which does not pass through any root is equal to the increment o 

{log/(«)>/*2w» 

when z describes the contour. 

2. Show that if Ji is any number such that 

i«ii . i«*l + + < 1 

TC + IP + '• IP 

tUon all the roots of rt + u,z» - + ... +«,. = <> are in absolute value less than 
it. In particular show that all the roots of r'-13*-7=0 are ... absolute 

value le^H than 2^* 7 . 

3 Determine the numbers of the roots of the equation *» + «« +6-0 
where a anti b are real and p odd, which have their real parts pos.tne an 

negative. Show that if «>0, b >0 then tl.e numbers are p-1 and p + ■. ■> 
«<0 4>0 they are p +1 and p-I ; and if b<0 they are p and p. D.scuss 

thl pabular cases in which a =0 or 4-0. Verify the results when P - 1. 

fTrace the variation of am (.*+«+») a- * describes the contour formed 
by I large semicircle whoso centre is the origin and wl.oao rad.ua » It, and 
the part of the imaginary axis intercepted by the senncrcle.] 

4 Consider similarly the equations 

*« + «* + & = o, *«-t+«* + 4 = 0, **- * ■ + az + 6 = 0. ^ 


4 - 3 # 
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5. Show that if a and /3 are real then the numbers of the roots of the 
equation z 2n +a 2 z 2u ~ 1 +f S 2 = 0 which have their real parts positive and 
negative are n — 1 and n + 1 , or n and n, according as n is odd or even. 

{Math. Trip. 1891 .) 

6. Show that when 5 moves along the straight line joining the points 
s = z t , z = Zn, from a point near z x to a point near z- iy the increment of 



is nearly equal to n. 

7. A contour enclosing the three points z = z 1 , z=z 2J z = z 3 is defined by 
parts of the sides of the triangle formed by c,, z. iy c 3 , and the parts exterior 
to the triangle of three small circles with their centres at those points. 
Show that when z describes the contour the increment of 

.« (_!_ + _L_ + JL.) 

\z-Zt z-z 2 z- zj 

is equal to - 2tt. 

8. Prove that a closed oval path which surrounds all the roots of a cubic 
equation/(c) =0 also surrounds those of the derived equation /' (c)=0. [Use 
the equation 



where c,, c 2 , c 3 are the roots of /(c)=0, and the result of Ex. 7.] 

• 

9. Show that the roots of/'(c) = 0 are the foci of the ellipse which touches 
the sides of the triangle (c t , c 2 , c 3 ) at their middle points. [For a proof see 
Cesixro’s Elementares Lehrhuch der Algebraischen Analysis, p. 302.] 

10. Extend the result of Ex. 8 to equations of any degree. 

11. If/(c) and <j> (c) are two polynomials in and y is a contour which 
does not pass through any root of /(c), and \<j> (z)\<\f{z)\ ut all points on y , 
then the numbers of the roots of the equations 

/(*) = 0, /(c) + 0(c) = 0 
which lie inside y are the same. 

12. Show that the equations 

c*—az , c* = az V e* = az 3 , 

where a>e, have rosj>ectively (i) one positive root (ii) one positive and one 
negative root and (iii) one positive and two complex roots within the circle 
I*!” 1 - {Math. Trip. 1910.) 
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that is to say that the differential coefficient of the sum of the series is equal 
to the sum of t/u: differential coefficients of its terms , or that the operations of 
summation from 0 to co and of differentiation with respect to * are commu¬ 
tative when applied to .F"/a!. 

Finally we proved incidentally in the same section that the function 
exp.r is a continuous function of x, or in other words that 

Q 

lira (1 +x +^+.= 1 + f+ +... = Km 1 +limi **+lim f, + • ■• ■• ; 

w * 

i.e. that the limit of the sum of the series is equal to the sum of the limits of 
the terms, or that the sum of the series is continuous for x=$, or that the 
operations of summation from 0 to oc and of making x tend to £ are com¬ 
mutative when applied to x H /n !. 

In each of these cases we gave a special proof of the correctness of the 
result. We have not proved, and in this volume shall not prove, any general 
theorem from which the truth of any one of them could be inferred im¬ 
mediately. In Ex. xxxvii. 1 we saw that the sum of a finite number of con¬ 
tinuous terms is itself continuous, and in $ 113 that the differential coefficient 
of the sum of a finite number of terms is equal to the sum of their differential 
coefficients ; and in 8 160 we stated the corresponding theorem for integrals. 
Tims we have proved that in certain circumstances the operations symbolised 
by 

liui..., D x \...dx 

are commutative with respect to the operation of summation of a finite number 
of terms. And it is natural to suppose that, in certain circumstances which 
it should be possible to define precisely, they should !>e commutative also with 
respect to the operation of summation of an infinite number. It is natural to 
suppose so: but that is all that we have a right to say at present. 

A few further instances of commutative and non-commutative operations 
may help to elucidate these points. 


(1) Multiplication by 2 and multiplication by 3 are always commutative, 

2 x 3 x .F = 3 X 2 x .r 


»r 

for all values of x. 


(2) The operation of taking the real part of r is never commutative with 
that of multiplication by j, except when z = 0 ; for 

t X R (.r 4- in) = ix, R {i x (x + ii/)} = - y. 

(3) The operations of proceeding to the limit zero with each of two 
variables x and y may or may not be commutative when applied to a 
function f(x,y). Thus 

liin { lim (.r+y)} = lim .r = 0, lim { lim (.r+y)} = limy = 0 ; 

y-*-o x-**o 
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but on the other hand 


lim ( 

' dm ) 

= lim 

.r 

lim 1 = 1, 

.1 — 

y y —(. » +y/ 

JT-—0 

X 

jr-~n 

lim ( 

' lim *=*) 

= lim 

-U _ 

lim ( - 1) 


K x +, t x+y) 


y 

I/-* 


(4) The operations 2 ..., lim... may or may not be commutative 


Thus 


.!*-*• 1 


if .r-^1 through values less than 1 then 


lim •! 2 ( 1 ’ , = lim h»g(l + .rl —log:!, 

*-~l ' 1 « 1 *-l 


* f ( — 1 )’• | 

2 hni --P 

1 I *-l " 1 


|(-D" 

1 " 


== log -J 


but on the other hand 


lim • s + , )| = lim J(1 - x) + 1,,n 

, I , I ' - 


1 - 1 . 


2 { lim (x“ - x" + *)i = 2(1 - l )«=0 + 0 + 0 +. 

1 •x-^l 1 • 

The preceding examples suggest that there are three ,.ossibilities with 

respect to the commutation of two given operatmns, v./. : < I) *'»’ "I" 1,1 " 
may always bo commutative ; (2; they may ner.r be commutative, •"'/ * ' 

very special circumstance* ; (3) they may be commutative n> ,//«,/<./ . . 

canes which occur practically. 

■ The really important ease («a i* suggested by the "wtaneea wlilcl. »e 

gave from Ch. IX) is that in which each oration is "no » i <- 

a passage to the 1.. end-- or the an.. tun ■:• 

infinite series : and. .qieratinns are called l,.„U T—■ ‘ 

qneation as to the oironina.aneoa in which two given linn, .. anduna -n 

commutative is one of the .at important m all mathematic.j 

attempt to deal with questions of this character by means of genual 
would curry us fur beyond the scope «»f this volume. 

we may however remark .. the answer to .bo gonoml quoafinn la¬ 
the linos suggested by the examples alane. If /- '■ , 

operations then the nun,bora LV. <■<■ - -.. tX c-Idso 

strict theoretical sense of the^ frol.x one ininther. 

of u little ingenuity, find e so that LL - ui > - .radical sense, 

But they are equal generally, if we use the word ... « more P-Oical 

viz. us meaning ‘in a groat majority of such cases as . 

naturally ’ or in ordinary cases. 
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(o f course, in «an exact science like pure mathematics, we cannot be satisfied 
with an answer of this kind ; and in the higher branches of mathematics the 
detailed investigation of these questions is an absolute necessity. But for 
the present the reader may be content if he realises the point of the remarks 
which we have just made. In practice, a result obtained by assuming that 
two limit-operations are commutative is probably true : it at any rate affords 
a valuable suggestion ;is to the answer to the problem under consideration. 
But an answer thus obtained must, in default of a further study of the general 
question or a special investigation of the particular problem, such as we gave 
in the instances which occurred in C-h. IX, be regarded as suggested only and 
not proved. 


Detailed investigations of a large number of important double limit 
problems will l>e found in Bromwich’s Infinite Series. 
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